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Abstract. It has been shown in [3] that in the two-dimensional case, the lattices of truth values considered are
pairwise isomorphic, and so are the corresponding families of fuzzy sets. Therefore, each result for one of these types
of fuzzy sets can be directly rewritten for each (isomorphic) type of fuzzy sets. In this paper, we show that there is
a strong connection between weighted graphs and fuzzy graphs. We accomplish this by using lattice isomorphisms.
Consequently, under certain conditions, results for one area can be carried over immediately to the other. Many
situations in fuzzy graph theory do not depend on the weights of the vertices. The situation of providing weights
for the vertices of a weighted graph is also considered. We also consider lattice homomorphisms with an illustration
involving nonstandard analysis. In particular, we consider a nonstandard weighted graph, i.e., a graph where the
weights of the edges are from a nonstandard interval.
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1 Introduction

In [3], it is shown that many well-known generalizations of the concept of fuzzy sets, [3], with two-dimensional
lattices of truth values are pairwise isomorphic and so are the corresponding families of fuzzy sets. Therefore,
each result for one of these types of fuzzy sets can be directly rewritten for each isomorphic type of fuzzy
set. In this paper, we wish to show that this also holds for weighted graphs and fuzzy graphs in certain
circumstances. Many situations in fuzzy graph theory do not depend on the weights of the vertices. The
situation of providing weights for the vertices of a weighted graph is also considered. We also develop some
beginning results for lattice homomorphisms and illustrate the results using the nonstandard interval [0, 1]*
in nonstandard analysis and the standard unit interval [0, 1].

We begin by reviewing some results from [3]. We let N denote the set of positive integers.

For two partially ordered sets (L1,<;) and (L2, <2), a function ¢ : Ly — Lo is called an order homo-
morphism if it preserves monotonicity, i.e., if x <; y implies p(x) <9 ¢(y). If (L1,<1) and (Lo, <9) are
two lattices, then a function ¢ : L1 — Lo is called a lattice homomorphism if it preserves finite meets
and joins, i.e., if for all x,y € L1, o(x A1 y) = ¢(x) N2 ¢(y) and ¢(x V1 y) = ¢(x) Va2 ¢(y). Each lattice
homomorphism is an order homomorphism, but not conversely. A lattice homomorphism ¢ : Ly — Lo is
called an embedding (or monomorphism) if it is injective, an epimorphism if it is surjective, and an
isomorphism if it is bijective, i.e., if it is both an embedding and an epimorphism.

Suppose that (L1,<;) and (L9, <2) are isomorphic lattices and that ¢ : Ly — Lo is a lattice isomorphism
of Lj onto Ly. Let the bottom and top elements of (Lq,<;) be denoted by 0; and 17, respectively. Let A; :
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Ly x L1 — L1 be an associative, commutative order homomorphism and define the function As : Lo X Ly — Lo
by
Az(z,y) = (A (07 (@), 07 (9)))-

If Ay is a t-norm, then As is a t-norm. If A; is a t-conorm, then Aj is a t-conorm, [[3], p. 5].

Note that ¢~ (Aa(z,y)) = Ai((¢~(2), 97 (y)) and so ¢~ (A2(p(w), p(2))) = Ai(w,z), where w =
¢~ (z) and 2 = ¢~ (y).
Definition 1.1. Let ¢ be a function of L into L. Here we are considering a lattice (L,V,A,0,1). Consider
the following conditions:

(1) ¢(0) =1 and c¢(1) =0 (boundary conditions).

(2) For all a,b € L, if a < b, then c(a) > c(b) (monotonicity).
(3) c is continuous.

(4) ¢ is involutive, i.e., c(c(a)) = a, for all a € L.

If ¢ satisfies conditions (1) and (2), we say that ¢ is a complement on L.

