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Abstract. Orthomodular lattices generalize the Boolean algebras; they have arisen in the study of quantum
logic. Quantum-MV algebras were introduced as non-lattice theoretic generalizations of MV algebras and as non-
idempotent generalizations of orthomodular lattices.

In this paper, we continue the research in the “world” of involutive algebras of the form (A,®, ~,1), with
17 =0, 1 being the last element. We clarify now some aspects concerning the quantum-MV (QMYV) algebras as
non-idempotent generalizations of orthomodular lattices. We study in some detail the orthomodular lattices (OMLs)
and we introduce and study two generalizations of them, the orthomodular softlattices (OMSLs) and the ortho-
modular widelattices (OMWLs). We establish systematically connections between OMLs and OMSLs/OMWLs
and QMV, pre-MV, metha-MV, orthomodular algebras and ortholattices, orthosoftlattices/orthowidelattices - con-
nections illustrated in 22 Figures. We prove, among others, that the transitive OMLs coincide with the Boolean
algebras, that the OMSLs coincide with the OMLs, that the OMLs are included in OMWLs and that the OMWLs
are a proper subclass of QMV algebras. The transitive and/or the antisymmetric case is also studied.
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1 Introduction

The algebraists work usually with the commutative additive groups and with the positive (right) cone of
a partially-ordered commutative group (G,<,4+,—,0), where there are essentially a sum & = 4 and an
element 0. Sometimes, the negative (left) cone is needed also, where there are essentially a product ® = +
and an element 1 = 0. They work with algebras that have associated an (pre-order) order relation, which
usually does not appear explicitly in the definitions. The presence of the (pre-order) order relation implies
the presence of the (generalized) duality principle. Thus, each algebra has a dual one, the (pre-order) order
relation has a dual one. We have given names to the dual algebras [14], [10], [15]: “left” algebra and “right”
algebra, names connected with the left-continuity of a t-norm and with the right-continuity of a t-conorm,
respectively. Hence, the algebraists usually work with the commutative right-unital magmas.

By the contrary, the logicians work with the logic of truth, where the truth is represented by 1, and there
is essentially one implication; we could name this logic “left-logic”. One can imagine also a “right-logic”, as
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a logic of false, where the false is represented by 0 and there is a “right-implication”. Hence, the logicians
usually work with the commutative left-algebras of logic.

In this paper, regarding from (algebras of ) logic side, we shall work with left-algebras (left-unital magmas)
as principal algebras, therefore, the unital magmas will be defined multiplicatively.

Thus, the commutative algebraic structures connected directly or indirectly with classical/ nonclassical
logics belong to two parallel “worlds”:

1. the “world” of (left) algebras of logic, where there are essentially one implication, — (two, in the
non-commutative case), and an element 1 (that can be the last element); the algebras (A, —, 1), verifying the
basic property (M): 1 — x = z, are called M algebras [16], [15]; an internal binary relation can be defined

by: z <y g x — y =1 (< can be a pre-order, an order, or even a lattice order); algebras belonging to
this “world” are [17], [16], [15]: the bounded MEL, BE and aBE, pre-BCK algebras, BCK algebras, bounded
BCK algebras, BCK(P) algebras, Hilbert algebras, Wajsberg algebras, implicative-Boolean algebras, etc. A
“Big map” (hierarchy of algebras of logic) is presented in ([15], Figure 1).

2. the “world” of (left) algebras, where there are essentially a product, ®, and an element 1 (that can be
the last element); the algebras (A, ®, 1), verifying the corresponding basic properties (PU): 1 ©® z = x and
(Pcomm): z ®y =y ® x, are called commutative unital magmas; in algebras with an additional operation,

(A,®,7,1), an internal binary relation can be defined by: = <,, y <= xz ©®y~ = 0 (<, can be a pre-
order, an order, or even a lattice order), where ‘m’ comes from ‘magma’; algebras belonging to this “world”
are [10], [15]: the m-MEL, m-BE and m-aBE, m-pre-BCK algebras, m-BCK algebras, pocrims, (bounded)

lattices, residuated lattices, BL algebras, MTL algebras, NM algebras, MV algebras, Boolean algebras, etc.
A corresponding “Big map” (hierarchy of algebras) is presented in ([15], Figure 10).

Between the two parallel “worlds” there are some connections, as for example: the equivalence between
BCK(P) algebras and pocrims, in the non-involutive case, and the definitional equivalence between Wajsberg
algebras and MV algebras, in the involutive case ((x7)~ = z). In [15], Theorems 9.1 and 9.3 connect the two
“worlds” in the involutive case.

Beside the classical and non-classical logics, there exist the quantum logics. Examples of algebraic struc-
tures connected with quantum logics (= quantum structures/ algebras) are the bounded implicative (im-
plication) lattices, the De Morgan algebras, the ortholattices, the orthomodular lattices, the quantum-MV
algebras, etc.

The ortholattice is an important example of sharp structure (which satisfies the noncontradiction principle)
from sharp quantum theory [4] (Birkhoff, 1967; Kalmbach, 1983).

Orthomodular lattices (particular ortholattices) generalize the Boolean algebras. They have arisen, cf.
[25], “in the study of quantum logic, that is, the logic which supports quantum mechanics and which does not
conform to classical logic. As noted by Birkhoff and von Neumann in 1936 [2], the calculus of propositions
in quantum logic “is formally indistinguishable from the calculus of linear subspaces [of a Hilbert space] with
respect to set products, linear sums and orthogonal complements” in the role of and, or and not, respectively.
This has led to the study of the closed subspaces of a Hilbert space, which form an orthomodular lattice
in contemporary terminology. As often happens in algebraic logic, the study of orthomodular lattices has
tremendously developed, both for their interest in logic and for their own sake, see Kalmbach [23]”.

Quantum-MV algebras (or QMV algebras) were introduced by Roberto Giuntini in [I1] (see also [9],
(8], [12], [10], [13], [7], [6]), as non-lattice theoretic generalizations of MV algebras and as non-idempotent
generalizations of orthomodular lattices.

The connections between algebras of logic/ algebras and quantum algebras were not very clear. But, in
papers [15], [20], [21], we established important connections, by redefining equivalently the bounded involutive
lattices and De Morgan algebras as involutive m-MFEL algebras, the ortholattices, the MV, the Boolean
algebras and the quantum-MV algebras as involutive m-BE algebras, verifying some properties, and then
putting all of them on the involutive “Big map”; thus, we have proved that the quantum algebras belong, in
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fact, to the “world” of algebras (involutive commutative unital magmas).

In this paper, we continue the research from [21], [18], based on [22], [20], [15], in the “world” of involutive
algebras of the form (A, ®,~,1), with 1= = 0, 1 being the last element. We clarify now some aspects con-
cerning the quantum-MYV algebras as non-idempotent generalizations of orthomodular lattices. We study the
orthomodular lattices and we introduce and study two generalizations of them, the orthomodular softlattices
and the orthomodular widelattices - in connection with the lattices/ ortholattices and their two generaliza-
tions, the softlattices/ orthosoftlattices and the widelattices/ orthowidelattices, generalizations introduced in
[22]. Many results were obtained by the powerful computer program Prover9/Mace4 (version DEC. 2007)
created by William W. McCune (1953 —2011) [24]. By lack of space, we shall not present here the examples
we have. This paper, like [15], [20], [22], [21], [18], presents the facts in the same unifying way, which consists
in fixing unique names for the defining properties, making lists of these properties and then using them for
defining the different algebras and for obtaining results.

The paper is organized as follows.

In Section 2 (Preliminaries), we recall the notions and the results necessary for making the paper
self-contained as much as possible.

In Section 3 (Orthomodular lattices), we study in some detail the orthomodular lattices (OMLs), that
are QMYV algebras. We establish connections between OMLs and QMV, pre-MV, metha-MV, orthomodular
(OM) algebras and ortholattices (OLs), connections illustrated in Figures 3 — 8. We prove that the anti-
symmetric OMLs and the transitive OMLs coincide with the Boolean algebras and that transitive OLs are
included in transitive metha-MV algebras. We introduce the new notion of modular algebra and we prove
that the modular algebras coincide with the modular ortholattices.

In Section 4 (Orthomodular softlattices, widelattices), based on the two generalizations of OLs: the
orthosoftlattices (OSLs) and the orthowidelattices (OWLs), introduced in [22], we introduce and study, in
separate subsections, two corresponding generalizations of OMLs: the orthomodular softlattices (OMSLs) and
the orthomodular widelattices (OMWLs). We establish connections between OMSLs/OMWLs and QMV,
pre-MV, metha-MV, OM algebras and OLs, OSLs/OWLs, connections illustrated in Figures 9 — 15/16 — 22,
respectively. We prove that the OMLs coincide with the OMSLs and that transitive OSLs are included in
transitive metha-MV algebras. We also prove that the OMLs are included in OMWLs, which in turn are
included in QMYV algebras too, and that transitive OWLs are included in transitive metha-MV algebras,
hence that transitive OMWLs are included in transitive QMYV algebras.

2 Preliminaries

2.1 The “Big map” of algebras

Recall from [15] the following:
Let AL = (AL, ®,~ = ~",1) be an algebra of type (2, 1,0) and define 0 el 1~ Define an internal binary
relation <,, on AL by: for all z,y € AL,

(m-dfrelP) 2 <my &L 20y =0.

Consider the following list m-A of basic properties that can be satisfied by AL [15]:

(PU) 10z =x=2x®1 (unit element of product, the identity),
(Pcomm) 1z ®y =y ®x (commutativity of product),

(Pass) r®(yoOz)=(r®y) Oz (associativity of product);
(Negl-0) 17 =0,

(Neg0-1) 0~ =1;
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m-An) (z@y” =0and y ®z~ =0) = x =y (antisymmetry),
m-B)  [(z0y7) 02020 (o) =0,
m-BB) [(z0z)" ©(yo)]o(yoz ) =0,
m*) 20y =0= (z0y ) (z0z7)” =0,
m-**)  zeyT =0= (z02)0(yoz2)” =0,
m-L) 2 ®0=0 (last element),
m-Re) 2 ®az~ =0 (reflexivity),
m-Tr) (zOy =0and y® 2z~ =0) = z ® 2~ = 0 (transitivity),
etc.
Dually, let A% = (AR @, — = _R,O) be an algebra of type (2,1,0) and define 1
binary relation >, on A® by: for all z,y € A%,

del. 0~. Define an internal

(m-dfrelS) x>,y b y~ =1

The list of dual properties is omitted.

