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1 Introduction

The notion of ideals introduced by Dedekind for the theory of algebraic numbers was generalized by E.
Noether for associative rings. The one and two-sided ideals presented by her are still central concepts in
ring theory. We know that the notion of a one-sided ideal of any algebraic structure is a generalization of
the notion of an ideal. The quasi ideals are the generalization of left and right ideals, whereas the bi-ideals
are the generalization of quasi ideals. The notion of bi-ideals in semigroups was introduced by Lajos [3].
Iseki introduced the concept of quasi ideal for semiring [, 5, 6]. M. Henriksen studied ideals in semirings
[3]. As a further generalization of ideals, Steinfeld first introduced the notion of quasi ideals for semigroups
and then for rings. We know that the notion of the bi-ideal in semirings is a special case of the (m, n) ideal
introduced by S. Lajos. The concept of bi-ideals was first introduced by R. A. Good and D. R. Hughes for a
semigroup[?]. Lajos and Szasz introduced the concept of bi-ideals for rings[9].

Many real-world problems are complicated due to various uncertainties. In addressing them, classical
methods may not be the best option. To overcome such, several theories like randomness, rough set, and
fuzzy set were introduced. L. A. Zadeh developed the fuzzy set theory in 1965 [18]. Many papers on fuzzy
sets appeared, showing the importance of the concept and its applications to logic, set theory, group theory,
ring theory, real analysis, topology, measure theory etc. N. Kuroki studied fuzzy interior ideals in semigroups
7).

Molodtsov introduced the concept of soft set theory as a new mathematical tool for dealing with uncer-
tainties, only partially resolving the problem because objects in a universal set often do not precisely satisfy
the parameters associated to each of the elements in the set[11]. Soft set theory has wide applications in fields
like game theory, operations research, data analysis, decision making, probability theory, and measurement
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theory. Acar et. al. gave the basic concept of soft rings. Feng et al. studied soft semirings using the soft set
theory[l]. Then Maji et. al.[10] extended soft set theory to fuzzy soft set theory. Fuzzy soft set theory is a
unification of fuzzy set theory and soft set theory. Aktas and Cagman defined the soft set and soft groups.
Fuzzy soft set theory has wide applications in medical diagnosis.

M. Murali Krishna Rao introduced the notion of (quasi-interior, bi-interior, bi-quasi, tri, and tri-quasi
interior) ideals as a generalization of (quasi, bi and interior) ideals of a semiring, semigroup, I'—semiring,
I'—semigroup and studied their properties[12, 13, 14, 15, 17]. M. Murali Krishna Rao studied fuzzy bi-interior
ideals of I"'—semiring [10].

This paper aims to introduce the notion of fuzzy quasi-interior ideal and fuzzy soft quasi-interior ideal of
a semiring. We prove that every fuzzy soft left quasi-interior ideal over a regular semiring if and only if it is a
fuzzy soft quasi ideal over a semiring. Regular semiring is characterized in terms of fuzzy(soft) quasi-interior
ideals of a semiring. We study, M is regular if and only if g, = Xar 0 pta © XM © ta,a € A, for any fuzzy left
quasi-interior ideals of fuzzy soft quasi-interior ideals (i, A) over a semiring M.

2 Preliminaries

In this section, we recall some of the fundamental concepts and definitions which are necessary for this paper.

Definition 2.1. [13] A set M together with two associative binary operations called addition and multipli-
cation (denoted by + and - respectively) will be called semiring provided

(i) addition is a commutative operation.
(ii) multiplication distributes over addition both from the left and from the right.
(iii) there exists 0 € M such that z+0 =z and -0=0-2 =0 for all x € M.
Example 2.2. Let M be the set of all natural numbers. Then (M, max, min) is a semiring.
Definition 2.3. [13] A non-empty subset A of a semiring M is called:
(i) a subsemiring of M, if (A, +) is a subsemigroup of (M, +) and AA C A,
(ii) a quasi ideal of M, if A is a subsemiring of M and AM N MA C A,