Suppose that ¢ is a lattice isomorphism of L; onto L. Let ¢; be a complement on L;. Define co(x) =
o(c1(p~(2))) for all # € Ly. Then ca(12) = ¢(c1(p (1)) = @(c1(11)) = ©(01) = 02. Also, ca(02) =

p(c1(971(02))) = @(c1(01)) = p(11) = 1a.
Let z,y € Ly be such that * <5 y. Then o '(z) <1 ¢ 1(y). Thus ca(z) = plei(p(x))) >

elei(e™(y) = c2(y).

Let ¢y be a complement of Ly. Define ¢ (z ) o Hea (o ))) forallz € L. Thenci(11) = ¢ 1 (e2(p(11))) =
¢ (c2(12)) = ¢~ 1(02) = 01. Also, c1(01) = ( 2(9(01))) = ¢ e2(02)) = 71 (12) = 11
Let x,y € Ly be such that z <; y. Then cp( ) <2 ©(y). Thus c1(z) = o Hea(p(x))) =2 o Hea(o(y))) =

a1 (y).
We have just shown the following result.

Theorem 1.2. ¢; is a complement if and only if co is a complement.

Note that if co(x) = @(c1(p ™1 ())), then o1 (ca(x)) = c1 (0~ (z)) and so o~ H(ca(p(y))) = c1(p 1 (w(y))) =
c1(y), where y = ¢~ 1(x).

Theorem 1.3. ¢ is involutive if and only if co is involutive.

Proof. Suppose ¢ is involutive. Let z € Lo. Then

axea(@)) = elplelp™ (2))) = plele™ (ple(e™ (2)))))
= ylalale™ (@) = p¢ ' (2) = z.

The converse is now immediate. OJ

2 Weighted Graphs

We next apply the results in the previous section to weighted graphs.

Let (V, E,w) be a weighted graph, where V is a finite set of vertices and w is a function of the set of
edges F into the positive real numbers. We assume no loops and at most one edge between two vertices.
Let m > V{w(e)le € E}. We hold m fixed throughout. We also assume m > 1. For all e € E, define
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p: E—[0,1] by p(e) = Lw(e). Then G = (V,E, 0, p) is a fuzzy graph if for all v € V,o(v) = 1. Consider
(V,E, 1) as a weighted graph. We note below that the lattices associated with (V, E,w) and (V, E, u) are
isomorphic. (Clearly there one-to-one correspondence between their point sets which preserves adjacency,
namely the identity map of V onto V.)

Define ¢ : [0,m] — [0,1] by for all = € [0,m], p(x) = =z. Then ¢ is a lattice isomorphism of Ly onto
Lo, where L1 = [0,m] and Ly = [0,1] and V and A are the usual operations of maximum and minimum,
respectively. Note that for all 7,y € L1, p(z Ay) = ¥ = L A L = () Ap(y) and a similar result holds for
V. Also, ¢ is continuous and preserves <.

We next consider Definition 1.1 for [0, m].

Theorem 2.1. (See [1]) Let m = 1. Ifc: [0,1] — [0,1] satisfies (2) and (4) of Definition 1.1, then c satisfies
(1) and (3). Also, c is bijective.

Let ¢ satisfy (1) and (2) of Definition 1.1. Define ¢ : [0, m] — |0,
)

¢~ (c((¢(a)). Then &(0) = ¢~ (c(0)) = ¢~ (1) = m and &(m) = ¢~ (c(1
Let C = {c| c satisfies (1) and (2) for m = 1} and C = {¢] ¢ satlsﬁes (1
function f of C into C by for all ¢ € C, f(c¢) = ¢, where for all a € [0, m],

).

1(0) = 0.

m] by for all a € [0,m],¢(a) =
) d (2) for m > 1}. Define the

c(a) = me(

3=

We show that f is a one-to-one function of C' onto C. We have that ¢(0) = mc(0) = m _and ¢(m) =
m(c(1)) = 0. Since m is fixed, that ¢ satisfies (2) holds since c satisfies (2). Hence f maps C into C. Let ¢ € C.
Define ¢ : [0,1] — [0,1] by for all a € [0,1],¢(a) = L&(ma). Then ¢(0) = L¢(0) = 1 and ¢(1) = L¢(m) = 0.
Thus f maps C' onto C. Now

t o0

CA1
f(Cl) = f(c2).
Theorem 2.2. ¢ is involutive if and only if ¢ is involutive, where f(c) =¢.