Recall from [15] the definitions of the following algebras needed in this paper (the dual ones are omitted):

Let ALY = (A¥,®,7,1) be an algebra of type (2,1,0) through this paper. Define 0 el - (hence (Negl-0)
holds) and suppose that 0~ = 1 (hence (Neg0-1) holds too). We say that A* is a [15]:

- left-m-MEL algebra, if (PU), (Pcomm), (Pass), (m-L) hold,;

- left-m-BE algebra, if (PU), (Pcomm), (Pass), (m-L), (m-Re) hold;

- left-m-pre-BCK algebra, if (PU), (Pcomm), (Pass), (m-L), (m-Re) and (m-BB) hold;

- left-m-BCK algebra, if (PU), (Pcomm), (Pass), (m-L), (m-Re), (m-An) and (m-BB) hold.

Denote by m-MEL, m-BE, m-pre-BCK, m-BCK these classes of left-algebras, respectively.

In ([15], Figure 10), the “Big map”, connecting the commutative unital magmas, including these algebras,
was drawn.
We say that A” is [15] reflezive, if <,, is reflexive (i.e. (m-Re) holds); transitive, if <,, is transitive (i.e.

(m-Tr) holds); antisymmetric, if <,, is antisymmetric (i.e. (m-An) holds). If X is a class of algebras, we shall
denote by tX (aX, atX=taX) the subclass of all transitive (antisymmetric, transitive and antisymmetric,
respectively) algebras of X.

We say that an algebra is involutive, if it verifies (DN) ((z7)” = z or 2= = z). If X is a class of
algebras, we shall denote by X(pyy) the subclass of all involutive algebras of X. By ([15], Theorem 6.12), in
any involutive m-BE algebra we have the equivalences: (m-BB) < (m-B) & (m-**) & (m-*) & (m-Tr).

Note that: m-pre-BCK py) = pre-m-BCK py) (= m-tBEpy)).

Any left-m-BCK algebra is involutive, by ([15], Theorem 6.13). We write: m-BCK= m-BCKpy)
(= m-taBE(py)). Note that a (involutive) m-BCK algebra satisfies all the properties in the list m-A of
properties and, additionally, (DN) and other properties.

Note that the binary relation <, is only reflexive in m-BE py, it is a pre-order in m-pre-BCK pn)
and it is an order in m-BCK.

2.1.1 Involutive m-MEL algebras

Let A = (A¥,®, 7, 1) be an involutive left-m-MEL algebra. Because of the axiom (DN), we have introduced
in [20] the new operation sum, @&, the dual of product, ®, by: for all z,y € A%,

vey ™ @ oy (1)

Then, (A%, @, ~,0) is an involutive right-m-MEL algebra.

Proposition 2.1. (See ([0], Proposition 2.1.2), in dual case, [9])
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Let AV = (A*,®,7,1) be an involutive left-m-MEL algebra. We have:

Opr=z=260, idie (SU) holds, (2)
r®y=ydx, ie (Scomm) holds, (3)
r®(yYdz)=(rdy) D=2, e (Sass) holds, (4)
r®1=1, ie (m—L") holds; (5)
(x@y)” =2~ @y~ (De Morgan law 1), (6)
(x@y)” =2~ @y~ (De Morgan law 2), and hence (7)
roy=("ey) . s)
Beside the old, natural binary relation <,, and its dual >,,, we have introduced in [20] a new binary
relation: .
(m-dfP) z <P y &y ® y = z and, dually,
(m-dfS) z > y«ﬁ}x@y:x.
By ([20], Proposition 3.11), <P is antisymmetric and transitive and 0 <Z x <P 1, for any z.

Proposition 2.2. (/20], Proposition 3.14)
Let AL = (AL, ®,7,1) be an involutive left-m-MEL algebra. If (m-Pimpl) holds, then:
(1) the order relation <L is a lattice order (denoted by <9 ),
(2) x <y =y =5,
(3)e<py=y <pa .

With the notations from this subsection, the definition of MV algebras [3], [5] becomes [15]:

Definition 2.3. (The dual one is omitted)

A left-MV algebra is an algebra AL = (AL, ®,~ = =" 1) of type (2,1,0) verifying (PU), (Pcomm), (Pass),
(m-L), (DN) and:
(Am-comm) (z~ Oy)” Oy=(y~ Ox)” O .

We recall the following important remark, which was the motivation of paper [15]:
The left-MV algebra is just the involutive left-m-MEL algebra verifying (A,,-comm).
We have denoted by MV the class of all left-MV algebras.

2.1.2 Involutive m-BE algebras

Let AY = (A¥,®,7,1) be an involutive left-m-BE algebra. Then, (A* @, ~,0) is an involutive right-m-BE
algebra.

Remark 2.4. (See ([15], Theorem 6.21 ) (The dual one is omitted)

Since (Am-comm) implies (m-Re), by ([15], (mB1)), it follows that any left-MV algebra is in fact an
involutive left-m-BE algebra verifying (A,,-comm). And since (Ap,-comm) implies also (m-An) and
(m-BB) (<= ... (m-Tr)), by ([15], (mB2), (mCBN1)), respectively, it follows that any left-MV algebra
is in fact a left-m-BCK algebra, i.e. we have:

MV C m-BCK =m - BCKpy) (=m — taBEpn)).
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We have introduced in [21], in an involutive left-m-MEL algebra A" = (A*, ®,~,1), the following new

operations:
M def. _ _ (Pcomm) N
ThApy = (27 0y) 0y = yo(yoz ) and, dually, (9)
def. , _ o R o
eV y S @AMy = oy ) oy =ye o) (10)
and
. P
T /\ﬁ Y = (y"0x) Ox (Pegmm) rOxOYy ) =y /\%[ x and, dually, (11)
def. , _ i o __ —
Vey 2 (2T ALY )T =((yor )  02T) —z@ @y ) =y Vo (12)

Proposition 2.5. (See [0], Proposition 2.1.2, in dual case) ([21], Proposition 3.2)
Let AL = (AY,®,7,1) be an involutive left-m-MEL algebra. We have:

eANM1=2=1AM2z 2zAM0=0, (13)
evMo=z=0vMz 2vM1=1, (14)
(z \/% Yy =x" A% y~  (De Morgan law 1), (15)
(z /\%I Yy =x \/% y~  (De Morgan law 2), and hence (16)
Ay y =@ Vamy ) (17)
Proposition 2.6. (See ([0], Proposition 2.1.2), in dual case) ([21], Proposition 3.3)
Let AV = (A*,®,7,1) be an involutive left-m-BE algebra. We have:
if xOy=1, then z=y=1; (18)
if =AMy=1, then z=y=1, (19)
0AM 2 =0, (20)
1vM g =1, (21)
eANM =2 zvMy=n2 (22)
Beside the old, natural binary relation <,, and its dual >,,, we have introduced in [21] two new binary
relations: for all z,y € AL,
(m-dfWM) = <M y &, AM 4y = x and, dually,
(m-dfVM) z 2% Y g’» a:\/%y =z,
and y
(m-dfWB) z <B y &y NB oy =2 (<= yAM 2 = z) and, dually,

(m-dfVB) z >B y<de:ﬁ>x\/ﬁy:x (<= yVMz =2).
Proposition 2.7. ([21], Proposition 3.6)
Let AL = (AL, ®,7,1) be an involutive left-m-BE algebra. We have:

(1) =<, y<=x<8yand dually

(1) @>nyesa>ty
(2) If (Am-comm) holds (i.e. x AM y=yAM ), then
t<my(=a<ly =<y
(2°) If (Am-comm) holds, then (V,-comm) holds (i.e. x VM y =y VM z) and
T 2py (= a2 y) = >y
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Remark 2.8. ([21], Remark 3.7)
The equivalence <, <= Sﬁ implies that <,, is an order relation if and only if §ﬁ is an order relation.
But, it does not imply that if <., is a lattice order, then <B is a lattice order too with respect to ANB, VB -

see the examples in the last section.

Corollary 2.9. (See [0], Corollary 2.1.3 and [21], Corollary 3.9)
Let AF = (AF,®,7,1) be an involutive left-m-BE algebra. Then, the binary relation <M is reflexive

and antisymmetric and 0 <M x <M 1, for all x € A*, where 0 el -

2.2 Ortholattices, orthosoftlattices and orthowidelattices

Definition 2.10. An algebra A = (A, A,V) or, dually, A = (A,V,N), of type (2,2), will be said to be a
(Dedekind) lattice, if the following properties hold [1]: for all x,y,z € A,

(m-Wid) (idempotency of N) T AT ==z,

(m-Wcomm)  (commutativity of N\) rANy=yAuz,

(m-Wass) (associativity of N) cA(yANz)=(xAy) Az,
(m-Wabs) (absorption of wedge over vee) x A (xVy) =z, and also
(m-Vid) (idempotency of V) rVor=ux,

(m-Veomm)  (commutativity of V) xVy=yVuz,

(m-Vass) (associativity of V) (xVy)Vz=axV(yVz),
(m-Vabs) (absorption of vee over wedge) xV (x Ay) =z,

where “W7” comes from “wedge” (the BTEX command for the meet symbol) and “V” comes from “vee” (the
BTEX command for the join symbol).

Moreover, if there exist 0,1 € A such that: for all x € A,
(m-WU) 1 ANz =z and, dually,
(m-VU)OVz ==z,
then A is said to be a bounded (Dedekind) lattice (with last element 1 and first element 0) and is denoted
by A= (A, A, V,0,1) or, dually, by A= (A,V,A,0,1).

Naming convention for the dual lattices: (A, A, V) is the left-lattice and (A, V, A) is the right-lattice
(names coming from the left-continuity of a t-norm and the right-continuity of a t-conorm; see more on left-
and right- algebras in [11]).

We have analysed the ortholattices in [15], [20]. Recall the following definition:

Definition 2.11. (See [25], [/]) (Definition 1) (The dual one is omitted)

A left-ortholattice, or a left-OL for short, is an algebra A* = (AV AV, = _L,O, 1) such that the
reduct (A", A,V,0,1) is a bounded (Dedekind) left-lattice and the unary operation ~ satisfies (DN), (DeM1)
(zVy)~ =x" ANy~ ), (DeM2) (x Ny)” =z~ Vy~ ) and the complementation laws:

(m-WRe) x Az~ =0 (noncontradiction principle) and, dually,
(m-VRe) xVa~ =1 (excluded middle principle).

We have denoted by OL the class of all left-ortholattices.

Since, in a lattice, the absorption laws (m-Wabs) and (m-Vabs) are not independent (they imply the
idempotency laws (m-Wid) and (m-Vid)), we have introduced in [22] the following two dual independent
absorption laws:

(m-Wabs-i) z A (z V2 Vy) =2z and, dually,
(m-Vabs-i) zV (x Az Ay)=x (dual laws of independent absorption).

We have proved that the system of eight axioms: L8-i = {(m-Wid), (m-Vid), (m-Wcomm), (m-Vcomm),
(m-Wass), (M-Vass), (m-Wabs-i), (m-Vabs-i)} is equivalent with the “standard” system L8 of axioms for
lattices from Definition 2.10 ([22], Theorem 3.2).
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We have then introduced in [22] the following two generalizations of lattices/ bounded lattices.

