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Lifting Elements in Coherent Quantales

George Georgescu

Abstract. An ideal I of a ring R is a lifting ideal if the idempotents of R can be lifted modulo I. A rich literature
has been dedicated to lifting ideals. Recently, new algebraic and topological results on lifting ideals have been
discovered. This paper aims to generalize some of these results to coherent quantales. We introduce the notion of
lifting elements in a quantale and a lot of results about them are proven. Some properties and characterizations
of a coherent quantale in which any element is a lifting element are obtained. The formulations and the proofs
of our results use the transfer properties of reticulation, a construction that assigns to each coherent quantale a
bounded distributive lattice. The abstract results on lifting elements can be applied to study some Boolean lifting
properties in concrete algebraic structures: commutative rings, bounded distributive lattices, residuated lattices,
MYV -algebras, BL-algebras, abelian [-groups, some classes of universal algebras, etc.
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1 Introduction

The lifting idempotent property (LIP) is a condition that achieves important classes of rings and ideals.
LIP appears whenever we study clean and exchange rings, local and semilocal rings, maximal rings, Gelfand
rings, mp-rings, purified rings, etc. (See [1], [36], [10], [13], etc.).

A lifting ideal of a unital ring R is an ideal I such that the idempotents of R can be lifted modulo I: if f
is an idempotent of the quotient ring R/I then f = e/I, for some idempotent e of R. We say that the ring R
has LIP if any ideal of R is a lifting ideal. A remarkable Nicholson’s theorem [30] asserts that a commutative
ring R has LIP iff R is a clean ring iff R is an exchange ring.

All rings that appear in this paper are commutative.

Inspired by LIP, similar lifting properties were studied in various concrete algebraic structures: bounded
distributive lattices [8], [35], residuated lattices [17], [18], abelian [-groups [27], orthomodular lattices [32],
MV -algebras and BL-algebras [27], [33], pseudo BL- algebras [5], [0], etc.

On the other hand, two kinds of generalizations of these lifting properties were obtained last decade.
Firstly, two lifting properties were introduced for congruences of a congruence modular algebra: Congruence
Boolean Lifting Property [20],[22] and Factor Congruence Lifting Property [21]. Secondly, in [10] was defined
a lifting property for the elements of a quantale as an abstraction of LIP and of other concrete lifting
properties.
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Recently, new interesting results on lifting ring ideals were established in [10], [43]. The aim of this paper
is to extend a part of these results to the framework of quantales. We obtain some algebraic and topological
properties of the lifting elements in a coherent quantale A, as well as some characterizations of the lifting
elements. The main tools for proving the results are the transfer properties of the reticulation L(A) of A (see
[16], [10]) and the isomorphism between the Boolean algebra B(A) of the complemented elements in A and
the Boolean algebra Clop(Spec(A)) of clopen subsets of prime spectrum Spec(A).

Recall from [10] that the reticulation L(A) is a bounded distributive lattice whose prime spectrum
Spec(L(A)) is isomorphic with the prime spectrum Spec(A) of A. Due to Hochster’s theorem [28], for
any coherent quantale A one can find a commutative ring R such that the reticulations L(A) and L(R) are
isomorphic. Therefore, by using reticulation, one can transfer the properties of lifting ring ideals in R to
lifting elements of the quantale A. We will follow a route consisting of two steps: firstly, from commutative
rings to bounded distributive lattices, and secondly, from bounded distributive lattices to coherent quantales.

In Section 2 we recall some basic notions and results on the prime spectrum Spec(A) of a quantale A
and its Zariski topology, the radical elements, the Boolean center, etc. (see [11], [13], [31]). We prove that
the Boolean algebras B(A) and Clop(Spec(A)) are isomorphic. Section 3 presents some elementary transfer
properties of reticulation.

Section 4 concerns the Boolean Lifting Property (abbreviated LP) in a coherent quantale A, a notion
introduced in [10]. We define the lifting elements of A and, by using the reticulation L(A), we prove several
properties of them. We describe the clopen subsets of the maximal spectrum Max(A) (endowed with the
Zariski topology), then we characterize the situation whenever the Jacobson radical r(A) of A is a lifting
element.

The main result of Section 5 is a characterization theorem of lifting elements in a coherent quantale A. If
A is the quantale Id(R) of ideals in a commutative ring R we obtain as a particular case the characterization
of the lifting ideals in R (see Theorem 3.18 of [13]). Applying our characterization theorem we prove that
the join of a regular element and a lifting element is a lifting element. Another consequence is the following
result of [10]: a coherent quantale A has LP if and only if A is B-normal.

2 Preliminaries on Quantales

In this section we shall recall some definitions and elementary results in quantale theory. The basic references
on quantales are the books [11], [13], [37].

Let us fix a quantale (A,\/,A,-,0,1) and denote by K(A) the set of its compact elements. In the usual
way, the quantale (4,\/,A,-,0,1) is denoted by A. The quantale A is said to be integral if the structure
(A,-,1)is a monoid and commutative, if the multiplication - is commutative. Recall that a frame is a quantale
in which the multiplication coincides with the meet (see [30], [39]). The quantale A is said to be algebraic if
any element a € A has the form a = \/ X for some subset X of K(A). An algebraic quantale A is said to be
coherent if 1 is a compact element and the set K (A) of compact elements is closed under the multiplication.
Coherent frames are defined in a similar way (see [30], [39]). The main example of coherent quantale (resp.
coherent frame) is the set Id(R) of ideals of a unital commutative ring R (resp. the set Id(L) of ideals of a
bounded distributive lattice L).

Throughout this paper, the quantales are assumed to be integral and commutative. We shall write ab
instead of a - b.

Each quantale A can be endowed with a residuation operation (= implication) a — b = \/{z|az < b} and
with a negation operation a* = a4, defined by a* = a — 0 = \/{z € Alaz = 0} (extending the terminology
from ring theory [2], a* is also called the annihilator of a). Recall from [41] that for all a, b, ¢ € A the following
residuation rule holds: a < b — ¢ if and only if ab < ¢, so (A,V,A,:,—,0,1) becomes a (commutative)
residuated lattice. Particularly, it follows that for any a € A, a < b* if and only if ab = 0. In this paper we
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shall use without mention some elementary arithmetical properties of residuated lattices [15].