Proof. Suppose c is involutive. Let a € [0, m]. Then

R N a me(2) B a. a,
o(ea) = elm(e(2)) = m(e(" ) = me(e( L)) = m(L) = a
Thus ¢ is involutive. ~ o
Conversely, suppose ¢ is involutive. Let a € [0,m]. Then c(c(;%)) = c(%) = @ = %. Hence c is

involutive. O

Definition 2.3. Let 7w : [0,m] x [0,m] — [0,m]. Then m is called a t-norm on [0,m] if the following
conditions hold for all a,b,d € [0,m)]:

(1) m(a,m) = a (boundary condition).

(2) b <d implies w(a,b) < w(a,d) (monotonicity).
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(3) m(a,b) = w(b,a) (commutativity).
(4) m(a,m(b,d)) = n(n(a,b),d) (associativity).

Let i be a t-norm on [0, 1]. Define 7 : [0,m] x [0,m] — [0, m] by for all a,b € [0, m], 7(a,b) = mi(,, %)
Let a € [0,m]. Then m(a,m) = mi(%,2) = m(%) = a. Note that (a,b) = ¢(i(¢~"(a), ¢ 1(b))),where
¢(z) = Z and x € [0,m]. Note also that ¢~ '(y) = my, where y € [0,1]. Check: @(i(¢~(y1), ¢ (y2))) =

e(i(myr, my2)) = Li(myr, mys).

Let 7 be a t-norm on [0, m] Define i : [0,1] x [0,1] = [0,1] by for all a,b € [0,1],i(a,b) = Lm(ma,mb).

Let a € [0,1]. Then i(a,1) = Z7(ma,m) = Zma = a.
Suppose for example that i is the t-norm product on [0,1]. Let a,b € [0,m]. Then 7(a,b) = mi(,5, %) =
meb — ab
mm m

Definition 2.4. Let p : [0,m] x [0,m] — [0,m]. Then 7 is called a t-conorm on [0,m] if the following
conditions hold for all a,b,d € [0,m]:

1) p(a,0) = a (boundary condition).

(1)

(2) b <d implies p(a,b) < p(a,d) (monotonicity).
(3) p(a,b) = p(b,a) (commutativity).

(4) p(a,p(b,d)) = p(p(a,b),d) (associativity).

Let u be a t-conorm on [0,1]. Define p : [0,m] x [0,m] — [0,m] by a,b € [0,m], p(a,b) = mu(L, L) Let
a € [0,m]. Then p(a,0) = mu(2, L) =m(L) =a.

Let p be a t-conorm on [0, m] Define u : [O 1] x [0,1] = [0,1] by for all a,b € [0, 1],u(a,b) = L p(ma, mb).
Let a € [0,1]. Then u(a,0) = X p(ma,0) = Lma = a.

Suppose for example that u is the t-conorm algebraic sum on [0,1]. Let a,b € [0,m]. Then p(a,b) =
w2 5) = m(s + 5~ £3) —atv— 2

Recall that ¢ : [0,m] — [0, 1], where for all a € [0,m],p(a) = % is an isomorphism. Also if e1,e3 € E,
then w(e;) < w(eq) if and only if u(er) < u(es).

Define w o w by for all 2,y € V, (w o w)(x,y) = V{w(zz) Aw(zy)|z € V}. Let w?> = wow. Suppose n
is a positive integer and that w™ has been defined. Define w"*! to be w™ o w. Define w™ by w™(z,y) =
V{w"™(z,y)| n=1,2,...}.

Define p: E — [0,1], by e € E, pu(e) = Lw(e). Then

(mop)(z,y) = V{u(zz) A p(zy)lz € V}
- \/{%w(a:z) A %w(zyﬂz eV}

= % VA{w(zz) Nw(zy)|z € V}

= —(wow)w)

It follows by induction that p"(z,y) = Zw"(z,y) for all positive integers n. Thus ™ (z,y) = Zw™(z,y).