)

)
(iii) a bi-ideal of M, if A is a subsemiring of M and AMA C A,
(iv) an interior ideal of M, if A is a subsemiring of M and M AM C A,
)

(v) aleft (right) ideal of M, if A is a subsemiring of M and
MAC A(AM C A),

(vi) an ideal, if A is a subsemiring of M, AM C A and MA C A,
(vii) a left(right) bi-quasi ideal of M, if A is a subsemiring of M and MAN AMA(AM N AMA) C A,
(ix) a bi- quasi ideal of M, if A is a left bi- quasi ideal and a right bi- quasi ideal of M.

(x) a left(right) quasi-interior ideal of M, if A is a subsemiring of M and
MAMA(AMAM) C A.

Definition 2.4. [13] An element a of a semiring M is called a regular element if there exists an element b of
M such that a = aba.
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Definition 2.5. [13] A semiring M is called a regular semiring if every element of M is a regular element.
Definition 2.6. [10] Let A be a non-empty subset of M. The characteristic function of A is a fuzzy subset
of M, defined by
() = 1, ifzeA;
XalT) = 0, ifxz¢ A
Definition 2.7. [16] A function f : R — M, where R and M are semirings. Then f is called a semiring

homomorphism, if f(a +b) = f(a) + f(b) and f(ab) = f(a)f(b) for all a,b € R.

Definition 2.8. [16] Let U be an initial Universe set and E be the set of parameters. Let P(U) denotes the
power set of U. A pair (u, F) is called a soft set over U where p is a mapping given by u: E — P(U).

Definition 2.9. [16] Let U be an initial Universe set and E be the set of parameters, A C E. A pair (u, A)
is called fuzzy soft set over U where y is a mapping given by p: A — IV where IV denotes the collection of
all fuzzy subsets of U. p(a), a € A, be a fuzzy subset and is denoted by 1.

Definition 2.10. [16] Let (u, A), (A, B) be fuzzy soft sets over U then (u, A) is said to be a fuzzy soft subset
of (A, B), denoted by (u, A) C (\,B) if A C B and pq C A\g (g, Aq are fuzzy subsets ) for all a € A.
Definition 2.11. [16] Let (u, A), (A, B) be fuzzy soft sets. The intersection of (j1, A) and (X, B), denoted
by (u, A) N (A, B) = (v,C), where C = AU B, is defined as:
Le, if ce A\ B;
Ye =14 Ag ifce B\ A;

teNAe, ifce ANB.

Definition 2.12. [16] Let (u, A), (A, B) be fuzzy soft sets. The union of (u, A) and (A, B), denoted by
(1, A)U (N, B) = (v,C), where C = AU B, is defined as:

Lhe, if ce A\ B;
Ve =14 Ac ifce B\ A;
e U, ifce ANB.

Definition 2.13. [16] Let M be a semiring, E be a parameter set and A C E. Let p: A — [0,1]M be a
mapping, where [0, 1]™ denotes the collection of all fuzzy subsets of M. Then (u, A) is called a fuzzy soft left
(right) ideal over M, if for each a € A, the corresponding fuzzy subset p, : M — [0,1] is a fuzzy left(right)
ideal of M, i.e., for all x,y € M,

(i) pa(z +y) = min {pa(z), pa(y)}, (1) pa(zy) = pa(y)(pa(z)).
(1, A) is called a fuzzy soft ideal over M, if

(1) pa(z +y) = min {pa(2), pa(y) }, (i) pa(zy) > max {pa (), pa(y)}-

Definition 2.14. [16] Let M be a semiring, E be a parameter set, let A C E and let p: A — [0,1] be
a mapping. Then (u, A) is called a fuzzy soft quasi ideal over M, if for each a € A, the corresponding fuzzy
subset pg : M — [0,1] is a fuzzy quasi ideal of M, i.e. for all x,y € M,