An element p < 1 of a quantale A is m-prime if for all a,b € A, ab < p implies a < p or b < p. The
m-prime elements of a quantale extend the notions of prime ideals of a commutative ring and the prime
ideals of a bounded distributive lattice. It is well-known that if A is an algebraic quantale, then p < 1 is
m-prime if and only if for all ¢,d € K(A), cd < p implies ¢ < p or d < p. Let us recall the following usual
notations: Spec(A) is the set of m-prime elements of A and Max(A) is the set of maximal elements of A. If
1 is a compact element then for any a < 1 there exists m € Maz(A) such that a < m. The same hypothesis
1 € K(A) implies that Maxz(A) C Spec(A). We remark that the set Spec(R) of prime ideals in a commutative
ring R is the prime spectrum of the quantale Id(R) and the set of prime ideals in a bounded distributive
lattice L is the prime spectrum of the frame Id(L). Keeping the terminology, we say that Spec(A) is the
m—prime spectrum of the quantale A (abbreviated, Spec(A) is the prime spectrum of A).

If R is a ring, then its Jacobson radical is the ideal J(A) = (\Max(A) (cf. [2]). This notion can be
generalized to a quantale A: r(A) = A Max(A) is the Jacobson radical of A (cf. [10]).

The paper [141] emphasizes various abstract theories of m—prime elements and of corresponding spectra
developed in the last decades.

Recall from [41] that the radical p(a) of an element a of A is defined by p(a) = A{p € Spec(A)la < p}
(it is clear that this notion generalizes the radical of an ideal in a commutative ring). If a = p(a) then a is
said to be a radical element of A. The set R(A) of the radical elements of A is a frame [11], [12]. In [10] it is
proven that Spec(A) = Spec(R(A)) and Max(A) = Maxz(R(A)). The quantale A is semiprime if the meet
p(0) of all m-prime elements in A is 0.

The following useful lemma extends to quantales a well-known result in ring theory [2].

Lemma 2.1. [341] Let A be a coherent quantale and a € A. Then the following hold:
(1) p(a) = \/{c € K(A)|c* < a for some integer k > 1};
(2) For any c € K(A),c < p(a) iff &* < a for some integer k > 1.
(8) A is semiprime if and only if for any integer k > 1, * = 0 implies ¢ = 0.

Let A be a quantale such that 1 € K(A), so Spec(A) and Max(A) are non-empty sets. For any a € A,
denote Dg(a) = D(a) = {p € Spec(A)|a £ p} and V4(a) = V(a) = {p € Spec(A)|a < p}. For all a,b € A
we have Dy(aV b) = Dy(a) U Dy(b) and Dy(a Ab) = Da(ab) = Da(a) N D(b); for any family (a;)ier of
A, Da(V,er i) = Ujer Dalai). Then Spec(A) is endowed with a topology whose closed sets are (V(a))aca
[41]. If the quantale A is algebraic then the family (D(c))cex(a) is a basis of open sets for this topology.
The topology introduced here generalizes the Zariski topology (defined on the prime spectrum Spec(R) of
a commutative ring R [2]) and the Stone topology (defined on the prime spectrum Spec(L) of a bounded
distributive lattice L [3]). Then this topology will be also called the Zariski topology of Spec(A) and the
corresponding topological space will be also denoted by Spec(A). According to [11], if A is a coherent
quantale, then Spec(A) is a spectral space in the sense of [28], [12].

Let L be a bounded distributive lattice. For any z € L, denote D(x) = {P € Spec(L)|x ¢ P} and
V(z) = {P € Spec(L)|x € P}. The family (D(x))ser is a basis of open sets for the Stone topology on
Spec(L) (see [3],[7]).

Let R be a commutative ring. For any element x € R, we shall denote D(z) = {P € Spec(R)|x ¢ P}
and V(z) = {P € Spec(R)|z € P}. The family (D(x))zer is a basis of open sets for the Zariski topology on

Spec(R) (see [2], [30]).
An element e of the quantale A is a complemented element if there exists f € A such that eV f =1 and
e\ f =0. The set B(A) of complemented elements of A is a Boolean algebra (cf. [7], [29]). Then B(A) will

be called the Boolean center of the quantale A. For any e € B(A) we denote by —e the complement of e in
B(A).
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Lemma 2.2. [29] For all a,b € A and e € B(A) the following hold
(1) If a € B(A) if and only if a V a* = 1;
(2) aNe=ae;
(3) e »a=etVa;
(4) If avVb=1 and ab= 0 then a,b € B(A);
(5) (anb)ve=(aVe)A(bVe);
(6) —e =e+ and e — a = —eV a.
Lemma 2.3. [10] B(A) C K(A).
Lemma 2.4. If ¢ € B(A) then D4(c) is a clopen subset of Spec(A).

Proof. If ¢ € B(A) then there exists d € B(A) C K(A) such that ¢V d =1 and c¢d = 0. Therefore we have
Da(c)UDy(d) = Da(cVd) = Da(1l) = Spec(A) and D4(c) N Da(d) = Da(ed) = DA(0) =0, so Dy(c) is a
clopen subset of Spec(4). O

If X is a topological space then it is well-known that the set Clop(X) of clopen subsets of X is a Boolean
algebra. By Lemma 2.2 one can take the map Da|p(a) : B(A) — Clop(Spec(A)) defined by the assignment
c— Da(c).

Recall from [31], [1] the following standard result in ring theory: if R is a commutative ring, then the
Boolean algebra B(R) of idempotents in R and the Boolean algebra Clop(Spec(R)) of clopen subsets of
Spec(R) are isomorphic. This lemma is intensively used in commutative algebra and algebraic geometry (see
e.g. [31], [1], [30], [43]). The following proposition is a quantale version of the mentioned lemma.

Proposition 2.5. The map Dal|p(a) : B(A) — Clop(Spec(A)) is a Boolean isomorphism.