Let zy € E. Let G = (V, E\{zy},w') be the weighted subgraph of G = (V, E,w) obtained by deleting
the edge zy from E and defining v’ on E\{zy} by w'(uv) = w(uv) for all uwv € E\{zy}. Then xy is called a
bridge in G if W' (uv) < w*>(uv) for some uv € E\{zy}. Clearly, zy is a bridge in G if and only if zy is a
bridge in the fuzzy graph (V, E, o, 1), where p(uv) = %w(uv) for all uv € E.

It is now easy to see that the proof of the following result can be copied from the proof of Theorem 9.1,

[[7], p. 90].
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Theorem 2.5. Let (V, E,w) be a weighted graph. Then the following statements are equivalent.
(1) zy is a bridge;

(2) W™ (zy) < w(zy);

(3) xy is not the weakest edge of any cycle.

We next consider placing weights on the vertices of weighted graphs. Let (V, E,w) be a weighted graph.
Let m > V{w(e)|e € E}. Hold m fixed. Define 7 : V' — [0, m] by for all € V, 7(x) = V{w(zy)|y € V}. Then
for all wv € E,w(uv) < 7(u) A 7(v). That is, (V, E,w, 7) is a weighted graph with a weight on the vertices.
Define o : V — [0,1] by for all z € V, o (z) = L7(x). Define i : E — [0, 1], by for all 2y € E, u(zy) = Lw(zy).
Since w(z) < 7(x) A 7(y), it follows that u(xy) < o(z) Ao(y). That is, (V, E, 0, i) is a fuzzy graph.

Let (V, E,o,u) be a fuzzy graph. Define p : V' — [0,m], by Yv € V, p(v) = mo(v). Define w as before,
ie, w(e) = mu(e). Then (V,E, p,w) is a weighted graph with a weight on the vertices. Clearly, for all

z,y € V,w(zy) < p(x) A p(y).

3 Homomorphisms

In this section, we consider lattice homomorphisms of one lattice onto another. Our goal is to illustrate
our results using the nonstandard interval [0,1]* in nonstandard analysis. Consequently, we first review
some basic properties of nonstandard analysis. We follow the approach in [I]. We do not provide a formal
construction. A formal construction can be found in [5, 0].

Let F be a field and < a relation on F'. Suppose < satisfies the following properties:

1) Vx,y € I such that x # y, either z < y or y < x;

2) Vx,y,z € F,x <y and y < 2z implies = < z;

3) Vx,y,z € F,x <y implies x + 2z < y + z;

(1)
(2)
(3)
(4) Vz,y,z € F,x <y and 0 < z implies xz < yz.

Then < is called an order on F' and (F, <) is called an ordered field.

Let R denote the field of real numbers. Let R* denote a nonstandard universe, [0], with the following

properties:

(1) (R,+,e,0,1,<) is an ordered subfield of (R*, +,e,0,1, <);

(2) R* has a positive infinitesimal element €, that is ¢ € R* is such that € > 0 and € < r for all positive
real numbers 7.

(3) For all n € N and every function f : R™ — R, there is a natural extension f*: (R*)” — R*. The natural
extensions of the field operations +,  : R? — R coincide with the operations in R*. Similarly, for every
A CR™, then is a subset A* C (R*)"™ such that A* NR" = A.

(4) R* equipped with the above assignments of extensions of functions and subsets behaves logically like
R.

Definition 3.1. R* is called the ordered field of hyperreals.
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Now ¢ has an additive inverse —e. Clearly, —¢ is a negative infinitesimal. For every positive real number
r,e”t > r. Thus e~ ! is a positive infinite element and —e ! is a negative infinite element.