(i) pa(z +y) = min(pa(@), pa(y)), (1) pa © Xa A Xar© pia C fa-
(1, A) is called a fuzzy soft interior ideal over M, if for each a € A, the corresponding fuzzy subset p, :
M — [0,1] is a fuzzy interior ideal of M, i.e., for all z,y € M, (i) po(z +y) > min {p.(x), ua(y)}, (ii)

ta(zyz) > max {pa(y)}-
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3 Fuzzy quasi interior ideals

In this section, we introduce the notion of fuzzy (right, left) quasi interior ideal and study the properties of
fuzzy (right, left) quasi interior ideals of semirings.

Definition 3.1. A fuzzy subset p of a semiring M, is called a fuzzy left (right) quasi interior ideal if
satisfies the following conditions

(i) p(z+y) = min{u(z), p(y)} for all z,y € M.
(it) xamopoxaropC p(poxaropoxmu C p).

A fuzzy subset p of a semiring M, is called a fuzzy quasi interior ideal if it is both left fuzzy quasi interior
ideal and right fuzzy quasi interior ideal of M.

Theorem 3.2. Let I be a non-empty subset of a semiring M and x be the characteristic function of I. Then
I is a right quasi interior ideal of a semiring M if and only if x1 is a fuzzy Tight quasi interior ideal of a
semiring M.

Proof. Let I be a non-empty subset of the semiring M and yj be the characteristic function of I. Suppose
I is a right quasi interior ideal of the semiring M. Obviously, x; is a fuzzy subsemiring of M. We have
IMIM CI. Then xjoxmoxroxm = Ximim C xr- Therefore yr is a fuzzy right quasi interior ideal of the
semiring M.

Conversely, suppose that 7 is a fuzzy right quasi interior ideal of M. Then [ is a subsemiring of M. We have
XI°XM©OXIoXm Cxr,implies that xrarrar C x1. Therefore ITMIM C 1. Hence [ is a right quasi interior
ideal of the semiring M. [

Theorem 3.3. Let I be a right quasi interior ideal of a semiring M and p be a fuzzy subset of M, is defined
(o) ifeel,
by p(z) = {

a1, otherwise.
forallx € M, a, a1 € [0,1] such that ag > a1. Then p is a fuzzy right quasi interior ideal of M and o, = I.

Theorem 3.4. Every fuzzy (right, left) ideal of a semiring M is a fuzzy right quasi-interior ideal of M.

Proof. Let p be a fuzzy right ideal of the semiring M and x € M.

po xa(z) = sup min{u(a), xar(b)} a,b € M.

r=ab

= sup (a)

r=ab

< sup pu(ab)

r=ab
= p(x).
Therefore po xar(z) < p(z). Then

poxnopoxym(r) = sup min{uo xn(uv),poxm(s)}

T=Uvs

< sup min{u(uv), u(s)}

T=UvSs
= p(z).

Hence p is a fuzzy right quasi-interior ideal of M.
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Let p be a fuzzy left ideal of the semiring M and x € M.

X © pu(x) = sup min{xas(a), u(b)} a,b € M.

r=ab

= sup (D)

r=ab

< sup u(ab)

r=ab
= ().

Therefore x s o p(z) < p(z). Then

X o poxn o p(z) = sup min{xas o p(u), Xar o pu(vs)}

T=Uvs

< sup min{u(u), p(vs)}

T=UvVS
= p(z).
Hence p is a fuzzy left quasi-interior ideal of M.  [J

Example 3.5. Let M = {a,b, c,d}. The binary operation is defined by
the following tables

+la b c d a b cd
ala b ¢ d ala a a a
blb b b b bla b b b
clec b ¢ d cla ¢ ¢ c
d|ld b d d dla b b a

then (M, +,-) is a semiring.
I) Let J = {a,d}, then J is a subsemiring.
J is not a(ideal, left, right, bi, quasi, interior) ideal.
J is a right quasi-interior ideal.
1) Define p =M — [0,1]
1 ifxel,
0, otherwise.
Then p is a fuzzy right quasi-interior ideal of M and p is not a fuzzy ideal.
2)  Define p =M — [0,1]
(z) = 0.7 ifxeJ
ple) = 0.4, otherwise.
Then p is a fuzzy right quasi-interior ideal of M and p is not a fuzzy ideal.