Proof. That Dalp(a) : B(A) — Clop(Spec(X)) is a Boolean morphism is easy to check and the injectivity
of Dlp(ay follows by observing that for any e € B(A), Da(e) = §) implies e = 0. By applying Lemma 21 of
[10] it results in the surjectivity of Dalg(a). O

We shall use many times the previous proposition to prove some basic results of this paper.

3 Reticulation of a Coherent Quantale

Let A be a coherent quantale and K (A) the set of its compact elements. On the set K(A) we define the
following equivalence relation: for all ¢,d € K(A), ¢ = d iff p(c) = p(d). The quotient set L(A) = K(A)/ =
is a bounded distributive lattice. For any ¢ € K(A) denote by ¢/ = its equivalence class. Consider the
canonical surjection A4 : K(A) — L(A) defined by As(c) = ¢/ =, for any ¢ € K(A). The pair (L(A), A4 :
K(A) — L(A)) (or shortly L(A)) will be called the reticulation of A. In [10], [16] was given an axiomatic
definition of the reticulation. We remark that reticulation L(R) of a commutative ring R (defined in [30],
[12]) is isomorphic with the reticulation L(Id(R)) of the quantale Id(R).

For any a € A and I € Id(L(A)) let us denote a* = {Aa(c)lc € K(A),c < a} and I, = \/{c €
K(A)|Aa(c) € I}. The assignments a — a* and I — I, define two order - preserving maps (-)* : A — Id(L(A))
and (-). : Id(L(A)) — A. The following lemma collects the main properties of the maps (-)* and (+)..

Lemma 3.1. [10] The following assertions hold

(1) If a € A then a* is an ideal of L(A) and a < (a*)«;
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(2) If T € Id(L(A)) then (I,)* =1I;
(3) If p € Spec(A) then (p*). = p and p* € Spec(L(A));
(1) If P € Spec((L(A)) then P, € Spec(A);
(5) If p € K(A) then c* = (Aa(0)];
(6) If c € K(A) and I € Id(L(A)) then ¢ < I, iff Aa(c) € I;
(7) Ifa € A and I € Id(L(A)) then p(a) = (a*)s, a* = (p(a))* and p(I.) = I.;
(8) If c € K(A) and p € Spec(A) then ¢ < p iff Aa(c) € p*.
Lemma 3.2. [25] The following assertions hold
(1) If (a5)ics is a family of elements in A then (\;e; ai)* = Ve a5
(2) If a,b € A then (ab)* = (a Ab)* = a* N b*.

By Lemma 3.1 one can consider the functions d4 : Spec(A) — Spec(L(A)) and €4 : Spec(L(A)) —
Spec(A), defined by d4(p) = p* and e5(I) = I, for all p € Spec(A) and I € Spec(L(A)).

Lemma 3.3. ([10] and [21]) The functions 64 and €4 are homeomorphisms, inverse to one another.

We also observe that §4 and €4 are also order-isomorphisms. In particular, for any m-prime element p
of A, we have p € Maxz(A) if and only if p* € Max(L(A)). Maxz(A) is a topological space as a subspace of
Spec(A); the family (Max(A) N Da())zek () is a basis for this topology.

The functions 04 and €4 are order isomorphisms, therefore the functions 64 [y742(4): Maz(A) = Maz(L(A))
and €4 [spec(r(a)): Max(L(A)) — Max(A) are order-isomorphisms.

Corollary 3.4. The functions d4|praz(a)y and €alnaz(n(a)y) are homeomorphisms, inverse to one another.

The maximal spectrum Spec(L) of a bounded distributive lattice L is a compact T'1-space (cf. [30], p.
66). By applying the previous corollary it follows that the maximal spectrum Max(A) of a coherent quantale
A is a compact T'1-space.

For a bounded distributive lattice L we shall denote by B(L) the Boolean algebra of the complemented
elements of L. It is well-known that B(L) is isomorphic to the Boolean center B(Id(L)) of the frame Id(L)

(see [7], [30]).

Lemma 3.5. [24] Assume ¢ € K(A). Then Aa(c) € B(L(A)) if and only if there exists an integer n > 1
such that " € B(A).

Corollary 3.6. [10] The function Aa|p(a) : B(A) — B(L(A)) is a Boolean isomorphism.

4 Quantales with Boolean Lifting Property

Let A, B be two quantales. A function v : A — B is a morphism of quantales if it preserves the arbitrary
joins and the multiplication (in this case we have u(0) = 0); f is an integral morphism if f(1) = 1. If
uw(K(A)) C K(B) then we say that u preserves the compacts. If u is an integral quantale morphism that
preserves the compacts then it is called a coherent quantale morphism. In a similar manner one defines the
frame morphisms, integral frame morphisms, coherent frame morphism, etc. (cf. [30], [39]).
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Let f: Ry — Ry be a morphism of (unital) commutative rings. If I is an ideal of R; then I¢ will denote
the extension of I to Ry, i.e. the ideal Ryf(I) generated by f(I) in Ry (cf. [2], p. 9). Then the function
f®:Id(Ry) — Id(R2), defined by f*(I) = I¢, for any I € Id(R;), is a coherent quantale morphism.

Let f: L1 — Ly be a morphism of bounded distributive lattices. If I is an ideal of Ly then f*(I) is the
lattice ideal (f(I)] generated by f(I) in Ly. Then the function f®: Id(Ly) — Id(L2), defined by I — f*(I),
for any I € Id(Ly), is a coherent frame morphism.

The following result is a straightforward generalization of Lemma 3.8(1) of [11] (for the sake of complete-
ness we shall present its proof).

Lemma 4.1. Ifu: A — B is a surjective coherent morphism of quantales then u(K(A)) = K(B).