Definition 3.2. o Let Ry, = {x € R¥| || < n for some n € N}. Ry, is called the set of finite
hyperreals.

o Let Ring = R*\Ryip,. Ring is called the set of infinite hyperreals.
o LetM = {x e R*| |z| < % for allm € N;n > 0}. M is called the set of infinitesimal hyperreals.
We see that M C Ry, R C Ry, and M NR = {0}. If 6 € M\ {0}, then 51 ¢ R tir,.-

Proposition 3.3. Ry, is a subring of R* and M is and ideal of Ryy,.

Definition 3.4. Define the relation = on R* by for all x,y € R*,x =y if and only if c —y e M. If z = y,
we say that x and y are infinitely close.

It follows that not only is = an equivalence relation on R*, but also a congruence relation.

Theorem 3.5. (Existence of Standard Parts) Let v € Ryy,. Then there exists a unique s € R such that
r=s. We call s the standard part of r and write st(r) = s.

Corollary 3.6. Ry, = R + M.

Corollary 3.7. Define st : Ry, — R by for all r € R, st(r) = s, where s is the standard part of . Then st
is a homomorphism of Ry, onto R such that Ker(st) = M.

Let h be a homomorphism of a lattice (L1, <;) onto a lattice (Lg, <2). If the lattice (L1,<;) is bounded
with bottom element 0; and top element 17, then (L9, <2) is bounded, and the bottom and top elements of
(La,<2) is 02 = h(01) and 12 = h(11), respectively.

Let (L1,V1,A1,01,11) and (Lo, Va2, A2, 09, 12) be lattices. (Define <; on L; by for all z,y € L;,x <; y if
and only if x = 2z A\; y and x # y,i = 1,2).

We assume in the following that A is a homomorphism of L; onto Ls.

Define the relation = on L; by for all z,y € L1,z = y if and only if h(z) = h(y). Then clearly =~
is an equivalence relation on L;. Now = is also a congruence relation on L; since h(x Vi y) = h(z) Vo
h(y),h(x A1 y) = h(z) A2 h(y). (Suppose z = y and 2’ = y'. Then h(z) = h(y) and h(z’) = h(y’). Thus
h(z Vi) = h(x) Vo h(x') = h(y) Vo h(y') = h(y V1y'). Hence x V12’ = y V4. A similar result for Ajand As.

Let x,y € Ly. Suppose x <1 y. Then x = z A1 y and = # y and so h(x) = h(x A1 y) = h(x) A2 h(y). It is
not necessarily the case that h(x) # h(y).

Now x1 = x93 and y; = y2 < h(z1) = h
h(z1Viy1) = h(z1) Vo h(y1) = h(z2) V2 h(y2)
for A. Hence = is a congruence relation.

For all x € Ly. Let [z] denote the equivalence class of x with respect to = . Let L} = {[z]|x € L1}. Define
V and A on L as follows: For all [z], [y] € L}, [z]V]y] = [xV1y] and [z]A[y] = [zA1y]. Define f : Ly — L7 by for
all x € Ly, f(xz) = [z]. Then f is a function of Ly onto L] such that f(zV1y) = [xV1y] = [z]V][y] = f(x)V f(y)
and similarly for A. Define < on L} by for all [z], [y] € L7, [z] < [y] if and only if h(z) <2 h(y). Then [z] = [y]
if and only if h(z) = h(y). Suppose [z] < [y]. Then h(z) < h(y), but h(z) # h(y), else [z] = [y]. We have L]
is a lattice and f is a homomorphism of L; onto Lj. Define g : L} — Ly by for all [z] € L}, g([z]) = h(z).
Then [z] = [y] & = = y < h(z) = h(y). Thus g is a one-to-one function of L} into Lo. In fact, g maps L}
onto Lo since h is onto Ly. Now go f(x) = g(f(x)) = g([z]) = h(z) for all x € L;. Thus go f = h. Clearly,
[z] < [y] if and only if g(x) <2 g(y). Hence g is a lattice isomorphism of L} onto Ly. Let L) be a sublattice of
Ly such that hz, is a an isomorphism of L} onto Lo. Then for all y € Ly, there exists unique z € L) such

and h(y1) = h(y2). Suppose x; = x2 and y; = y2. Then

(z2)
= h(x2 V1 y2). Thus z1 Vi y1 = x2 V1 y2. A similar result holds
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that = y : Let « € L) be such that h(xz) = h(y). (x exists since h maps L} onto L2). Then z is unique since
h is one-to-one on L}