Definition 2.12. (The dual ones are omitted) ([2”], Definition 3.3)

(1) A left-softlattice is an algebra A* = (A* A, V) of type (2,2) such that the awioms (m-Wid), (m-Vid),
(m-Wcomm), (m-Vecomm), (m-Wass), (m-Vass) are satisfied.

(2) A bounded left-softlattice is an algebra A* = (AF A, V,0,1) of type (2,2,0,0) such that the reduct
(AL A, V) is a left-softlattice and the elements 0 and 1 verify the axioms: for all x € A,

(m-WU) 1Az =z, (m-VU) O0Vzx=u,

(m-WL) O0Az=0, (m-VL) 1va=1.

Definition 2.13. (The dual ones are omitted) ([2”], Definition 3.9)

(1°) A left-widelattice is an algebra A* = (ALY A, V) of type (2,2) such that the axioms (m-Wcomm), (m-
Vecomm), (m-Wass), (m-Vass), (m-Wabs-i), (m-Vabs-i) are satisfied.

(2°) A bounded left-widelattice is an algebra A* = (AY A, V,0,1) of type (2,2,0,0) such that the reduct
(AL A, V) is a left-widelattice and the elements 0 and 1 verify the azioms: for all x € A",

(m-WU) 1Az =z, (m-VU) 0Vazx=uz.

We have introduced in [22] the following two generalizations of OLs.

Definition 2.14. (Definition 1) (The dual one is omitted) ([22], Definition 5.1)

A left-orthosoftlattice, or a left-OSL for short, is an algebra A* = (AF A, v, = _L,O, 1) such that the
reduct (A", A,V,0,1) is a bounded left-softlattice (Definition 2.12) and the unary operation ~ satisfies (DN),
(DeM1), (DeM2) and (m-WRe), (m-VRe).

Definition 2.15. (Definition 1) (The dual one is omitted) ([27], Definition 5.6)

A left-orthowidelattice, or a left-OWL for short, is an algebra A* = (AL, AV, T = _L, 0,1) such that the
reduct (A*, A, V,0,1) is a bounded left-widelattice (Definition 2.13) and the unary operation ~ satisfies (DN),
(DeM1), (DeM2) and (m-WRe), (m-VRe).

We have denoted by OSL the class of all left-OSLs and by OWL the class of all left-OWLs.
Consider the following properties (the dual ones are omitted):

(m-Pimpl) [(z0y7)” @27 ==,

(G) rOr=uzx,

(m-Pabs-i) z0(x®zdy) =x.

Proposition 2.16. (/22], Proposition 3.15)
Let AV = (AL, ®,7,1) be an involutive left-m-MEL algebra. Then,

(m — Pimpl) <= (G) + (m — Pabs — ).
We have obtained the following equivalent definitions.

Definition 2.17. (Definition 2) (The dual ones are omitted)
Let AY = (AL, ®,7,1) be an involutive left-m-BE algebra. A" is a:
- left-ortholattice (left-OL), if (m-Pimpl) holds  ([20], Definition 4.15),
- left-orthosoftlattice (left-OSL), if (G) holds ([22], Definition 5.3),
- left-orthowidelattice (left-OWL), if (m-Pabs-i) holds ([22], Definition 5.8),
i.e. OL = m-BEpy) + (m-Pimpl), OSL = m-BEpy) + (G), OWL = m-BEpy) + (m-Pabs-i).

Hence, we have:
OL = OSL n OWL, (23)

i.e. we have the representation from Figure 1, useful in the sequel.
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m-BE(DN)
(m-Pabs-i)
OWL (G)
OSL
OL
(m-Pimpl)

Figure 1: Resuming connection between OSL, OWL and OL

Theorem 2.18. ([20], Theorem 4.16) We have: aOL = OL + (m-An) = Boole.
Finally, recall that [22]: taOSL = Boole.

2.3 Boolean algebras

Definition 2.19. (Definition 1) (The dual one is omitted)

A left-Boolean algebra is a bounded (Dedekind) left-lattice that is distributive and complemented, i.e. is
an algebra ALY = (AL, A v, ~ = =",0,1) verifying: (m-Wid), (m-Wecomm), (m-Wass), (m-Wabs), (m-WU),
(m-Wdis), (m-WRe) and, dually, (m-Vid), (m-Vcomm), (m-Vass), (m-Vabs), (m-VU), (m-Vdis), (m-VRe),
where:

(m-Wdis) zAN(xVy)=((zAz)V(zAY),
(m-Vdis) zV(xAy)=(zVa)A(zVy).

We have denoted by Boole the class of all left-Boolean algebras.
Consider the following properties (the dual ones are omitted):
(m-Pdiv) z0(xoy ) =20y,
(m-Pdis) z0(xdy)=z02)d(20vy).
We have obtained the following equivalent definitions.

Definition 2.20. (Definitions 2 and 3) (The dual ones are omitted)
Let AV = (AL, ®,7,1) be an involutive left-m-BE algebra. A" is a:
- left-Boolean algebra, if (m-Pdiv) holds ([20], Definition 4.19) or, equivalently,
- left-Boolean algebra, if (m-Pdis) holds ([20], Definition 4.21),
i.e. Boole = m-BEpy) + (m-Pdiv) = m-BEpy) + (m-Pdis).

2.4 QMYV algebras. OM, PreMV, MMV algebras. MV algebras

Consider the following properties (the dual ones are omitted):
(Pamv)  z® [(2~ Vi y) Vi (Vi 7)) = (2 ©y) Vil (2 ©2),
(Pom) (z0y)® ((x®y)” ®z) =z or, equivalently, z VM (z 0 y) = z,
(Pmv) 206 (- ®y )" Qy )" =1 Oy or, equivalently, z ® (z~ VM y) =20y,
(Am) @AY O [YALT)” =0
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Definition 2.21. (The dual ones are omitted)
Let AY = (AL, ®,7,1) be an involutive left-m-BE algebra. AL is a:
- left-quantum-MV algebra (left-QMYV algebra), if (Pgmuv) holds ([21], Definition 3.10),
- left-orthomodular algebra (left-OM algebra), if (Pom) holds ([21], Definition 4.1),
- left-pre-MV algebra (left-PreMV algebra), if (Pmv) holds ([21], Definition 4.1),
- left-metha-MV algebra (left-MMYV algebra), if (Am) holds ([21], Definition 4.1).

We have denoted by QMYV, OM, PreMV, MMYV the corresponding classes of left-algebras. Hence, we
have:
QMV = m-BEpy) + (Pqmv), OM = m-BEpy) + (Pom),
PreMV = III-BE(DN) + (va), MMV = m—BE(DN) + (Am)

Theorem 2.22. [21] Let A = (A¥,®,7,1) be an involutive left-m-BE algebra. Then,
(1) (Pgmv) <= (Pmv) + (Pom), i.e. QMV =PreMV N OM,
(2) (Pmv) = (An), i.e. PreMV C MMV,
(3) (Pqmv) <= (Ap) + (Pom), ie. QMV =MMV N OM.

The connections between these algebras, and the transitive ones, were established in [21] (see Figure 2).

i (Am) |
3 P ‘
| (Prov) (Pamv) (Pom) |
1 tMMYV | tPreMV tQMV tOM ‘
””””” MMV | PreMV | QMV |  om |

Figure 2: Resuming connections between OM, PreMV, MMV, QMYV and (m-Tr)

Proposition 2.23. ([21], Proposition 3.22)

Let AL = (AY,®,7,1) be a left-QMYV algebra verifying (G). Then:
(1) <P is reflexive also, hence it is an order relation.
(2) We have the equivalence:
(zoy=r<=)z<t yes o <My (= \My=2).

Theorem 2.24. [21] We have:
aPreMV = aMMV =aQMV =atQMV =taQMV = MV and MV C taOM.

Recall, finally, some properties of OM algebras.

Proposition 2.25. (/15], Proposition 3.1)
Let AV = (AL, ®,7,1) be a left-OM algebra. We have:

O YV zT) =20y, (24)



On Quantum-MYV algebras - Part 1I:

Orthomodular Lattices, Softlattices and Widelattices-TFSS, Vol.1, No.1, (2022) 11
x <M oy — oy <M 2= (order — reversibility of ~), (25)

x §%[ y=x®dz §% y @z (monotonicity of @), (26)

e <M y—=goz <M yoz (monotonicity of ©). (27)

Corollary 2.26. ([15], Corollary 3.7)
Let AV = (AY,®,7,1) be a left-OM algebra. The binary relation <M is an order relation.

3 Orthomodular lattices

Recall the following definition [25].

Definition 3.1. (Definition 1) (The dual one is omitted)

A left-orthomodular lattice or an orthomodular left-lattice, or a left-OML for short, is a left-OL Al =
(AL AV, 7,0,1) verifying: for all z,y € A",
(Wom) (x Ay)V ((x Ay)~ Ax) = .

Denote by OML the class of all left-OMLs .
Following the equivalent Definition 2 of a left-OL (see Definition 2.17), we obtain immediately the equiv-
alent definition:

Definition 3.2. (Definition 2) (The dual one is omitted)
A left-orthomodular lattice (left-OML) is an involutive left-m-BE algebra A" = (A, ®,~,1) verifying
(m-Pimpl) and (Pom), i.e.
OML = m - BEpn) + (m — Pimpl) + (Pom) = OL N OM. (28)

Further, we shall work with Definition 2 of left-OMLs. Hence, we have the connections from Figure 3.

m-BE(DN)

(Pom)

OM
OML

(m-Pimpl)

Figure 3: Resuming connections between OL, OML and OM

Recall ([6], Corollary 2.3.13) that:
OML C QMV, (29)

the inclusion being strict, since there are examples of QMV algebras not verifying (m-Pimpl).
Proposition 3.3. Let AL = (AL, ®,7,1) be a left-OML. We have the equivalence:

def, def,
(:c@y::c<e:f>)mﬁiy@xﬁ%y(éx/\%y:x).
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Proof. Suppose x < y, i.e. + ®y = z. Then,

©) _ _
Amy = (@ 0y 0y=((z0y) 0y Oy
(DN) —\— _ O, M-
=" (((z7) 0y 0y 0y = (@ Apy) Oy
_ (m—Wcomm),(DN) _
= ((a7)" Vi y ) Oy = yo (@ Ve y)
Qé)y@xzx@y:m,smceOMLCOM.
Conversely, suppose © <M y ie. s AMy =z, ie. (2~ ©y)” ®y = z. Then,

m—Wass
x®y:((w’®y)’®y)®y( = )(w’®y)’®(y®y)

@ (z”Oy)” Oy g AM 4 = 2, since (m-Pimpl) implies (G), by Proposition 2.16. O

(16)

3.1 Connections between OML and PreMV, QMV, MMV, OM, OL
e OML + (Pmv) (Connections between OML and PreMV)

We establish the connections between the OMLs and the pre-MV algebras verifying (m-Pimpl).