Proof. By the definition of a coherent quantale morphism we have u(K(A)) C K(B). In order to establish
the converse inclusion K(B) C u(K(A)) let us consider an arbitrary element d of K(B) so there exists x € A
such that d = u(x). Since A is a coherent quantale we have x = \/,.; ¢;, for some family (c¢;);er of compact
elements in A, therefore d = u(\/;c;¢;) = V;cru(ci). According to d € K(B) it follows that d = \/,c; u(c;),
for some finite subset J of I. Denoting ¢ = \/,.; ¢; we have ¢ € K(A) and d = u(c), so d € u(K(A)). Thus
the inclusion K (B) C u(K(A)) is proven. [

Proposition 4.2. [10] Let u: A — B be a coherent quantale morphism. Then there exists a morphism of
bounded distributive lattices L(u) : L(A) — L(B) such that the following diagram is commutative

u’K(A)

K(A) ~ K(B)
>\A )\B
L(A) LW | s

Let R be a commutative ring, B(R) the Boolean algebra of its idempotents, R(Id(R)) the frame of radical
ideals in A and B(R(Id(R))) the Boolean algebra of complemented elements of R(Id(R)).

According to [10], [13], an ideal I of R is said to be a lifting ideal if the canonical ring morphism R — F/I
lifts the idempotents: for any y € B(R/I) there exists x € B(R) such that z/I = y. We say that R
satisfies the lifting idempotent property (LIP) if any ideal of R is a lifting ideal (see [36]). The two Boolean
algebras B(R) and B(R(Id(R))) are isomorphic and the condition LIP can be expressed in terms of the
frame R(Id(R)) (see [1]).

Similarly, following [9] we say that an ideal I of a bounded distributive lattice L satisfies the Id — Boolean
Lifting Property (abbreviated Id— BLP) if the lattice morphism L — L/ lifts the complemented elements:
for any y € B(L/I) there exists © € B(L) such that /I = y. If any ideal of L satisfies Id — BLP we say
that L satisfies Id — BLP.

In what follows we shall generalize the previous lifting properties to the framework of coherent quantales.
Firstly, we will develop some preliminary matters.

We fix a coherent quantale A. For any a € A, consider the interval [a) = {x € Ala < z} and for all
x,y € [a)a, denote x -, y = x -y V a. It is easy to see that [a)4 is closed under the new multiplication -,.

Lemma 4.3. [10] ([a)a, V, A, a,a,1) is a coherent quantale.

Let x,y be two elements of the coherent quantale ([a)a,\/, A, a,a,1). Denote by —% the implication
operation in [a)4 and zte the annihilator of z in [a)4. The negation of an element x € B([a)4) will be
denoted by —%(x).

Lemma 4.4. Assume that x,y are two elements of the coherent quantale [a)s. Then the following hold:
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(1) v ="y =z —y;

(2) e =2 — a;

(3) « € B(([a)a) if and only if xV (x — a) = 1;

(4) If e € B(A) and x € B([e)a) then - —e € B(A) and z =z - e V ¢;
(5) If f € B(la)a) and b€ A then f Vb€ B([aV b)a).

Proof. The proof of (1) and (2) is easy and (3) follows by Lemma 2.2,(1) and (3). In order to prove (4),
assume that e € B(A) and = € B([e)4), so there exists y € B([e)4) such that x Vy =1 and x - y = e. This
last equality implies zy < e, so xy - —e = 0. From z - —e < x - —e we get © < —e¢ — x - —e, hence x < x-—eVe
(by Lemma 2.2(3)). The converse inequality = - —e V e < x is obvious, so z = x - —e V e. Similarly we have
y=y-—eVe.

We observe that z-—eV (y-—eVe)=xzVy=1land z-—e-(y-—eVe) =zy-—e =0, hence z-—e € B(A).

To prove (5), let us assume that f € B([a)a), so fV(f — a) =1 (cf. (3)). We remark that f - a < f —
(a V' b), hence f — (aVb) = 1. Thus the following equalities hold:

(fVOVI(fVb) = (avd)]=[f—=(aVbd]ADb—(aVb)]=f—(aVDd) =1

According to (3), it follows that f Vb€ B(laVb)a).

U

For an arbitrary a € A, let us consider the function u2 : A — [a)4 defined by uZ(z) = z V a, for any

x € A.

Lemma 4.5. For any a € A the following hold:
(1) u is an integral quantale morphism.
(2) If c € K(A) then u’(c) € K([a)4).
(3) wA(K(4)) = K([)).

Proof. The first two assertions are proved in [10] and the third follows by Lemma 4.1.
O

Remark 4.6. According to Lemma 4.5(2), the quantale morphism uj;‘ preserves the compacts, so applying
Proposition 4.2, the following diagram is commutative:

ug
K(A) " K([a)a)
A Aa
L(ug)
L(A) " L([a)a)
where A = A4 and A\, = )\[CL)A‘
Proposition 4.7. [10] For any a € A, the bounded distributive lattices L([a)a) and L(A)/a* are isomorphic.

By Lemma 4.5, u2 is a coherent quantale morphism, so we can consider the Boolean morphism B(uZ) =
ul| s | B(A) = B([a)a). The following diagram is commutative:
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B(uf)
B(A) > B([a)a)
] ulliay ]
K(A) K(la)a)

where the vertical arrows are the inclusion maps (cf. Lemma 2.3).

Definition 4.8. [10] An element a € A has the (Boolean) lifting property (LP) if the Boolean morphism
B(uA) is surjective. The quantale A has LP if every element a € A has LP.

a

If I is an ideal of a commutative ring R then it is easy to see that [ is a lifting ideal if and only if I has
LP in the quantale Id(R). Keeping this terminology, if a € A has LP we shall say that a is a lifting element
of the quantale A.

Similarly, an ideal I of a bounded distributive lattice L has Id — BLP if and only if I has LP in the
frame Id(L).

Let A, A’ be two coherent quantale and u : A — A’ a coherent quantale morphism. We say that wu lifts the
complemented elements if for each ¢’ € B(A’) there exists e € B(A) such that f(e) = €’. Then an element a
of a quantale A is a lifting element if and only if the quantale morphism ug‘ : A — [a)  lifts the complemented
elements. If I is an ideal in a commutative ring R and p; : A — A/I is the associated ring morphism, then
I is a lifting ideal in R if and only if the quantale morphism p} : Id(R) — Id(R/I) lifts the complemented
elements. A similar result for lifting ideals in bounded distributive lattices is valid.

Let A be a coherent quantale. If a is an element of A such that B([a)a) = {a, 1} then it is clear that a is
a lifting element. In particular, any minimal non—zero element of A is a lifting element.