Assume Lo C Lj. Let ¢; be a complement on Lq. Define ¢y : Lo — Lo by c2(y) = ¢1(y), where y € L.
Assume ¢;(y) € L. Then, assuming 0; = 03 and 11 = 1g, ¢2(02) = ¢1(02) = ¢1(01) = 11 = 1a.

Let ¢y be a complement of Ly. Define ¢; : Ly — L; by for all x € Ly, ci1(x) = ca(h(z)). Then, assuming
11 = 12, we have that

c1(01) = c2(h(01)) = c2(02) = 12 = 11.
These assumptions are the case for st, i.e., L1 = [0,1]* and Ls = [0, 1]. In fact, st is the identity map on L;.

Definition 3.8. Let ¢ be a complement on L. We say that ¢ is infinitesimally involutive if for all © €
L,c(c(z) = x.

Proposition 3.9. Let Ly be a sublattice of Ly and h a lattice homomorphism of L1 onto Ly. Let co be a
complement on Ly. Define ¢ : L1 — Ly by for all x € Ly, c1(x) = ca(h(x)). The ¢y is a complement on L.
If co is involutive and h is the identity restricted to Lo, then ¢y is infinitesimally involutive.

Proof. Let x € Ly. Then since ca(h(x)) € Lo,

ala(z)) = cale(h(z))
(x)))
)

Il
Q
)
—~ T~
>
—
Q
V)
—
>

Il
)
[\
Q
[\
—~
>
—~
8
~—
SN—

I
>
—

8
~—

O

Example 3.10. Let L; = [0,1]" and Ly = [0,1]. Let h = st. Let ca(z) = 1 — x for all © € Ly. Let = € L;.
Then there exists a € [0,1] and m € M such that z = a + m. Now ¢1(c1(x)) = c1(ca(h(z))) = ci(ca(a)) =
c1(1 —a) = co(l — a) = a = x, where ¢;(x) = co(h(z)).

Let i1 be a t-norm on L;. Define ig : Lo X Ly — Lo by V(x2,y2) € Lo X Lo, io(x2,y2) = i1(x2,y2). Assume
i1<$2,y2) S L2 and that L2 g Ll. Then ig(yg, 12) = il(yg, 12) = il(yg, 11) = Y2. Assume 01 = 02 and 11 = 12.
Now i2(02,y2) = i1(02,y2) = i1(01,%2) = 01 = 0a.

Let 79 be a t-norm on Ly. Define 41 : Ly X L1 — L1 by V(z1,y1) € L1 X L1,i1(x1,y1) = i2(h(z1), h(y ))
Then i1 (z1,11) = i2(h(x1),h(11)) = i2(h(x1), 12) = h(x1) # 1. Assume h(h(z1)) = h(z1). Then h(z1) = x1
Now, i1(01, 1) = i2(h(01), h(y1)) = 12(02, h(y1)) = 02.

Definition 3.11. i : LxL — L. We say that i satisfies the boundary conditions infinitesimally ifi(x,1) = z
and i(0,x) = 0. We say that i is an infinitesimal t-norm if it satisfies the definition of a t-norm except for
the boundary conditions which it satisfies infintesimally.

An infintesimal t-conorm is defined similarly.

Proposition 3.12. Suppose that Lo is a sublattice of Ly and that h is a homomorphism L1 onto Lo. Let is
be a t-norm on Lo. Define iy : Ly X Ly — Ly by for all (x,y) € L1 x Ly,i1(z,y) = i2(h(z),h(y)). If h is the
identity on Lo and h preserves <, then i1 is an infinitesimal t-norm on L.