Proposition 3.4. (See Proposition 4.3)
Let A¥ = (ALY, ®,7,1) be an involutive left-m-BE algebra. Then,

(Pom) + (m — Pimpl) = (Pmw).

Proof. Since (m-Pimpl) ([(z®y~ )~ ©@x~]~ = z) is equivalent to (x @y~ ) ®x = x, hence (by taking X :=x7)
to (z” ©y ) ®x~ =z, we obtain:
@@V y) =20 (2" 0y ) 0y ) = @@ 0y ) 0y)7)”
%:f@ﬁ (e oy ) o) b (@ o oy o e ov) o)
= oy oz )e(ly 0z7) 0y7)) = (@ &y ) =rvo0y. O

Note that Proposition 3.4 says: OML C PreMV, which follows by (29).
The following converse of Proposition 3.4 also holds:

Proposition 3.5. Let AL = (A¥,®, 7, 1) be an involutive m-BE algebra, Then,
(Pmv) + (m — Pimpl) = (Pom).

Proof. (Following a proof by Prover 9 of length 25, lasting 0.11 seconds)
We know that (m-Pimpl) implies (G), and (G) implies:
(@) O (yOz) =y

indeed, z ® (y © z) (Peomm).(Pass) yo (z0ox) @ Yo .

Then, (m-Pimpl) (((z ©y~)” @ x7)~ = z) implies, taking Y := y~ and using (DN) and (Pcomm):
b) (z-oyox)")” —xand

) o 0 (x 0y)~ =~

On the other hand, (Pmv) (z ® (y~ ® (2~ ®y~)7)” = ®y) implies, by (Pcomm):
(zoy oy ©z7)) =r0y.
Now, by (a), (b) and (c), we obtain:
(dzo@o(yor) ) =yo
indeed, in (c¢), take Y := y ® z and X := z, to obtain:
(@) o (yon o(yon o)) =ro@or) 2yos

since in (z), (o)~ 027)” "E™ @0 o) L,
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it follows that (z) becomes:
(@)zo(yor)” ©x)” =yOua,ie (d) holds, by (Pcomm).
Now, by (V'), (d), we obtain:
() (zoy) ©o(oy) ) =17;
indeed, in (d), take X := (z ®y)~ and Y := 2~ to obtain:
) @oy) ooy 0@ o@oy)”)7)” =1 0oy
but, in (y), 2~ ® (ac Oy)~ (b:) x~ hence (y) becomes:
) (zoy)  0(zo0y)” ©a™)” , which becomes, by (DN):
Y") (zoy)” ©(zoy)~ @ :U) =z, which becomes, by (DN) and (Pcomm):
(z0y) O (rey)")")” =z, that is (Pom). O
Note that Proposition 3.5 says: PreMV N OL ¢ OM.
By Propositions 3.4 and 3.5, we obtain:

Theorem 3.6. Let AY = (AL, ®,7,1) be an involutive m-BE algebra, Then,
(m — Pimpl) = ((Pom) <= (Pmv))

or
(m — Pimpl) + (Pom) <= (Pmv) + (m — Pimpl),
i.e. OMLs coincide with pre-MV algebras verifying (m-Pimpl).

Hence, Theorem 3.6 says:
OML = PreMV + (m — Pimpl) = PreMV N OL. (30)

¢ OML + (Pqmv) (Connections between OML and QMV)

We establish now the connection between the OMLs and the QMV algebras verifying (m-Pimpl).

Proposition 3.7. Let A¥ = (A¥,®,7,1) be a left-OML. Then, A" is a left-QMV algebra verifying (m-
Pimpl).
(i.e. in an involutive m-BE algebra, (Pom) + (m-Pimpl) = (Pqmuv).)

Proof. Since A” is a left-OML, it is an involutive m-BE algebra verifying (m-Pimpl) and (Pom) (Definition
2). By Theorem 3.4, it verifies (Pmv) also. Hence, A” is a left-QMYV algebra verifying (m-Pimpl). O
Note that Proposition 3.7 says: OML C QMYV, which is (29). Note also that Proposition 3.4 follows
from Proposition 3.7, since (Pqmv) = (Pmv).
The following converse of Proposition 3.7 also holds.

Proposition 3.8. Let A" = (AL, ®,7,1) be a left-QMV algebra verifying (m-Pimpl). Then, A" is a left-
OML.
(i.e. in an involutive m-BE algebra, (Pqgmv) + (m-Pimpl) = (Pom).)

Proof. Since A" is a left-QMV algebra verifying (m-Pimpl), it is an involutive m-BE algebra verifying (Pqmv)
(hence (Pom), (Pmv) ) and (m-Pimpl). Hence, A is an involutive m-BE algebra verifying (m-Pimpl) and
(Pom), i.e. it is a left-OML. O

Note that Proposition 3.8 says: QMYV N OL C OM. Note also that Proposition 3.8 follows from Propo-
sition 3.5.

By Propositions 3.7 and 3.8, we obtain:
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Theorem 3.9. Let A = (A, ®,7,1) be an involutive m-BE algebra. Then,

(m — Pimpl) = ((Pom) < (Pgmv))

(m — Pimpl) + (Pom) <= (Pgmv) + (m — Pimpl)
i.e. orthomodular lattices coincide with QMV algebras verifying (m-Pimpl).
Hence, Theorem 3.9 says:

OML = QMV + (m — Pimpl) = QMV N OL. (31)

By the previous results (28), (29), (30) and (31), we obtain the connections from Figure 4.

m-BE(DN)
(Pmv)
PreMV QMV (Pom)
oM
OML
OL
(m-Pimpl)

Figure 4: Resuming connections between QMV, PreMV, OM, OL and OML

e OML + (A,,) (Connections between OML and MMYV)

Proposition 3.10. Let A" = (ALY, ®, 7 1) be an involutive m-BE algebra. Then,
(Pom) + (m — Pimpl) = (Ap).

Proof. By Proposition 3.4, (Pom) 4+ (m-Pimpl) imply (Pmv) and (Pmv) implies (A,,). O

Note that Proposition 3.10 says: OML C MMYV. which follows also by (29). Note also that Proposition
3.7 follows also from Proposition 3.10, since (Pom) + (A,,) imply (Pqmv) and that Proposition 3.10 follows
from Proposition 3.7, since (Pqmv) implies (A,,).

Remark 3.11. The following converse of Proposition 3.10 ((A,,) + (m-Pimpl) = (Pom)) does not hold:
there are examples of involutive m-BE algebras verifying (Ay,) and (m-Pimpl) and not verifying (Pom).

By the previous Remark, from the connections from Figure 4, we obtain the connections from Figure 5.
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(Am)
(Pmv)
(Pqmv) (Pom)

MMYV | PreMV QMV oM

OML

OL
(m-Pimpl)

Figure 5: Resuming connections between QMV, PreMV, MMV, OM, OL and OML

Remark 3.12. Let A = (AF,®,7,1) be a left-OL (Definition 2). Note that:

- the initial binary relation, <, (x <, y <= x @y~ = 0), is only reflexive ((m-Re) holds, by definition of
m-BE algebra);

- the binary relation §n]‘f (x S% Yy<<=uz /\% y = x) is only reflexive and antisymmetric;

- the binary relation <P (x <P y <= x©y = ) is a lattice order, with respect to N = ®, V = @,
denoted S%, by Proposition 2.2.

Remark 3.13. Let A = (AF,®,7,1) be a left-OML (Definition 2). Note that:

- The initial binary relation, <., (v <, y <= Oy~ =0), is only reflexive;

- The binary relation <M (z <M y <= 2 A\M y = ) is an order, by Corollary 2.26, but not a lattice
order with respect to /\% R V% , since /\%[ 18 not commutative;

- The binary relation < (x <P y <= x©y = 1) is a lattice order, with respect to N = ®, V = @,
denoted STOH, by Proposition 2.2;

- We have the equivalence <O <=<M by Proposition 2.23; consequently, the tables of A and AM are different,
but they coincide for the comparable elements of AL (with respect to §,% and §%, respectively).

3.2 The transitive and/or antisymmetric case
3.2.1 Antisymmetric orthomodular lattices: aOML = Boole

Denote by aOML the class of all antisymmetric left-OMLs. We prove that aOMUL does not exist as a proper
class:

Theorem 3.14. We have:
aOML = Boole.

Proof. aOML = m-BEpy) + (m-Pimpl) + (Pom) + (m-An) = OL + (Pom) + (m-An) = Boole + (Pom)
= Boole, by Theorem 2.18. ([
Remark: We have:

OML c QMV and aOML = Boole C aQMV = MV.
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3.2.2 Transitive orthomodular lattices: tOML = Boole

Denote by tOML the class of all transitive left-OMLs. We shall prove that tOML does not exist as a proper
class (tOML = Boole, by Theorem 3.16).

Theorem 3.15. Let A¥ = (AF,®,7,1) be an involutive left-m-BE algebra. Then,
(Pom) + (m — Pimpl) + (m — BB) = (m — An).
Proof. (By Prover9, in 0.03 seconds, the length of the proof being 32)
Suppose: (i) ¢t ®c; =0 and (j) c2 © ¢; = 0; we have to prove that ¢; = ca.
First, (Pom): (z ®y) & ((x ®y)” ® x) =  means
[(zoy)” ©(x®y)” ©®z)"]” =z, hence by (Pcomm), (DN):
(oY) 0o (oy)™) =2 (32)
Second, (m-BB): [(z0y)” © (2 @y)] ® (2 @2~ )~ =0, means, by (Pass):
(z20Y) 0O (YO(x0z7)7)]=0. (33)
Take z :=c;, y :=c¢1, z 1= x in (33) to obtain:
(¢ ©@c1)” @z @ (c1 ® (x ®c2)”)] =0, hence by (i), (Neg0-1), (PU):
x® (c1 ® (x ®cg)”) =0, hence, by (Pass), (Pcomm):
@@ (ox)”)=0. (34)

Since (p-Pimpl) implies (G), then (G) (x ©@x = z) implies 2 Oy = (2O z) Oy (Fase)

we have:

r©® (x ®y), hence

rOEOY) =c0uv. (35)
Take now z := ¢; in (34) to obtain: ¢; ® (¢1 ® (c2 ® ¢1)7) = 0, hence by (35) and (Pcomm):
1@ (c1®eg)” =0. (36)

Take now z := ¢, y := ¢z in (32) to obtain:
(c1®e2)” @ (c1®(c1 ®e2)”)” =c¢q; then, by (36), (Neg0-1), (PU), we obtain:

(c1®e2)” =¢p, hence (37)
c1®c =cy. (38)

Now, from (m-Pimpl): [(z ®y~)” ©® 2]~ = x, we obtain by (Pcomm) and for y := y~:
moWor) ] = (39)
Take now = := c2, y := ¢1 in (39) to obtain: [c; ® (c1 ® ¢2)7]” = ¢2, hence, by (37), [c5 ® ¢]|” = ca,

hence, by (Pcomm):

(¢f ®cy)” =c2, hence (40)
g Ocy =c¢5. (41)

Finally, take z := ¢}, y := ¢, in (32) to obtain: (¢; ®c;)” ® (¢ ® (¢f ®¢;)7)~ = c1; hence, by (40),
we obtain:
c2 ® (¢] ®c2)” = c1; hence, by (j), (Pcomm), (Neg0-1) and (PU), we obtain: ¢; =¢;. O

Note that Theorem 3.15 says: tOML C m-aBEpy. Hence, tOML C taOML. But taOML = aOML
+ (m-Tr) = Boole + (m-Tr) = Boole, by Theorem 3.14. It follows that tOML = Boole. Thus, we have
proved Theorem 3.16:
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Theorem 3.16. We have:
tOML = Boole.