Let p be an m-prime element of A. If z € B([p)a) then z -, =P(z) = p, so z = p or =P(z) = p. Since
Spec([p)a) = Spec(A) N [p)a, it results that p € Spec([p)a). Thus B([a)a) = {p,1}, hence the m—prime
element p is a lifting element. Particularly, any maximal element of A is a lifting element.

Any complemented element e of A is a lifting element. Indeed, if z € B([e)4) then, by using Lemma 4.4(4),
it follows that 2 - —e € B(A) and z = x - =e V e = uZ(x - —e), i.e. e is a lifting element.

For any a € A denote X, = Spec(la)a) = {p € Spec(A)lp < a}. We remark that X, = X,,) and
Clop(X,) = Clop(X(q))- According to Proposition 2.5, there exists a Boolean isomorphism v, : B([a)4) —
Clop(X,), defined by v,(e) = Da(e) N[a)4, for any e € B([a)4).

Theorem 4.9. For any a € A the following are equivalent:
(1) a has LP in the quantale A;
(2) p(a) has LP in the quantale A;
(3) p(a) has LP in the frame R(A).

Proof. (1) < (2) Recall that v,y and v, are Boolean isomorphisms and Clop(X,) = Clop(X,(,)), so there
exists a Boolean isomorphism w : B([p(a)4) — B(]a)a) such that the following diagram is commutative:

. ClOp(Xp(a))
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Consider the Boolean morphisms v, © u;l(a) : B(A) — Clop(X () and v, 0 ul . B(A) = Clop(X,).

An easy computation shows that for any e € B(A) the following equalities hold:

(vp(a) 0wk ) (€) = {p € Spec(A)le V pla) £ p} N [p(a)) 4

(va 0 ug)(e) = {p € Spec(A)le Va £ p} N [a) a.

We remark that for any p € Spec(A) we have a < p iff p(a) < pand eVa L piff eV p(a) £ p, therefore
(Vp(a) © u;‘(a))(e) = (vq o u)(e). Since Clop(X y(q)) = Clop(X,) it follows that v, o u;‘(a) = v, o uj. But
Vp(a) and v, are Boolean isomorphisms, hence the following diagram is commutative:

B(u?
B(K &B(@(am
B(u2 w
R TON

Recall that w is a Boolean isomorphism so B (uﬁ(a)) is surjective iff B(ul) is surjective, therefore p(a) has
LP iff a has LP.

(2) < (3) According to Lemma 19 of [10], the following diagram is commutative:
P
A > R(A)
A R(A)
Yo(a) J Yo(p(a))
\ Pp(a)
[p(a))a " [p(p(a)) rea)

Since p(p(a)) = p(a) we obtain the following commutative diagram in the category of Boolean algebras:

B(4) ~ B(R(4))
A R(4)
B(up(a)) J B(up(a) )
B([p(a)) ) " B([p(a)) r(a))
where the horizontal arrows are Boolean isomorphisms (in virtue of Proposition 6 of [10]).

From the previous commutative diagram we get that B(uf(a)) is surjective iff B (uf((a’;‘)) is surjective, so

the equivalence of (2) and (3) follows.
(]

Corollary 4.10. [10] Let a be an element of the coherent quantale A. Then a has LP if and only if the ideal
a* of the lattice L(A) has Id — BLP.

Proof. Recall from Lemma 3.1 (7) that a* = (p(a))*. We know from Corollary 2 of [10] that the frames
R(A) and Id(L(R)) are isomorphic, hence the following properties are equivalent:

e p(a) has LP in the frame R(A);

e (p(a))* has LP in the frame Id(L(R));

e ¢ has LP in the frame Id(L(R));

e the ideal a* of the lattice L(A) has Id — BLP.

By applying the previous theorem it follows that a has LP if and only if the ideal a* of the lattice L(A)
has Id — BLP.

U
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Corollary 4.11. [10] A quantale A has LP if and only if the reticulation L(A) has Id — BLP.
Corollary 4.12. Let I be an ideal of the reticulation L(A). Then I has Id — BLP if and only if I has LP.

Proof. We know that I = (I,)* (cf. Lemma 3.1(2)), hence, by two applications of Corollary 4.10 we obtain:
I has Id — BLP iff (I,)* has Id — BLP iff I* has LP. |

Corollary 4.13. Let a and b be two elements of A such that p(a) = p(b). Then a has LP if and only if b
has LP.

Proof. By Theorem 4.9, the following equivalences hold: @ has LP iff p(a) has LP iff p(b) has LP iff b has
LP. ]

Corollary 4.14. If a is an element of A such that a < p(0) then a has LP.

Proof. If a < p(0) then p(a) = p(0). It is obvious that 0 has LP. By applying Corollary 4.13 it follows that
a has LP. O

In particular, from Corollary 4.14 it follows that p(0) is a lifting element.

Following [10], we say that a quantale A is hyperarchimedean if for any ¢ € K(A) there exists an integer
n > 1 such that ¢" € B(A).

Corollary 4.15. If the quantale A is hyperarchimedean then any element a € A has LP.

Proof. Let a be an element of the hyperarchimedean quantale A. By Theorem 1 of [10], the reticulation
L(A) of A is a Boolean algebra. It is straightforward to see that any ideal of a Boolean algebra has Id — BLP
(see [9]). Thus the ideal a* of L(A) has Id — BLP, so, by applying Corollary 4.10, it follows that a has LP.
O

Remark 4.16. The equivalence of assertions (1) and (2) of Theorem 4.9 is a quantale generalization of
Corollary 3.2 of [/3]. Among the consequences of this theorem we mention an important result of [10)]:
Corollary 4.11is exactly Theorem 2 of [10]. We remark that Theorem 4.9 can be obtained as a corollary of
Theorem 2 of [10]. We shall give here a short proof.

Let a be an element of the quantale A and L(A) the reticulation of A. We know that a* = (p(a))* (cf.
Lemma 3.1(7)) so by a double application of Theorem 2 of [10] the following equivalences hold: a has LP iff
a* has Id — BLP iff (p(a))* has Id — BLP iff p(a) has LP.

Theorem 4.17. Let a and b two elements of the quantale A such that a < b and Mazx(ja)a) = Max([b)a).
If b has LP then a has LP.