Proof. Let x,y € Ly. Then i1(x,y) = ia(h(z), h(y)) = i2(h(y), h(x)) = i1(y, z). Let x,y,z € L1. Then
)

iz, i1y, 2)) = d2(h(2), h(ir(y, 2)) = iz2(h(x), h(i2(h(y), h(2))
= iz2(h(2),i2(h(y), h(2))) = i2(i2(h(z), h(y)), h(2))
= iz(h(iz(h(z), h(y)), h(2)) = i1(i2(h(2), h(y)), )
= i1(i1(z,y),2))
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since Ly C Ly and h is the identity on Lg. Let « € Ly. Then i1 (z, 11) = ia(h(z), h(11)) = i2(h(x), 12) =
Now h(z) € Ly and h(h(z) = h(x). Hence h(z) = x. Thus i;(x,11) = z. Suppose x <; y. Then h(z
h(y).Thus i1(z, x) = ia(h(2), h(x)) <2 i2(h(2), h(y)) = ir(z,y). O

Example 3.13. Let L1 = [0,1]*, Ly = [0,1], and h = st. Let x,y € Lj. Then there exists, a,b € R and
m,m’ € M such that x = a+m and b = b+m/. Now z < y if and only if a +m < b+m’ if and only if (a = b
and m < m’ or a < b). Hence st(x) < st(y) if x < y.

h()
) <

Proposition 3.14. Suppose that Lo is a sublattice of L1 and that h is a homomorphism Ly onto Ly. Let i1 be
a t-norm Ly such that iy maps Lo X Ly into La. Define iy : Ly X Lo — Lo by for all x,y € Lo, is(x,y) = i1(x,y).
If 11 = 1o,then 19 is a t-norm on Lo.

Proof. Let x € Ly. Then iy(x, 12) = i1(x, 12) = i1(x,11) = x. Let z,y,z € Ly. Suppose z <9 y. Then = <; y.
Thus i2(z,2) = i1(z,2) <1 i1(z,y) = i2(z,y). Hence i2(z,z) <2 i2(z,y). The commutative and associative
properties hold for i5 since they hold for ;. [l

Proposition 3.15. Suppose that Lo is a sublattice of L1 and that h is a homomorphism L1 onto Lo. Let us
be a t-conorm on Lo. Define uy : Ly X L1 — Ly by for all (x,y) € L1 x L1,ui(z,y) = ua(h(x),h(y)). If h is
the identity on Lo and h preserves <, then ui is an infinitesimal t-conorm on Ly.

Proposition 3.16. Suppose that Lo is a sublattice of L1 and that h is a homomorphism Ly onto Lo. Let uq
be a t-conorm Ly such that uy maps Lo X Lo into La. Define ug : Ly x Lo — Lo by for all x,y € Lo, us(x,y) =
ui(z,y). If 01 = 0g,then ug is a t-conorm on Lo.

4 Nonstandard Fuzzy Graphs

We next consider a nonstandard weighted graph G = (V, E,w), where w : E 0, m]* and where [0, m]* =

4

{z € R*[0 < 2 < m}. Define g : [0,m]* — [0,1]*, by for all @ € [0,m]*,g(a) = . Then g is a one-to-one
function of [0, m]* onto [0,1]*. In fact, ¢ is an isomorphism of ([ m]*,V,A,0,m) onto ([0,1]*,V,A,0,1) :
glaNnb) = %\b == A % = g(a) A g(b) and g(a V b) = “/T\n\/b L \/ = g(a) vV g(b). Also, g is continuous and

preserves <.

Recall that for all x € [0, m]*, there exist r € R and y € M such that z = r + y and that r is called
the standard part of =, written st(x) = r. As a matter of fact, r € [0, m]. The isomorphism ¢ also preserves
~: Suppose a,b € [0, m]* are such that a = b. Then a — b € M and so a = b+ x for some = € M. Now
gla) = =+ = b#ﬂ = g(b+ x). Now ¢g(b) = % and g(b+ ) —g(b) = -~ € M. Thus g(b+ x) = g(b) and so

= g(b).
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