3.2.3 The transitive and antisymmetric case

If we make the following table:

No. | (m-Tr) (m-Pimpl) (Pqmv) | Type of m-BEpy algebra
(1) 0 0 0 proper m-BEp

(2) 0 0 1 proper QMV

(3) 0 1 0 proper OL

(4) 0 1 1 proper OM

(5) 1 0 0 proper m-pre-BCK p
(6) 1 0 1 proper tQMV

(7) 1 1 0 proper tOL

(8) 1 1 1 tOML = aOML = Boole

then, we obtain the resuming connections from Figures 6 and 7.

m-BE(DN)
(1) (m-Tr) <= ... <= (m-BB)
m-pre-BCK py)
tQMV (5)
(6)
QMV
(2)
OML tOL
(Pqu) (4) (7)
OL
(3) (m-Pimpl)

Figure 6: Resuming connections in m-BEp



18 A. Torgulescu-TFSS, Vol.1, No.1, (2022)

Boole
(= aOML = aOL = taOSL = tOML = taOL)
Figure 7: Resuming connections in this section

3.2.4 The transitive case: tOL C tMMYV
Theorem 3.17. Let A¥ = (AF,®,7,1) be an involutive left-m-BE algebra. Then,

(m — Pimpl) + (m — BB) = (An).

Proof. Since (m-Pimpl) implies (m-Pabs-i) and since, by ([22], Theorem 5.13), (m-Pabs-i) + (m-BB) imply
(Ap,), it follows that (m-Pimpl) + (m-BB) imply (A,,). O

Note that Theorem 3.17 says: tOL € MMV, hence tOL C tMMYV, since (m-BB) < (m-Tr). Now, by
Theorems 3.16 and 3.17, from the connections from Figure 5, we obtain the connections from Figure 8.
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m-pre-BCK py) (= m-tBEpy))
(An)
(Pmv)
(Pqmv) (Pom)
tPreMYV|
MV My | om
tOL
tMMV m-Fimpl)

Figure 8: Resuming connections between tQMV, tPreMV, tMMYV, tOM and tOL

3.3 Modular algebras: MOD Cc OML

Recall the following definitions [25]:

(1) A latice (L, A, V) is modular, if for all z,y,z € L,
(Wmod) x A (yV (xAz)=(zxAy)V(zAz) and, dually,

() the dual latice (L, V, A) is modular, if for all z,y,z € L,
(Vmod) zV (y A (zVz2)=(xVy)A(zV2).

Definition 3.18. (Definition 1) (The dual case is omitted) [25]
A modular left-ortholattice is a left-OL AV = (ALY, A, v, 7,0,1) whose lattice (A", A, V) is modular.

We shall denote by MODOL the class of all modular left-ortholattices.
Recall also [25] that any modular ortholattice is an orthomodular lattice, i.e.

MODOL C OML. (43)

Following the equivalent definition of OLs, we obtain the following equivalent definition.

Definition 3.19. (Definition 2) (The dual one is omitted)
A modular left-ortholattice is an involutive left-m-BE algebra (A*, ®, =, 1) verifying (m-Pimpl) and (Pmod),
where: for all x,y,z € AL,
(Pmod) x® (y® (x©z2)) =(x0y) ® (z© 2), ie.
MODOL = m-BE py) + (m-Pimpl) + (Pmod) = OL + (Pmod).

Then, we introduce the following notion:

Definition 3.20.

(i) A left-modular algebra or a modular left-algebra, or a left-MOD algebra for short, is an involutive
left-m-BE algebra A" = (AF, ©,~ = _L, 1) wverifying: for all x,y,z € AL,
(Pmod) 2® (y® (z©2))=(z0y)® (x O 2).

(i) Dually, a right-modular algebra or a modular right-algebra, or a right-MOD algebra for short, is an
involutive right-m-BE algebra A" = (AF, @, ~ = _R, 0) verifying: for all x,y,z € AR,
(Smod) x® (y© (z®2)) = (DY) © (v © 2).
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We shall denote by MOD the class of all left-MOD algebras and by MOD? the class of all right-MOD
algebras. Hence, MOD = m-BEpy) + (Pmod).

Then,
MODOL = OL + (Pmod) = OL N MOD. (44)
Proposition 3.21. (The dual one is omitted)
Let AV = (A, ®,7,1) be an involutive left-m-BE algebra. Then,

(Pmod) = (Pom).

Proof. (Following a proof by Prover9 of length 14, lasting 0.05 seconds)
(Pmod), ie. 2O (y® (z©® 2)) = (z O y) ® (z © 2), is equivalent with
(@) z0 Wy 0(xoz)) =(z0y)” ©@(xe=2)7)7, ie with:
(@) (zoy)" 0@oz)) =20y 0@02)7)".
Then,
(zoy)  0oz)7)”
hence we obtain:
0z ©@@oz)") =20 0@oy)7)".
Take now Z := (x ® y)~ in (b) to obtain:
Oy 0@o(oy) ) ) =10 (zoy)~o(@oy))”

) o(@onoe@ay ) "Zre0 FL Ve

hence, we have:
(c) 33®(y’®($®($®y) )7) =

Now, (Pom), i.e. (z® ) ((z®y)” ®z) =z, is equivalent with:
d) (oY)~ 6 ((:U ®y)” ®z)”)” = x, which by (Pcomm) means:
(d) (zoy)" 0o (roy) )-)"
hence, we must prove that (d’) holds

Indeed, ((z@y)" O (z0(xOy)7)—)"
holds. O
Note that Proposition 3.21 says: MOD C OM.

Proposition 3.22. (The dual one is omitted)
Let AY = (AL, ®,7,1) be an involutive left-m-BE algebra. Then,

(Pmod) = (m — Pimpl).

(Pco:mm)

(z02)" 0 @oy ) Yeoo@oy ),

(a:’) Oy O (zoy) ))” (2 x, hence (d’) holds, i.e. (Pom)

Proof. (Following a proof by Prover9 of length 16, lasting 0.00 seconds)

(Pmod), ie. 20 (y® (z02)) =(x©0y)® (z O 2), is equivalent with
(@)z0(y 0@z ) =(z0y)” ©(r®2)7)7, ie with:
(@) (zoy)" 0@oz)) =20y 0@02)7)".

Now, take in (a’) Y :=1 and Z :=y to obtain, by (PU), (Negl-0), (Pcomm), (m-L):
(2= 00y )" = (@01)~0@e2)")" Yo" 0@@e2)")" =20(00(z02)7)" =260- =zl ==z,
hence:
b) (z7O(zoy) ") ==

Note that (m-Pimpl), i.e. (z©y~)” ©27)” =z, follows from (b), by (Pcomm). O

Note that Proposition 3.22 says: MOD C OL, hence, MOD = OL N MOD ‘2’ MODOL. Thus, we
have:

MOD = MODOL. (45)

By Propositions 3.21 and 3.22, we obtain obviously:
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Theorem 3.23. (The dual one is omitted)
Let AY = (AL, ®,7,1) be an involutive left-m-BE algebra. Then,

(Pmod) = (Pom) + (m — Pimpl).

By above Theorem 3.23, which says: MOD C OM N OL = OML, by (28), we reobtain immediately
the recalled known result from (43): MODOL (= MOD) ¢ OML ( ¢ OL).

Recall [25] that the inclusion is strict.

Since OML C QMYV, by (28), we obtain:

MOD (= MODOL) ¢ OML c QMV. (46)

Hence, we have:
aMOD = aOML = Boole C aQMV = MV and (47)
tMOD = tOML = Boole C tQMV. (48)

Remark 3.24. Recall that any OL that is distributive is a Boolean algebra, by definitions. Consequently,
any OML that is distributive is a Boolean algebra and any modular algebra that is distributive is a Boolean
algebra.

4 Orthomodular softlattices, widelattices

Starting from the two generalizations of ortholattices (OL): the orthosoftlattices (OSL) and the orthowide-
lattices (OWL) (Definition 2.17 and Figure 1), we introduce, in separate subsections, two corresponding
generalizations of orthomodular lattices (OMLs): the orthomodular softlattices and the orthomodular wide-
lattices.

4.1 Orthomodular softlattices: OMSL

We introduce the following notion.

Definition 4.1. (Definition 1) (The dual one is omitted)

A left-orthomodular softlattice or an orthomodular left-softlattice, or a left-OMSL for short, is a left-OSL
Al = (AV A, v, 7,0,1) werifying: for all z,y € ALY,
(Wom) (x Ay)V ((x Ay)”™ Ax) = .

Denote by OMSL the class of all left-OMSLs. Following the equivalent Definition 2 of a left-OSL (see
Definition 2.17), we obtain immediately an equivalent definition:

Definition 4.2. (Definition 2) (The dual one is omitted)
A left-OMSL is a left-OSL verifying (Pom), i.e. is an involutive left-m-BE algebra AY = (ALY, ®,~,1)
verifying (G) and (Pom), i.e.
OMSL = m - BE@pn) + (G) + (Pom) = OSL N OM. (49)

Further, we shall work with Definition 2 of left-OMSLs. Hence, we have the connections from Figure 9.
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m-BE(DN)

(Pom)

OM
OMSL

OSL

(G)

Figure 9: Resuming connections between OSL, OMSL and OM

Denote by tOMSL the class of all transitive left-OMSLs. We shall prove that OMSL and tOMSL do
not exist (as proper classes) (OMSL = OML, by (53), hence tOMSL = Boole, by Theorem 3.16).

4.1.1 Connections between OMSL and PreMV, QMV, MMV, OM, OSL
¢ OMSL + (Pmv) (Connections between OMSL and PreMYV)

We establish the connections between the OMSLs and the pre-MV algebras verifying (G).