Proof. Firstly we observe that Max([a)a) = Max(A)N[a)a and Max([b)a) = Max(A)N[b) 4. Let us consider
an element x € B(([a)4)), so x V (x — a) = 1 (by Lemma 4.4(3)). From a < b we get x — a < x — b, hence
l=zV(x—a)<zV(zr—b). ThuszVvVboV((xVbd) = b=zVbV(x —=bAb—=b)=xV(r—b)=1,s0
xVbe B([b)a) (cf. Lemma 4.4(3)).

By hypothesis, b has LP, so there exists a complemented element e of A such that eV b= uf(e) =xVbh.
We shall prove that V(e V a) = Vy(z).

Firstly, we shall establish the inclusion Va(e V a) C V4(z). Assume that p € V(e V a), i.e. pis an
m~—prime element of A such that eV a < p. Consider a maximal element m of A such that p < m, soe <m
and a < m. According to the hypothesis Maz([a)a) = Max([b)a), from a < m we obtain b < m, hence
zVb=eVb<m.

Let us assume that x £ p. We observe that p € Spec([a)a) (because p € Spec(A) and a < p), so
x—a==-%z) <p<m. Fromz € B([a)a), z <m and z — a < m we obtain 1 =z V (z — a) < m. This
contradicts m € Max(A), so x < p,i.e p€ Va(x).
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In order to prove the converse inclusion V4 (z) C Vy(e V a), assume that p € Va(z), so p € Spec(A) and
x < p. Consider a maximal element m of A such that p < m, so a < z < p < m. By using the hypothesis
Max([a)a) = Max([b)a), we get b < m, hence eVb=xVb<m.

Let us assume that e Va € p, so e £ p (because a < p and p € Spec(A)). Thus —e < p < m, so
1 = eV —a < m, contradicting m € Max(A). Then e Va < p, hence p € Va(e V a).

One remark that Vi,),(e Va) = Va(eVa) = Va(z) = V|, ,(x), therefore Dj,),(e V a) = Dy
eV a,z € B([a)a) one can apply Proposition 2.5, so from Dy,), (e V b) = Dy, () we get ul(e)
Therefore a has LP.

U

One can ask if the element 7(A) has or doesn’t have LP. The following two examples show that both

situations are possible.

(x). Since

kS

eVa=ux.

Example 4.18. Let us consider the quantale structure defined on the set A = {0, a, b, ¢,d, 1} by the following
diagram and table (cf. [3]):

1 ©l0 1 a b ¢ d
0j{0 0 0 0 O O

d c 110 1 a b ¢ d
al0 a 0 0 0 a

a b b0 b 0 b b 0
c|0 ¢ 0 b b a

0 d|{0 d a 0 a d

The maximal spectrum of the quantale A is Max(A) = {¢,d}, so r(A) = ¢ Ad = a. The Boolean
center of A is B(A) = {0,b,d,1}. We observe that [r(A))a = [a)a = {a,c,d,1} is a Boolean algebra, hence
B([r(A))a) = B(la)a) = {a,c,d,1}.

Now we consider the Boolean morphism B(uf(A)) : B(A) — B([r(A))a) (in fact, B(ul) : {0,b,d,1} —
{a,c,d,1}). An easy computation gives u(0) = a,u?(b) = aVb = c,u(d) = aVd = d,u(1) = 1, so
B(u;f‘(A)) is a surjective map. Then r(A) has LP.

Example 4.19. Let us consider the quantale structure defined on the set A = {0, a, b, ¢,d, 1} by the following
diagram and table (cf. [8]):

1
©l0 1 a b ¢ d
a c 0j]0 0 0 O O O
110 1 a b ¢ d
a|l0 a a b b 0
d b0 b b b b 0
c|0 ¢ b b ¢ d
0 d|0 d 0 0 d 0

In this case, we have Max(A) = {a,c}, r(A) = aAc=>band [r(A))a = [b)a = {b,a,c,1} is a Boolean
algebra. We observe that B(A) = {0,1} and B([b)4) = [b)a = {b,a,,c,1}. It is clear that B(uj') : B(A) —
B([b)4) is not surjective, so r(A) = b doesn’t have LP.

Corollary 4.20. Assume that a is an element of A such that a < r(A). If r(A) has LP then a has LP.
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Proof. If a < r(A) then Maz([a)a) = Max(A) = Max([r(A))a). By applying Theorem 4.17, it follows that
a has LP. [

Theorem 4.21. For any subset U of Max(A) the following are equivalent:
(1) U is a clopen subset of Max(A);
(2) There exist c,d € K(A) such that cvVd=1, cd <r(A) and U = Maxz(A) N Da(c).

Proof. (1) = (2) Assume that U is a clopen subset of Max(A). We know that Max(A) is compact (cf.
Corollary 3.4, Max(A) and Max(L(A)) are homeomorphic spaces and by [30], p.66, the maximal spectrum
Max(L(A)) of the bounded distributive lattice L(A) is compact) and U, Maxz(A) — U are closed subsets of
Max(A), so they are compact. Therefore there exist two positive integers n,m and the compact elements
Cly s Cny diy ooy dpy such that U = (JiZ; (Maz(A) N Da(e;)) and Max(A) —U =L, (Maz(A) N Da(dy)).

We remark that for alli =1,--- ,nand j =1,--- ,m the following equalities hold: Max(A)NDa(c;d;) =
Maz(A) N Da(¢;)) N Da(d;) = 0. Then for each m € Maxz(A) we have m ¢ Da(c;d;), hence ¢;d; < m,
therefore ¢;d; < r(A).

Denoting ¢ = \/i_; ¢; and d = \/7 | d; it results that U = Max(A)NDa(c) and Maz(A)-U = Maz(A)N
D4(d). Then one obtains the equalities Max(A) = Max(A) N (Da(c) U Da(d)) = Maza(A) N Da(cV d).
Since ¢;d; < r(A) for all i and j it follows that

cd=\{cdjli=1,--- ,n;j=1,---,m} <r(A).