p(w) =

IT) Let J1 = {a, c}, then J; is a subsemiring.
Jp is not a(ideal, left, right, bi, quasi, interior) ideal.
J1 is a left quasi-interior ideal.
1)  Define p =M — [0, 1]
1 if x € Jq,

0, otherwise.
Then p is a fuzzy left quasi-interior ideal of M and w is not a fuzzy left ideal.
2) Define p =M — [0,1]

wz) =
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0.6 ifze i,

B 0.3, otherwise.
Then p is a fuzzy right quasi-interior ideal of M and p is not a fuzzy ideal.

()

Theorem 3.6. Let M be a semiring and p be a non-empty fuzzy subset of M. A fuzzy subset u is a fuzzy
left quasi interior ideal of a semiring M if and only if the level subset u; of p is a left quasi interior ideal of
a semiring M for every t € [0, 1], where p; # ¢.

Proof. Let M be a semiring and g be a non-empty fuzzy subset of M. Suppose u is a fuzzy left quasi
interior ideal of the semiring M, u; # ¢,t € [0,1] and a,b € ;. Then p(a) > ¢, u(b) > t, so u(a +b) >
min{p(a), u(b)} > t, therefore a +b € puy and p(ab) > min{u(a), p(b)} > t, hence ab € pi;.

Let x € MM py. Then x = bade, where b,d € M, a,c € iy, thus

X o poxnyop(x) =t so p(x) > Xaropoxn o pu(r) >t

Therefore = € ;. Hence py is a left quasi interior ideal of M.

Conversely, suppose that p; is a left quasi interior ideal of the semiring M, for all t € Im(u). Let x,y €
M, u(x) = t1,u(y) = to and t1 > to. Then z,y € py,, S0 ©+y € py, and xy € uy,, then p(x +y) > to =
min{ty,t2} = min{u(x), u(y)}. Therefore u(x + y) > to = min{pu(x), u(y)} and p(ry) > te = min{ty,ta} =
min{u(x), u(y)}. Therefore pu(zy) > to = min{u(z), u(y)}. We have My Mp; C py, for alll € Im(u). Suppose
t = min{Im(u)}. Then MpuMps C pp. Therefore xpr o ppo xar o C . Hence p is a fuzzy left quasi interior
ideal of M. O

Corollary 3.7. Let M be a semiring and p be a non-empty fuzzy subset of M. A fuzzy subset i is a fuzzy
(right) quasi interior ideal of a semiring if and only if the level subset p; of u is a (right) quasi-interior ideal
of a semiring M for every t € [0, 1], where p; # ¢.

Theorem 3.8. If o and X\ are fuzzy left quasi interior ideals of a semiring M, then uN A is a fuzzy left quasi

interior ideal of a semiring M.
Proof. Let p and A be fuzzy left quasi interior ideals of M and z,y € M.
pN Az +y) =min{u(z +y), Mz +y)}
> min{min{ju(z), p(y)}, min{A(z), \(9) }
— min{min{u(2), A(z)}, min{u(y), A(y)}}
= min{u N A(z), n N A(y).}
p N A(zy) = min{p(zy), AMzy)}
> min{min{ju(z), p(y)}, min{A(z), A(9)}}
= min{min{u(z), A\(z)}, min{u(y), A(y) }}
= min{p N A(z), 10 A(y)}
Then g N A is a fuzzy subsemiring. And