Proposition 4.3. (See Proposition 3.4)
Let AY = (AL, ®,7,1) be an involutive left-m-BE algebra, Then,

(Pom) + (G) = (Pmw).

Proof. (following a proof by Prover9, of length 24, lasting 0.36 seconds)
First, from (Pom) (((z @ y)”" ©(z® (z©y)")")” ==x), by (DN), we obtain:

(@) (zOy) " 0o (zo0y) ") =a.

Then, (a) implies:

b)z-O(r0y)” =a;

indeed, z~ ® (z © y)~ (Pegmm) (xOy)~ Oz~
%) (20y) 0 (oY @0 @y ))
EG;&“) (zou e@on o < ©y)7)"

= (@0y)” 0o (oY) )"
Then, (b) implies (c), by (D N)
()o@ 0y~ ==

On the other hand, (a) implies (d), by interchanging x with y:
d) oz oWoyor) ) =y,
and (d) implies (e), by taking X := 2~ and by (Pcomm):
() (z7 0y 0o (@ 0y ") =y .

Finally, (¢) and (e) imply:
(Nroy =z0@Wo(@ 0y)7);
indeed, z ® y~ © zO((z”0y) " 0Wo(z~0y) "))
B o @ oy ) o We @ oy)

@, O (y©® (¢~ ®y)~)7; thus, (f) holds.

©
©
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By taking Y :=y~ in (f), we obtain, by (DN):
rOy=z0 @y ©(  ©y")7)7, thatis (Pmv). O

Note that Proposition 3.4 follows from Proposition 4.3, since (m-Pimpl) implies (G). Note also that
Proposition 4.3 says: OMSL C PreMV.

The following converse of Proposition 4.3 also holds:

Proposition 4.4. (See Proposition 3.5)
Let AV = (A*,®,7,1) be an involutive m-BE algebra. Then,

(Pmv) + (G) = (Pom).

Proof. (following a proof by Prover9, of length 27, lasting 0.12 seconds)

From (Pmv) (z®(y~ ©(z~ ©@y~)")” =x ®y), by taking Y := ¢y~ and by (DN), we obtain:
()20 Yo 0y ) =0y

On the other hand, from (G) (r ® z = ), we obtain:

(0) 20 (rOy) =20yY);

indeed, z ® (z © y) (Pass) (xox)OyY 9D, ® y; hence, by (Pcomm), we obtain:

t)royor) =y
Now, from (b) and (a) we obtain:
)z (@ Oy)~ =uwx;
indeed, in (a), take X :=z and Y := 2~ ® y to obtain:
() zo (@ 0y o 0@ 0y)) =20 (@ 0y);
but, the part from (x): 2~ ® (z~ @ y) g ® vy, hence (x) becomes:
(@) zo((z”oy)o @@ 0y ) =20 (@ 0y),
which by (m-Re) and (Neg0-1) becomes:
@ zol=10 (@ 0y
which, by (PU), becomes (c).
Now, from (c¢), by (Pcomm), we obtain:
()ze(y®ax~)” =z and
from (c), by taking X := 2~ we obtain:
)z o0@oy) =z
Now, from (¢’) and (a), we obtain:
dro@Eoyor) ) =yo
indeed, in (a), take X :=z and Y := (y © =)~ to obtain:
@ zo(yor) 0k olosT)7) ) =10y o27)7
but, the part from (y) 2~ ® (y @ 27)~ @
W) zo(yor)” 027) =20 (yoa);
but (y), by (DN) and (b') becomes:
W) ro(yor)” 0z)” =yo;
and (y”), by (Pcomm), becomes (d).
Now, from (¢”) and (d), we obtain:
(&) (20 © ooy ) =17
indeed, in (d), take X := (z ®y)~ and Y := 2~ to obtain:
(w) (Oy)" O((zoy) 0@ 0oy ) ) =27 0@0Y);

/1

but, the parts from (u) 2~ ® (z ©y)~ () x~, hence (u) becomes:
W) (@oy)  o(zoy)” ©a™) =17,

which by (DN) and (Pcomm) becomes:

(z@y) " Oz (roy)”)” =z, that is (e).

x~, hence (y) becomes, by (DN):
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Finally, from (e), by (DN), we obtain:
(zOy) " 0o (x®y)")")” ==, that is (Pom). O

Note that Proposition 3.5 follows from Proposition 4.4, since (m-Pimpl) = (G). Note also that Propo-
sition 4.4 says: PreMV N OSL ¢ OM.

By Propositions 4.3 and 4.4, we obtain:

Theorem 4.5. (See Theorem 3.6)
Let AV = (AY,®,7,1) be an involutive m-BE algebra. Then,

(G) = ((Pom) < (Pmv))

or
(G) + (Pom) < (Pmv) + (G),
i.e. OMSLs coincide with pre-MV algebras verifying (G).

Hence, Theorem 4.5 says:
OMSL = PreMV + (G) = PreMV N OSL. (50)

Note that Theorem 3.6 follows from Theorem 4.5, since (m-Pimpl) implies (G).
e OMSL + (Pqmv) (Connections between OMSL and QMYV)

We establish now the connection between the OMSLs and the QMV algebras verifying (G).

Proposition 4.6. (See Proposition 3.7)
Let AV = (A, ®,7,1) be a left-OMSL. Then, A" is a left-QMYV algebra verifying (G).
(i.e. in an involutive m-BE algebra, (Pom) + (G) = (Pqmuv).)

Proof. Since A’ is a left-OMSL, it is an involutive m-BE algebra verifying (G) and (Pom) (Definition 2).
By Proposition 4.3, it verifies (Pmv) also. Hence, A" is a left-QMV algebra verifying (G). O
Note that Proposition 4.6 says:
OMSL C QMYV, (51)

the inclusion being strict, since there are examples of QMV algebras not verifying (G). Note also that
Proposition 3.7 follows from Proposition 4.6 and also that Proposition 4.3 follows from Proposition 4.6, since
(Pgmv) implies (Pmv).

The following converse of Proposition 4.6 holds.

Proposition 4.7. (See Proposition 3.8)
Let AY = (AL, ®,7,1) be a left-QMV algebra verifying (G). Then, A" is a left-OMSL.
(i.e. in an involutive m-BE algebra, (Pqgmv) + (G) = (Pom).)

Proof. Since A" is a left-QMV algebra verifying (G), it is an involutive m-BE algebra verifying (Pmv),
(Pom) and (G) (Definition 2). Hence, A” is an involutive m-BE algebra verifying (G) and (Pom), i.e. it is a
left-OMSL. O

Note that Proposition 4.7 says: QMV N OSL C OM. Note also that Proposition 3.8 follows from
Proposition 4.7, since (m-Pimpl) implies (G), and also that Proposition 4.7 follows from Proposition 4.4,
since (Pqmv) implies (Pmv).

By Propositions 4.6 and 4.7, we obtain:
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Theorem 4.8. (See Theorem 3.9)
Let AY = (AL, ®,7,1) be an involutive left-m-BE algebra. Then,

(G) = ((Pom) < (Pgmv))
or
(G) + (Pom) < (Pgmv) + (G)
i.e. orthomodular softlattices coincide with QMV algebras verifying (G).
Hence, Theorem 4.8 says:
OMSL = QMV + (G) = QMV n OSL.

Note that Theorem 3.9 follows from Theorem 4.8, since (m-Pimpl) implies (G).

By the previous results (49), (50), (51) and (52), we obtain the connections from Figure 10.

m-BE(DN)
(Pmv)
PreMV QMV (Pom)
oM
OMSL
OSL
L (G) |

Figure 10: Resuming connections between QMVV, PreMV, OM, OSL and OMSL

e OMSL + (A,,) (Connections between OMSL and MMYV)

Proposition 4.9. Let A" = (AL, ®,7,1) be an involutive m-BE algebra, Then,
(Pom) + (G) = (An).

Proof. By Proposition 4.3, (Pom) + (G) implies (Pmv) and (Pmv) implies (4,,). O

Note that Proposition 4.9 says: OMSL C MMYV. Note also that Proposition 3.10 follows from Proposition
4.9, since (m-Pimpl) implies (G), that Proposition 4.6 follows from Proposition 4.9, since (Pom) + (A,,) imply

(Pqmv), and that Proposition 4.9 follows also from Proposition 4.6, since (Pqmv) implies (A,,).

Remark 4.10. The following converse of Proposition 4.9 ((A,,) + (G) => (Pom)) does not hold: there are

examples of involutive m-BE algebras verifying (A,,) and (G) and not verifying (m-Pimpl) and (Pom).

By the previous Remark, from the connections from Figure 10, we obtain the connections from Figure 11.
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(Am)
(Pmv)
(Pqmv) (Pom)
MMV | PreMV QMV oM
OMSL
OSL
(G)

Figure 11: Resuming connections between QMV, PreMV, MMV, OM, OSL and OMSL

4.1.2 OMSL = OML

Proposition 4.11. We have:
(mPom1) (Pom) + (Pcomm) + (Neg0-1) + (PU) + (DN) = (m-Re) [21]
(mPom?2) (Pom) + (G) + (Pass) + (DN) = (m-Pimpl).

Proof. (mPom?2) : (By Prover9, in 0.01 seconds, the length of the proof being 15)

First, we have: (a) z ®y © (zOx)OyY (Pass) . ® (z®y).
Then, in (a), take X := (z@y)” and Y := ((z®y)” ®z)~ to obtain: (b) XOY = (z0y)”0((z0y)”Ox)~ (Pom)
2= Then, o~ = X0V ¢ X0 (X0Y) € X0r~ = (z0y)” 0~ hence, (r0y)~ o)~ = @)~ 2 1,

ie. (m-Pimpl) holds. O
We know already, by Proposition 2.16, that:

Proposition 4.12. Let A" = (AY,®,7,1) be an involutive left-m-BE algebra. Then,
(m — Pimpl) — (G),
i.e. OL C OSL.
Proposition 4.13. Let AY = (A", ®,7,1) be an involutive left-m-BE algebra. Then,
(Pom) 4+ (G) = (m — Pimpl),
i.e. OMSL C OL.

Proof. By (mPom2). 0O
By Propositions 4.12 and 4.13, we obtain:
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Theorem 4.14. Let A¥ = (A*,®,7,1) be an involutive left-m-BE algebra. Then,
(Pom) = ((m — Pimpl) & (G))
or
(Pom) + (m — Pimpl) < (Pom) + (G).