Assume by absurdum that ¢Vd < 1, so ¢Vd < m for some maximal element m of A. Then m ¢ D4(cVd),
contradicting Max(A) = Maxz(A) N Da(cV d). We conclude that ¢V d = 1.

(2) = (1) Assume that there exist ¢,d € K(A) such that cVd =1, ed <7(A) and U = Maz(A) N D4(c).
We shall prove the equality Max(A) N Da(c) = Mazx(A) N Vy(d).

Let m be an element of Max(A) N Da(c), hence ¢ £ m. Since m is m - prime and cd < r(A) < m we get
d <m, som € Max(A) N Vy(d). Thus we obtain the inclusion Max(A) N Dy(c) C Max(A) NVa(d).

In order to prove the converse inclusion Maz(A) N Va(d) € Max(A) N Da(c), let us assume that m €
Max(A)NVy(d), sod < m. If ¢ < m then 1 = ¢V d < m, contradicting that m is a maximal element. It
follows that ¢ € m, hence m € Max(A) N Va(d). Thus the inclusion Max(A) N Va(d) € Max(A) N Da(c) is
established, therefore Max(A) N Da(c) = Max(A) NVy4(d). This equality shows that U is a clopen subset of
Maz(A). O

Corollary 4.22. Ifz € B([r(A))a) then Max(A) N Da(x) is a clopen subset of Max(A).

Proof. If z € B([r(A))a) then there exists y € B([r(A))a) such that zVy =1 and z -,(4)y = r(4). By
applying the previous theorem to the elements x and y of the quantale [r(A))a4, it follows that Maxz(A4) N
Dyy.(ay), () is a clopen subset of Maz([r(A))a). We remark that Max(A) = Maz([r(A))a), hence Max(A)N
Da(z) = Max([r(A))a) N Dipay, (), so Maz(A) N Da(z) is a clopen subset of Maxz(A). O

According to this corollary, the assignment x — Max(A) N Da(x) defines a map f : B([r(4))a) —
Clop(Max(A)).

Proposition 4.23. The map f : B([r(A))a) — Clop(Max(A)) is a Boolean isomorphism.

Proof. Firstly, we prove that f is a Boolean morphism. Assume that x and y are two elements of the
Boolean algebra B([r(a))). We remark that the following equalities hold: f(xVy) = Max(A)NDa(zVy) =
(Maz(A) N (Da(x) UDa(y)) = Max(A) N Da(x)) U (Max(A) N Da(y)) = f(z)U f(y). Similarly, we have
fxAy) = f(z)N f(y). Tt is clear that f(r(A)) = Max(A) N Dy(r(A)) =0 and f(1) = Max(A), hence f is
a Boolean morphism.
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If f(z) =0, then Max(A)NDa(z) = 0, therefore m ¢ D z(x), for any maximal element m of A. It follows
that o < m, for any m € Maxz(A), i.e. x <r(A). Since r(A) <z, we get © = r(A). This shows that f is an
injective Boolean morphism.

Assume now that U is a clopen subset of Max(A). In accordance with Theorem 4.21 there exist ¢,d €
K(A) such that cvd =1, ¢d <r(A) and U = Max(A) N Da(c).

By using ¢Vd =1 and ed < r(A) the following equalities hold:

(cvr(A)Vv(dvr(A)=1

(¢ A (A)) y(a) (d A T(A)) = cd v r(A) = r(4),

hence e = ¢V r(A) € B([r(A))a) (by Lemma 2.2(4)). We have observed that Max(A) N Da(r(A)) =0,
therefore we get

fle) = Max(A) N Dy(e) = (Max(A)NDa(c)) U ((Max(A) N Da(r(A)) = Max(A) N Da(c) =U.

Thus f is a surjective map, so it is a Boolean isomorphism. O

Lemma 4.24. The Boolean morphism B(uf(A)) : B(A) — B([r(A))a) is injective.

Proof. Assume that e € B(A) and B(u;f‘(A))(e) =r(A). Thus eVr(A) =r(A), hence e < r(A). If e # 0 then
—e # 1, so —e < m, for some maximal element m of A. On the other hand we have e < r(A) < m, hence
1 = eV —e < m, contradicting that m € Maz(A). It follows that e = 0, so B(uf(A)) is injective. O

Now consider the map g : B(A) — Clop(Maz(A)) defined by g(e) = Maz(A)NDa(e), for any e € B(A).
It is straightforward that g is a Boolean morphism.

Recall that in general, r(a) does not have LP (see Example 4.19). The following result characterizes the
situation whenever r(A) has LP.

Theorem 4.25. The following properties are equivalent:
(1) r(A) has LP;
(2) g: B(A) — Clop(Max(A)) is a Boolean isomorphism.

Proof. For any e € B(A) the following equalities hold: f(B(uf(A))(e)) = flevr(A)) = Max(A)NDa(eV
r(A)) = Max(A) N (Da(e) UDa(r(A))) = Max(A) N Dy(e) = g(e) (because Maxz(A) N Da(r(A)) =0). It
follows that the following diagram is commutative in the category of Boolean algebras:

B(qu )
B(Ay—"“B([r(4)) )

\\f

Clop(Max(A))

Recall that f is a Boolean isomorphism (cf. Proposition 4.23) and B (uf( A)) is injective (cf. Lemma 4.24),
therefore, according to the previous commutative diagram it results that ¢ is injective. Then the following
equivalences hold: r(A) has LP iff B(uf( A)) is surjective iff ¢ is surjective iff ¢ is a Boolean isomorphism.
([

5 A Characterization Theorem and Its Consequences

We start this section by recalling the following characterization theorem of lifting ideals in a commutative
ring R (see Theorems 1.5 and 3.2 of [10] and Theorem 3.18 of [13]).



Lifting Elements in Coherent Quantales-TFSS Vol.1., No.1., (2022) 133

Theorem 5.1. [13] If I is an ideal of the commutative ring R then the following are equivalent
(1) I is a lifting ideal of R;

(2) If Ji,Jo are two coprime ideals of R such that JyJy C I then there exists an idempotent e of R such
thate € I + Jy and —e € I + Jo;

(3) If Ji, Jo are two coprime ideals of R such that JyJy = I then there exists an idempotent e of R such
that e € Jy and —e € Jo;

(4) If M is a mazimal ideal of R and M? is the ideal of R generated by {f € I|f = f?} then the quotient
ring R/(I + M®) has no nontrivial idempotents.