Xm o pNA(z) = sup min{xa(a), n N A(D)}

r=ab

= sup min {XM(G), min{u(b), )‘(b)}}

r=ab

= sup min { min{xs(a), u(b)}, min{xas(a), /\(b)}}

r=ab

:min{ sup min{xas(a), u(b)}, supbmin{XM(a), )\(b)}}

z=ab T=a
=min{xas © pu(x). X0 0 M)}
=X © 1N xar o A(z).
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Therefore xas ot N xar © A = xaro N A

(xar o N A) o (xar o pNA)()
= sup min{xas o N xar © A(a), xar o wNA(be)}

r=abc

= sup min{xas o g N Aa), xar o pNxaroAbe)}

r=abc

= sup min{xu o p(a), xar © A(a)}}, min{xas o pu(be), xar o A(be)}}

r=abc

= sup min{mln{XM ou(a),xa o p(be)}, min{xa o AMa), xp o)\(bc)}}

r=abc

— min { sup min{xar o u(a), xar © p(be)}, sup min{xar e Aa), xar © A(be)} |

r=abc r=abc
= min{xas o poxa o pu(x),xasr o Ao xa o A(x)}
= XM O pO XM O KN XMOAO XM OAN(T).
Then xpopNAoxamopNA=xmopmoxmopwNXmoAoxm oA

Therefore xpyoppNAoxpropuNA=xpropuoxpropNXroAoXamr oA C unNA.
Hence p N A is the fuzzy left quasi-interior ideal of M. [

Corollary 3.9. If p and X\ are fuzzy (right) quasi interior ideals of a semiring M, then u N X is a fuzzy
(right) quasi interior ideal of a semiring M.

Theorem 3.10. If p and A are fuzzy left quasi interior ideals of a semiring M, then pw U X is a fuzzy left
quasi interior ideal of a semiring M.

Proof. Let p and A be fuzzy left quasi interior ideals of M and z,y € M.

pUNx+y) =max{u(x+y), ANz +y)}
> max{min{yu(x), u(y)}, min{A(x), \(y)} }
= min{max{u(z), A(z)}, max{u(y), A(y) } }
= min{p U A(z), n U X(y).}

U May) = max{p(zy), Axy)}
> max{min{s(z), u(y)}, min{A(z), A(y)}}
— min{max{p(z), A(z)}, max{u(y), A(y)}}
= min{p U (), n UA(y).}
Then g U A is a fuzzy subsemiring. And
XM o pUAz) = sup min{x(a), n UA(b)}

= sup min{xs(a), max{pu(b),\(b)}}

r=ab

(
= sup max{min{XM(a),,u(b)} mln{XM( ) )‘(b)}}
(

r=ab
b)}, sup min{xns(a), A(b)}}

r=ab r=a

= max{ sup min{xs(a),
A

=max{xn o u(x), xar o M)}
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Therefore xas o pp U xar 0o A= xaro U A

(xar o pUA) o (xaropUA)(x)
= sup min{xa o U xar o Aa), xar o U xar o A(be)}

r=abc

= sup min{max{XMou(a),xMo)\( )}, max{xar o p(be), xar o A(be) }

r=abc

r=abc

j
= sup min{max{XMo,u(a),xMo)\( )}, max{xas o pu(be), xar o A(be) }}
j

= sup min { max{xas o u(a), xar o pu(be)}, max{xnr o AM(a), xar © A(bc)}

r=abc

= max{ sup min{xar o p(a), xar o p(be)}, sup min{xa 0 Aa), xar 0 A(be)

r=abc r=abc
— max{xar © 0 Xar © (@), xar © Ao Xar © M)}
= XM © 10 XM O U X 0 Ao X 0 A().

Then xpopUAloxpopUl=xpmopoxpmopuUxmoroxa o
Therefore xpyopUAoxpopUA=xpmopuoxpopUxpmodoxpoArC uU
Hence p U A is a fuzzy left quasi-interior ideal of M. [

Corollary 3.11. If u and X are fuzzy (right) quasi-interior ideals of a semiring M, then pU X is a fuzzy
(right) quasi-interior ideal of a semiring M.