By Theorem 4.14 and the equivalent definitions (Definition 2) of left-OMLs and of left-OMSLs, we obtain:
OML= OM + (G) = OSL + (Pom) = OSL N OM = OMSL, by (49). Hence, we have:

OMSL = OML. (53)

By (28), (49) and (53), we obtain the connections from Figure 12.

m-BE(DN)
(Pom)
OML oM
=0OMSL
OL
(m-Pimpl)
OSL
(G)

Figure 12: Resuming connections between OML = OMSL, OL, OSL and OM

Finally, since OML = OMSL, it follows, by Theorems 3.9 and 4.8:
Corollary 4.15. We have:
OML = OMSL = QMYV + (m — Pimpl) = QMV N OL = QMV + (G) = QMV N OSL. (54)

Corollary 4.16. (See [0/, Theorem 2.3.12)
Let AY = (AF,®,7,1) be a left-QMV algebra. Consider the set of all idempotent elements of AL (i.e.

elements verifying (G)):
Id(ANY ={z e AL |z 0z =z},

Then, (Id(AY),®,~,1) is a left-OML.

Proof. Note that (Id(AY),®,~,1) is a subalgebra of A" verifying (G). Then apply above Corollary 4.15.
O
Moreover,
- There are examples of involutive m-BE algebras verifying (G) and not verifying (A,,), (m-Pimpl) and
(Pom);
- There are examples of involutive m-BE algebras verifying (m-Pimpl) and not verifying (A,,) and (Pom).
By the connections from Figures 4, 10 and 12, we obtain the connections from Figure 13.
By the connections from Figures 5, 11 and 13, we obtain the connections from Figure 14.
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(Pmv)

PreMV| QMV (Pom)
OM

OML
=0OMSL

OL

(m-Pimpl)

OSL
L (G)]
Figure 13: Resuming connections between QMYV, PreMV, OSL, OL, OM and OML = OMSL

(Am)

(Pmv)

MMV | PreMV OM

OML
=OMSL

OL

(mp-Pimpl)
OSL

(G)

Figure 14: Resuming connections between QMV, PreMV, MMV, OL, OSL and OML = OMSL
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4.1.3 The transitive case: tOSL C tMMV

Theorem 4.17. Let AL = (ALY, ®,7,1) be an involutive left-m-BE algebra. Then,

(G) + (m—BB) = (An).

Proof. (following a proof by Prover9 in 10.75 seconds, the length of the proof being 28)

First, (G) (z ® x = x) implies:
ooy =z0y.

Indeed, z ® (z @ )(Péss)( © )@y(g)ﬂch.

Second, (m-BB) ([(z0y)” © (2@ y)] ® (2 ®@x7)” =0) implies:

z2OWO(z0z7)  0(z0y)7)) =0.

Indeed, interchange = with z in (m-BB) to obtain:
() [(zoOy) o @oylo (o) =0;
then, in (z), apply (Pass) and (Pcomm) to obtain:
(@) [(zoy)o@@o) ooy =0;
then apply (Pass) to obtain (56).
Also (m-BB) ([(z©y)” ©® (2 ©y)] ©® (2 ©®27)~ = 0) implies:

(oY)  o0(o@o(zoy)7)) =0.

Indeed, interchange = with y in (m-BB) to obtain, by (Pcomm):
[(zoy)” 0o (z0y™)” =0
then apply (Pass) to obtain (57).

Now, from (57), we obtain:

OOy ©2)7)7)=0.

Indeed, in (57) take X :=x and Y := 2~ ® y to obtain:

() (20 YY) 0@ (e (@ oy) 7)) =0;
but, in (), ® (z~ 0y) Y= o) oy "Z 00y TL™ yoo

¥) 0" 0 (oo (zo (@ ©y)7)7)) =0,
which by (Neg0-1) and (PU) becomes:
W) z0@o(zo @ 0y)7)7)=0;
now, in (y”) take X :=y, Y := z and Z := x to obtain:
zO WO (o (y~ ®2z)7)7) =0, that is (58).
Now, from (58) and (55), we obtain:

rOxeyox ) ) =0.

Indeed, in (55) take X ;=2 and Y := (x ® (x~ ®y)~)~ to obtain:
(W zo@Eo(zo @ 0y) ) )=20@0 @ 0y));
also in (58) take X :=z, Y := z and Z := y to obtain:
() zO oo 0y ))=0;

then, (u) becomes, by (v):

(W)0=z0 @@ 0y)),

which by (Pcomm) becomes (59).

—L)

(m—

0, hence (y) becomes:

(56)

(57)

(58)

(59)
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Now, from (m-BB) and (59) we obtain:
rOyo(xo(zoxz7)  0y)))=0. (60)

Indeed, in (m-BB) ([(z0y)”" ©(20y)]©(z0z7)” =0) take X ;=20 (y©z~)",Y :=zand Z :=x to
obtain:
(w) [((zO(Yy©27)")02)" 0020 @e (o (yor™))7)” =0;
but, in (w), the part x © (x © (y©27)7)~ =0, by (59); hence, (w) becomes:
(W) [(zo(yor7)7)02)” ©(z02)]007 =0,
which by (Neg0-1) and (PU) becomes:
W") (o yozT)7 )0z 0(roz) =0,
which by (Pcomm), (Pass) becomes:
(W) (z02)0@o (o) ©2))” =0,
which by interchanging y with z and by (Pass) becomes:
OO (o (z0x7)” ®y))") =0, that is (60).
Now, from (56) and (60), we obtain:

(zo(oy ) )oyo(yoz ) ) =0. (61)

Indeed, in (60), take X :=z, Y := (2 0Oy~ )" ©(y© (2®27)")” and Z := z to obtain:
) zo((zoy ) 0o (z0z7)))o (o ((z027)” 0Y))7) =0,
where the part of (2):
AME" 20((2027)70Y)=20(:027) 0 (z0y") 0¥ (:027)7)7) =0;
indeed, in (56) take X := =z, Y := (2 ©27)~ and Z := y to obtain:
rO((z027)"0(zo0y") 0o (z027)7)7)) =0,ie A=0;
hence, (z) becomes:
(zo(zoy ) 0o (z0z7)7)7)©07) =0;
then, by (Neg0-1) and (PU), (') becomes:
() zo(zoy ) oo (zoz)7)7) =0,
and (2”) by (Pass) and by taking z = y becomes:
(zO0(xoy ) )0Woe (y®x™)7)” =0, that is (61).
Finally, from (61), by interchanging x with y, we obtain:
(WO (yor) )6 @o @y ) )" =0, that is (An). O
Note that Theorem 4.17 says: tOSL C MMYV. Hence, tOSL C tMMYV.
Note also that Theorem 3.17 follows from Theorem 4.17, since (m-Pimpl) implies (G).
By Theorems 3.17 and 4.17 and by the connections from Figures 8 and 14, we obtain the connections
from Figure 15.
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m-pre-BCK py)
(Am)
(Pmv)
(Pqmv) (Pom)
tPreMV| tQMV tOM
tOL
m-Bimpl)
tMMV tOSL
(G)

Figure 15: Resuming connections between tQMV, tMMYV, tOSL and tOL

4.2 Orthomodular widelattices: OMWL

We introduce the following notion.

Definition 4.18. (Definition 1) (The dual one is omitted)

A left-orthomodular widelattice or an orthomodular left-widelattice, or a left-OMWL for short, is a left-
OWL verifying: for all x,y € AL,
(Wom) (x Ay)V ((x ANy)”™ Ax) = .

Denote by OMWL the class of all left-OMWLs. Following the equivalent Definition 2 of a left-OWL (see
Definition 2.17), we obtain immediately an equivalent definition:

Definition 4.19. (Definition 2) (The dual one is omitted)
A left-OMWL is a left-OWL verifying (Pom), i.e. is an involutive left-m-BE algebra A" = (A*, ®,~,1)
verifying (m-Pabs-i) and (Pom), i.e.

OMWL = m - BE@pn) + (m— Pabs —i) + (Pom) = OWL N OM. (62)

Further, we shall work with Definition 2 of OMWLs. Hence, we have the connections from Figure 16.
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m-BE(DN)
(Pom)
oM
OMWL
OWL
(m-Pabs-i)

Figure 16: Resuming connections between OWL, OMWL and OM

4.2.1 Connections between OMWL and PreMV, QMV, MMV, OM, OWL
e OMWL + (Pmv) (Connections between OMWL and PreMYV)

The next Proposition 4.21 (saying that (Pom) and (m-Pabs-i) imply (Pmv)) was proved by Prover9 in
17.06 seconds and the proof produced by Prover9 has the length 23. We divide the proof produced by Prover9

into the proof of Lemma 4.20 and Proposition 4.21.

Lemma 4.20. Let A" = (A*,®,~,1) be an involutive m-BE algebra verifying (Pom) (i.e. an OM algebra).

Then, we have:
oy oo lyor) ) =y,

oy  olyoyor) ) 0=y 0z,
(0@Wo2) ©0@oEoo(yoz))) =@oy),
(z0Y) 0O (zoy) ) )=20z",
(zo0y ) 0lyoz) 0(zo(zoy ))] =(yoz) 0z).

Proof. (63): From (Pom), by interchanging = with y and by (Pcomm).

(64): From (63), by “multiplying” by z.

(65): From (Pom), taking X := 2 ®y and Y := z and by (Pass).

(66): By “multiplying” (Pom) by z, and by (Pcomm), (Pass).

(67): In (65), take X :==(y© 2)",Y =2, Z:=(y© (y® 2)7)~ to obtain:

[(y©2)"O(zo(yo(¥o2)7) )] Olye2)" 0(20[(yo2) " O(zo (YO (¥o2)7) 7)) = (yo2)” 0z)".

On the other hand, in (66), take X :=y, Y := 2z, Z := z to obtain:
(yoz) 0o o(yoz) ) )=z0y .

Now, from (68), by (69), we obtain:
20y ) " 0(yo2) 0o (xoy)) =(yoz)~ ©x)",ie (67) holds. [

Proposition 4.21. (See Proposition 3.4)
Let AV = (A*,®,7,1) be an involutive m-BE algebra. Then,

(Pom) + (m — Pabs —i) = (Pmv).