Theorem 3.12. Let M be a semiring. Then M is a reqular if and only if
= XM OO XM O M, for any fuzzy left quasi interior ideal v of a semiring M.

Proof. Let u be a fuzzy left quasi interior ideal of the regular semiring M and z,y € M. Then xaropoxaron C
L.

XM © f10o X o p(x) = sup { min{x s o (), X © u(y:c)}}

T=xYyT

> sup {min{u(ﬂﬂ),ﬂ(:ﬁ)}}

T=xyT
= p(z).

Therefore pu C xpr 0 o xar o . Hence xas 0 pn o xpr 0 bt = fi.

Conversely suppose that p = xps o g o xar o i, for any fuzzy left quasi interior ideal p of the semiring M. Let
B be a left quasi interior ideal of the semiring M.

By Theorem 3.2, xp is a fuzzy left quasi interior ideal of the semiring M.

Then xp = xm o XBOXM©°XB = XmMBMB- Therefore B= MBMB.

Hence M is the regular semiring . O

4 Fuzzy Soft (left, right) Quasi Interior Ideals

In this section, we introduce the notion of fuzzy soft right(left) quasi interior ideal, fuzzy soft quasi interior
ideal of a semiring and study their properties.

Definition 4.1. Let M be a semiring, E be a parameter set and A C E. Let u be a mapping given by
p:A— [0,1]M where [0,1]™ denotes the collection of all fuzzy subsets of M. Then (u, A) is called a fuzzy
soft left (right) quasi interior ideal over M if and only if for each a € A, the corresponding fuzzy subset
satisfies the following conditions
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(i) pa(x +y) > min{ua(z), pa(y)} for all z,y € M.
(i) Xar 0 fta © Xar © pra C pra(tta © Xax © o © XM S Ha)-

A fuzzy soft set(u, A) over a semiring M, is called a fuzzy soft quasi interior ideal if it is both fuzzy soft left
quasi interior ideal and fuzzy soft right quasi interior ideal over M.

Example 4.2. Let M = {0,a,b,c}, define the binary operations ” +” and ” -” on M, with the following
tables

—l—‘Oabc -‘Oabc
00 a b ¢ 0j0 0 0 O
ala a b c al0 a a a
b|lb b b c b0 a b b
c|b b b c c|0 a b c

Then (M, +,-) is a semiring.
Let E = {eq, ez, e3}. Choose the fuzzy set (F, E) over M.
‘ 0 a b ¢

Fo |07 04 06 0
Define fo, |08 0.5 0.7 0

fes 109 06 08 0
{fe.},i=1,2,3 is a fuzzy right quasi interior ideal of M, and {fe,} is not a fuzzy right ideal of M. Therefore
(F, E) is not a fuzzy soft right ideal and (F, E) is a fuzzy soft right quasi interior ideal over M.

Theorem 4.3. Let M be a semiring, E be a parameter set and A C E. If (u, A) is a fuzzy soft right ideal
over M, then (u, A) is a fuzzy soft right quasi interior ideal over M.

Proof. Let u, be a fuzzy soft right ideal of the semiring M and x € M.

fra © XM (z) = sup min{u,(a), xa(b)} a,b € M.

r=ab

= sup fiq(a)

r=ab

< sup fq(ab)

r=ab

= fia ().

Therefore pig o xar(z) < pg(x). Now
Ha © XM © fiq © XM (2) = sup min{ug o xar(uv), pa © xar(s)}
T=UvSs

< sup min{ug,(uv), pa(s)}

T=UVSs

= ta ().

Thus pg is fuzzy right quasi-interior ideal of M. Hence (u, A) is a fuzzy soft right quasi-interior ideal over M.
O

Corollary 4.4. Fvery fuzzy soft (left) ideal of a semiring M is a fuzzy soft(left) quasi interior ideal over M.

Theorem 4.5. Let M be a semiring, A C E and (n, A) be a non-empty fuzzy soft over M. Then (n, A) is a
fuzzy soft left quasi interior ideal over M, if and only if the level subset (ng)r of (n, A) is a left quasi interior
ideal of M, a € A, for every k € [0, 1], where (n,)r # ¢.
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Proof. The proof of the following theorem is similar to Theorem 3.6, so we omit the proof. O

Theorem 4.6. Let M be a semiring, E be a parameter set and A C E, B C E. If (u, A) and (\, B) are
fuzzy soft left quasi interior ideals over M, then (u, A) N (A, B) is a fuzzy soft left quasi interior ideal over
M.

Proof. Let (u, A) and (A, B) are fuzzy soft left quasi interior ideals of a semiring M. By Definition 2.11, we
have that (u, A) N (A, B) = (,C) where C = AU B.

Case (i): If c € A\ B, then ~. = p.. Thus 7, is a fuzzy left quasi interior ideal of M, since (u, A) is a fuzzy
soft left quasi interior ideal over M.

Case (ii): If ¢ € B\ A, then . = A.. Therefore -, is a fuzzy left quasi interior ideal of M, since (A, B) is a
fuzzy soft left quasi interior ideal over M.

Case (iii): If c€ AN B, and z,y € M, then v, = . N A, and

Therefore By Theorem 3.8, 7. is a fuzzy left quasi interior ideal of M. Hence (u, A) N (A, B) is a fuzzy soft
left quasi interior ideal over M. [

Corollary 4.7. If (1, A) and (A, B) are fuzzy soft(right) quasi interior ideals over semiring M, then (u, A) N
(AN, B) is a fuzzy soft(right) quasi-interior ideal over M.

Theorem 4.8. Let M be a semiring, E be a parameter set and A C E, B C E. If (u, A) and (A, B) are
fuzzy soft left quasi-interior ideals of M, then (u, A) U (X, B) is a fuzzy soft left quasi interior ideal over M.

Proof. Let (u, A) and (A, B) are fuzzy soft left quasi interior ideals over the semiring M. By Definition 2.12,
we have that (u, A) U (A, B) = (,C) where C = AU B.

Case (i): If c € A\ B, then 7. = p.. Thus 7. is a fuzzy left quasi-interior ideal of M, since (i, A) is a fuzzy
soft left quasi-interior ideal over M.

Case (ii): If c € B\ A, then 7. = A.. Therefore . is a fuzzy left quasi-interior ideal of M, since (), B)is a
fuzzy soft left quasi-interior ideal over M.

Case (iti): If c€e AU B, and x,y € M, then v, = u. U A..

Therefore By Theorem 3.10, 7. is a fuzzy left quasi-interior ideal of M. Hence (p, A) U (A, B) is a fuzzy soft
left quasi-interior ideal over M. [

Corollary 4.9. If (11, A) and (X, B) are fuzzy soft(right) quasi-interior ideals over semiring M, then (u, A)U
(\, B) is a fuzzy soft(right) quasi-interior ideal over M.

Theorem 4.10. Let M be a semiring, E be a parameter set and A C E. Then (u, A) is a fuzzy soft left
quasi-interior ideal over a regular semiring M if and only if (u, A) is a fuzzy soft quasi ideal over a semiring
M.

Proof. Let (u, A) be a fuzzy soft left quasi interior ideal over the regular semiring M and x € M. Then for
each a € A, X0 pa © X1 © pa C fa-
Suppose X © fta(%) > pa(z) and fiq o X (2) > pa(z).
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Since M is regular, there exists y € M, such that x = zyz.

tra © X (x) = sup min{ua(z), xar(yz)}

T=xYT

= sup min{pe(z),1}

T=xYyT

= sup fta(7)

T=xYyT
> pa(x). And
fta © XM © fha © XM (%) = sup min{ju, o xar(), pa © xnr(yx)}

T=TYT

> sup min{yq(2), pa(yz)}

T=TYT

= Na(m)

Which is a contradiction. Hence (u, A) is a fuzzy soft quasi ideal of M.