(63)
(64)
(65)
(66)
(67)

(68)

(69)
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Proof. (By Prover9)
e First, from (m-Pabs-i) (z © (z~ ©@ (¢~ ©@y~))” = x), by taking Y := y~, we obtain:

10 (6= 0@ 0y) =o (70)
e Now, we prove:
rOyoy o(roy) 02)7) =20y (71)
Indeed, in (70), take X ;=2 0y, Yi= (y© (y ®x)”7)” ® 2z to obtain:

(oY) o(zoy)  o(zoy) olyoyor) )" 02) =z0y. (72)
Now, from (72), by (64), we obtain:
(roy)o(z0y) 0y 02) =20y (73)

From (73), by (Pass), (Pcomm), we obtain:
2O YO W O(zroy)” ©z2)7)=x0uy,ie (71) holds.
e Now, we prove:
zOy oWo(yoz) o)) )=z0y". (74)

Indeed, in (71), take X ==z, Y :=y~, Z:=[(y©2)" @ (z® (r®y~)7)]” to obtain:
zO oWo(oy ) olyoz) o@e@oy )] ) ) =10y, (75)

From (75), by (67), we obtain:
Oy OWo(yoz)~ox)" ) )=x6y,ie (74) holds.
e Now, we prove:
rOWolyor) ) =z Oy . (76)

Indeed, in (74), take X := (z © (x ®y)~)", Y :=y, Z := z to obtain:
(zo@oy) ) ol oyo(yor) o@@o(zoy) ) ) )=zo@@oy) ) oy . (77)
In (63), take X :=y, Y := z, to obtain:
(yox) 0o (zoy) ") =z". (78)
Then, from (77), by (78), we obtain:
ooy ) 0l 0WozT) ) =0 (z0y) ) Oy . (79)

From (79), by (DN), we obtain:

(z0(xoy) ) " 0y OWwor) )=(z0(xOy)")” ©®y~, hence, by (Pcomm), (Pass), we obtain:

Yy o((z0y)  0(ze0y) " 0z) )=(xe0(x®y)")” ©@y~, hence by (Pom), we obtain:

y 0z =(x@(x©y)")” ®y~, hence, by interchanging z, y, we obtain:

T Oy =Yoo (yox)”)” ®x7, hence, by (Pcomm), 2z~ © (y© (y©z)")” =z~ ©y~, ie. (76) holds.
e Now, finally, from (76), by X := 27, Y := y~ and (DN), (Pcomm), we obtain:

O (z” 0y )" Oy ) =z0y,ie (Pmv)holds. O
Note that Proposition 3.4 follows from Proposition 4.21, since (m-Pimpl) implies (m-Pabs-i).
Note also that Proposition 4.21 says: OMWL C PreMV.

Remark 4.22. The following converse of Proposition 4.21 ((Pmv) + (m-Pabs-i) => (Pom)) does not hold:
there are examples of involutive m-BE algebras verifying (Pmv) and (m-Pabs-i) and not verifying (Pom).
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e OMWL + (Pgmv) (Connections between OMWL and QMYV)

We establish now the connection between the OMWLs and the QMV algebras verifying (m-Pabs-i).

Proposition 4.23. (See Proposition 3.7)
Let AL = (ALY, ®,7,1) be a left-OMWL. Then, A" is a left-QMV algebra verifying (m-Pabs-i).
(i.e. in an involutive m-BE algebras, (Pom) + (m-Pabs-i) = (Pqmv).)

Proof. Since A” is a left-OMWL, it is an involutive m-BE algebra verifying (m-Pabs-i) and (Pom) (Definition
2). By Proposition 4.21, it verifies (Pmv) also. Hence, A" is a left-QMV algebra verifying (m-Pabs-i). O

Note that Proposition 4.23 says:
OMWL Cc QMYV, (80)

the inclusion being strict since there are examples of QMV algebras not verifying (m-Pabs-i). Note also that
Propositions 3.7 and 4.21 follow from Proposition 4.23.
The following converse of Proposition 4.23 holds.

Proposition 4.24. (See Proposition 3.8)
Let AY = (AL, ®,7,1) be a left-QMV algebra verifying (m-Pabs-i). Then, A" is a left-OMWL.
(i.e. in involutive m-BE algebras, (Pgmv) + (m-Pabs-i) = (Pom).)

Proof. Since A" a left-QMV algebra verifying (m-Pabs-i), it is an involutive left-m-BE algebra verifying
(Pqmv) (hence (Pmv), (Pom)) and (m-Pabs-i) (Definition 2). Hence, A” is an involutive m-BE algebra
verifying (m-Pabs-i) and (Pom), i.e. it is a left-orthomodular widelattice. ~ O

Note that Proposition 4.24 says: QMYV N OWL C OM. Note also that Proposition 3.8 follows from
Proposition 4.24, since (m-Pimpl) = (m-Pabs-i).

By Propositions 4.23 and 4.24, we obtain:

Theorem 4.25. (See Theorem 3.9)
Let A¥ = (ALY, ®,7,1) be an involutive m-BE algebra. Then,

(m — Pabs —i) = ((Pom) < (Pgmv))

or
(m — Pabs — i) + (Pom) <= (Pgmwv) + (m — Pabs — 1),
i.e. orthomodular widelattices coincide with QMV algebras verifying (m-Pabs-i).

Note that Theorem 4.25 says:
OMWL = QMV + (m — Pabs —i) = QMV N OWL. (81)

Note also that Theorem 3.9 follows from Theorem 4.25.
By (62), (81) and Remark 4.22, we obtain the connections from Figure 17.
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(Pmv)
PreMV| QMV (Pom)
OMWL oM
OWL
(m-Pabs-i)

Figure 17: Resuming connections between QMV, PreMV, OWL, OM and OMWL

e OMWL + (A,,) (Connections between OMWL and MMYV)

Proposition 4.26. (See Proposition 3.10)
Let A¥ = (AL, ®,7,1) be an involutive m-BE algebra. Then,

(Pom) + (m — Pabs —i) = (An).

Proof. By Proposition 4.21, (Pom) + (m-Pabs-i) imply (Pmv) and (Pmv) implies (A,,;), thus (Pom) +
(m-Pabs-i) imply (A,,). O

Note that Proposition 4.26 says: OMWL C MMV.

Note also that Proposition 3.10 follows from Proposition 4.26, since (m-Pimpl) implies (m-Pabs-i), that
Proposition 4.23 follows also from Proposition 4.26, since (Pom) + (A,,) imply (Pqmv), and that Proposition
4.26 follows also from Proposition 4.23, since (Pqmv) implies (A,,).

Remark 4.27. The following converse of Proposition 4.26 ((A,,) + (m-Pabs-i) = (Pom)) does not hold:

there are examples of involutive m-BE algebras verifying (A,,) and (m-Pabs-i) and not verifying (m-Pimpl)
and (Pom).

By the previous Remark and by the connections from Figure 17, we obtain the connections from Figure
18.
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(Am)
(Pmv)
PreMV | QMV (Pom)
oM
OMWL
MMV OWL
(m{Pabs-i)

Figure 18: Resuming connections between QMV, PreMV, MMV, OWL and OMWL

4.2.2 OML Cc OMWL
We know (by Proposition 2.16) that:

Proposition 4.28. Let AY = (AY,®,7,1) be an involutive left-m-BE algebra. Then,
(m — Pimpl) = (m — Pabs — 1),
i.e. OL C OWL.
Proposition 4.29. Let A" = (AY,®,7,1) be an involutive left-m-BE algebra. Then,
(Pom) + (G) = (m — Pabs —1).
Proof. By Proposition 4.13, (Pom) + (G) imply (m-Pimpl), and by Proposition 4.28, (m-Pimpl) implies
(m-Pabs-i). O
Note that Proposition 4.29 follows from Proposition 4.13.
Note also that Proposition 4.29 says: OML (= OMSL ) C OWL, hence,
OML (= OMSL) ¢ OMWL, (82)

the inclusion being strict, since there are examples of OMWLs not verifying (G).
Note also that OML (= OMSL) C OMWL means (see 23):

OML = OMSL N OMWL.

By (28), (62) and (82), we obtain the connections from the Figure 19.
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(Pom)
OMWL oM
OML
= OMSL)
(m-Pimpl)
OWL
(m-Pabs-i)

Figure 19: Resuming connections between OMWL, OML, OL, OWL and OM

Since OML = OMSL ¢ OMWL, by Theorems 4.14 and 4.29, and OMWL C QMYV, by (80), we
obtain:
MOD ¢ OML =OMSL ¢ OMWL Cc QMV.
By the connections from Figures 4, 17 and 19, we obtain the connections from Figure 20.

(Pmv)
PreMV| QMV (Pom)
OMWL oM

OML
=0OMSL

OL
(m-Pimpl)

OWL
(m-Pabs-i)

Figure 20: Resuming connections between QMYV, PreMV, OML, OWL, OL, OM and OMWL

By the connections from Figures 5, 18 and 20, we obtain the connections from Figure 21.
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(Am)

(Pmv)
PreMV QMV (Pom)
OMWL OM

OML
=OMSL

OL

(m{Pimpl)
MMV OWL

(m{Pabs-i)

Figure 21: Resuming connections between QMV, PreMV, MMV, OML, OL, OWL and OMWL

4.2.3 The transitive and/or antisymmetric case

e The transitive case: tOWL C tMMV

Denote by tOMWL the class of all transitive left-OMWLs.

Theorem 4.30. (See Theorem 4.17)
Let AV = (A*,®,7,1) be an involutive m-BE algebra. Then,

(m — Pabs —i) + (m — BB) = (An).

Note that this theorem is Theorem 5.13 from [22], proved by Prover9. It says that: tOWL C MMV.
Hence, tOWL C tMMYV.

If, additionally, (Pom) holds, then, as expected: tOMWL C tQMYV.

Note that Theorem 3.17 follows also from Theorem 4.30, since (m-Pimpl) implies (m-Pabs-i).

By (42), by Theorems 3.17 and 4.30 and the connections from Figure 21, we obtain the connections from
Figure 22.
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m-pre-BCK py)

(Am)
(Pmv)
P
tPreMV| tQMV (Pom)
tOMWL tOM
tOL
m-Bimpl)
tMMV tOWL
(m-Pabs-i)

Figure 22: Resuming connections between tQMV, tMMV, tOWL and tOL

e The transitive and the antisymmetric case

Denote by aOMWL the class of all antisymmetric left-OMWLs.

Theorem 4.31. We have:
aOMWL = taOMWL.

Proof. Since OMWL C QMYV, by adding (m-An), we obtain: aOMWL C aQMYV = MV, by Theorem

2.24, and since any MV algebra verifies (m-Tr), it follows that aOMWL = taOMWL.
While tOMWL C tOWL, we obtain the following results.

Theorem 4.32. We have:
(i) taOWL C MV; (ii) taOMWL C MV; (iii) taOWL = taOMWL.

Proof. (i) Since tOWL C tMMYV, by applying (m-An), we obtain:
taOWL C taMMYV = MV, by Theorem 2.24.

(73) Since tOMWL C tQMYV, by applying (m-An), we obtain:
taOMWL C taQMYV = MV, by Theorem 2.24.

(791) Since any MV algebra verifies (Pom), it follows by (i) that taOWL = taOMWL.

Theorem 4.33. We have:
taOWL = taOMWL = aOMWL C MV.

Proof. By Theorems 4.31, 4.32. g
e Final remarks We have:

tOMWL C  tQMV
(m-An) | | (m-An)

taOMWL = taOWL C MV.

g

0
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the

The tOMWLSs (inside the tQMV algebras) will be deeply analysed in next paper [19], in connection with
taOWLs (inside the MV algebras).
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