Let (u, A) be a soft quasi interior ideal over the semiring M, and a € A.
Then 1 0 Xar A XM © pla € pa-

Ha © XM © Ha © XM S Ha © XM, and Xar 0 fa © XM © fa S XM © Ha-

Therefore Xns 0 fta © X1 © fa A fa © XM © fla © X0 S X1 © fa N pa © XM S fa-
Hence (u, A) is the fuzzy soft quasi interior ideal over M. [

Corollary 4.11. Let M be a regular semiring, E be a parameter set and A C E. Then (u, A) is a fuzzy
soft(right) quasi interior ideal over a semiring M if and only if (1, A) is a fuzzy soft quasi ideal over a
semiring M.

Theorem 4.12. Let M be a semiring, E be a parameter set and A C E. Then M is a regular if and only if
Ha = XM © fha © XM © la,a € A, for any fuzzy left quasi interior ideal of fuzzy soft quasi interior ideal (p, A)
over a semiring M.

Proof. Let (u, A) be a fuzzy soft left quasi interior ideal over the regular semiring M and x,y € M. Then to
each a € A, X © fta © XM © pa € Ha-

XM © fa © XM © fa(T) = sup {min{xn o pa(®), X0 © pta(yx)}}

T=xyr

> sup {min{uq(x), ta(z)}}

T=xyr

= fta().

Therefore g C Xar 0 fha © X © fhg- Hence xar 0 g © Xa1 © fha = Ha-

Conversely suppose that 1, = X170 f1q © XM © g, Tor any fuzzy soft quasi interior ideal (i, A) over the semiring
M and a € A. Let B be a quasi interior ideal of the semiring M. By Theorem 3.2, xp be a fuzzy quasi interior
ideal of the semiring M. Then xp = xmoxBoXm o xB = XxmBMmB- Thus B= MBMB.

Hence M is the regular semiring . (]

Theorem 4.13. Let M be a semiring, E be a parameter set and A C E, B C E. Then M is a regular if and
only if y N Ya C iy © Vg © iy © Ya, for every fuzzy soft left quasi interior ideal (v, A) and every fuzzy soft ideal
(1, B) over a semiring M, a € A,b € B.



140 A. Borumand Saeid, M. Murali Krishna Rao, K. Rajendra Kumar, N. Rafi-TFSS-Vol.1, No.2-(2022)

Proof. Let M be a regular semiring and x € M. Then there exist y € M such that = = zyx, for each
a € Abe B, v, is a fuzzy left quasi interior ideal, uy is a fuzzy ideal of the semiring M. Then

b © Ya © fp © Ya(T) = sup { min{pp 0 va(xy), ppo ’Ya(l”)}}

T=rYT

=min{ sup {min{sm(2),7%(yzy)}, sup {minfpu(e), va(yry)}}
TY=TYTY TY=TYTY

> min { min{ uy (), va(2) }, min{up(z), Va(ﬂf)}}

= min{up(x), Ve ()} = pp N va(x).
Hence pp Ny € iy 0 ¥4 © thp © Ya-
Conversely, suppose that the condition holds. Let (u, B) be a fuzzy soft left quasi interior ideal of the semiring

M. Then toeach b € B, upNxar € X0 pO XM O oy by S XM O 1y © X s © tp. Hence M is the regular semiring.
O

5 Conclusion

In this paper, we discussed the algebraic properties of fuzzy right(left) quasi interior ideal and fuzzy soft
quasi interior ideal of a semiring. Regular semiring is characterized in terms of fuzzy quasi interior ideals and
fuzzy soft quasi-interior ideals. We proved, that if M is a semiring, F/ be a parameter set and AC F, BC FE
and if (u, A) and (A, B) are fuzzy soft left quasi interior ideals over M, then (u, A) N (A, B), (i1, A) U (A, B))
are fuzzy soft left quasi interior ideal over M. One can extend this work by studying the other algebraic
structures.
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