We remark that the property (4) of the previous theorem says that the Boolean algebra B(R/(I + M?))
of idempotents of R/(I + M?) is isomorphic to Ly = {0,1} (we include the case whenever Ls is a trivial
Boolean algebra).

Theorem 5.1 and some of its consequences were extended in [26] to the lifting congruences in a semide-
generate congruence modular algebra (see Theorem 6.3 of [20]).

In this section we shall prove a new extension of Theorem 5.1. We shall characterize the lifting elements
of a coherent quantale. Then we shall present some consequences of Theorem 5.1.

Let A be a coherent quantale. For any element a € A we shall denote a® = \/{e € B(A)le < a} (this
new element in a quantale was firstly defined in [24]). We remark that in the particular case when A is the
quantale Id(R) of the ideals in a commutative ring R we find the ring ”diamond construction”.

If R is a commutative ring and I € Id(R) then it is easy to see that I is equal to the ideal of R generated
by I N B(R); if L is a bounded distributive lattice and I € Id(L) then I° is equal to the ideal of L generated
by INB(R) (ie I°=[INDB(L))).

Recall that two elements a and b of the quantale A are coprime if a Vb = 1. If a and b are coprime then
ab=a A b (see Lemma 2(1) of [10]). For any set 2 we denote by || its cardinal number.

The following lemma emphasizes the way in which the reticulation preserves the diamond construction.

Lemma 5.2. If a € A then a*® = a®*.

Proof. Firstly, we observe that a*® is the ideal [a* N B(L(A))) of the lattice L(A) generated by a* N B(L(A))
and a®* = {Aa(c)|lc € K(A),c < a®}.

For proving the inclusion a®* C a*°, let x be an element of a®*, so © = A4(c) for some ¢ € K(A) such
that ¢ < a®. Since a® = \/{e € B(A)|e < a} and c is compact it follows that there exists e € B(A) such that
¢ < e < a. Recall that the map A4 is isotone and preserves the complemented elements. Then Aa(c) < Aa(e)
and Aa(e) € B(L(A)) Na*, so x = Aa(c) € [B(L(A)) Na*) = a*. Thus we obtain the inclusion a®* C a*°.

In order to prove the converse inclusion a*® C a®* it suffices to check that B(L(A)) Na* C a®*. If
x € B(L(A)) Na* then z = A4(c) for some compact element ¢ of A such that ¢ < a. By using Lemma 3.5,
from Aa(c) =z € B(L(A)) we get ¢" € B(A), for some integer n > 1. From ¢" < a and ¢" € B(A) we obtain
" < a® hence z = Ag(c) = Aa(c™) € a®*, therefore a*® C a®*.

U

Recall a famous theorem of Hochster [2%] (see also [12]): if L is a bounded distributive lattice then there
exists a commutative ring R such that the reticulation L(R) of R is isomorphic with L.

Let A be a coherent quantale and L(A) its reticulation. By applying the Hochster theorem one can find a
commutative ring R such the reticulations L(A) and L(R) are isomorphic lattices (we shall identify L(A) and
L(R)). For any element a of A, we know that a* is an ideal of the bounded distributive lattice L(A) = L(R),
so there exists a ring ideal I of R such that a* = I'* (cf. Lemma 3.1(2)).
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This previous construction is a bridge between rings and coherent quantales: by applying the transfer
properties of reticulations some results of ring theory can be exported to quantale theory and viceversa. The
following propositions are the first illustration of this thesis.

Proposition 5.3. Keeping the previous notations the following are equivalent
(1) a is a lifting element of A;
(2) The lattice ideal a* = I'* has Id — BLP;
(8) The ring ideal I of R is a lifting ideal.

Proof. By applying twice Corollary 4.10. (|

Proposition 5.4. Keeping the previous notations the following are equivalent
(1) The quantale A has LP;
(2) The isomorphic lattices L(A) and L(R) have Id — BLP;
(8) The ring R has the Lifting Idempotent Property.

Proof. By applying twice Corollary 4.11. (|

Let a be an arbitrary element of the coherent quantale A and m a maximal element of A. Then a* is an
ideal of the lattice L(A) and m* a maximal ideal of L(A). By using Corollary 3.4 one can find an ideal I of
R and a maximal ideal M of the ring R such that a* = I and m* = M*.

Lemma 5.5. Keeping the previous notations the following equality holds:
[B([a v m®)a)l = [B(R/(IV M?))|.

Proof. In accordance with Lemma 3.2(1) we have (a V m®)* = a* V m®*, so by using Proposition 4.7 we get
the following isomorphisms in the category of bounded distributive lattices:

L(lavm®)a) = L(A)/(aV m®)* = L(A)/(a" vV m>)

Thus, according to Corollary 3.6, we obtain the following sequence of Boolean isomorphisms:

B([aVv m®)4) ~ B(L([aV m®)4)) ~ B(L(A)/(aVm®)*) ~ B(L(A)/(a* V m®*).

In a similar way we obtain the Boolean isomorphism: B(R/(I V M?°)) ~ B(L(R)/(I* V M*®)).

By Lemma 5.2 and m* = M* we have m®* = m*® = M*® = M®*, hence the Boolean algebras B([aVm®) )
and B(L(R)/(I* vV M®*)) are isomorphic, so their cardinal numbers are equal.

O

Now we are ready to state and prove the following characterization theorem of lifting elements in a

coherent quantale.

Theorem 5.6. Let A be a coherent quantale. For any a € A the following are equivalent
(1) a has LP;

(2) If c,d are two coprime elements of A such that cd < a then there exists e € B(A) such thate < aVc
and —e < aVd;

(3) If c,d are two coprime elements of A such that cd = a then there exists e € B(A) such that e < ¢
and —e < d;

(4) If m is a mazximal element of A then |B(laV m®)4)| < 2.
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Proof. (1) = (2) Assume that a has LP and ¢,d are two coprime elements of A such that cd < a. Then
(aVe)V(avd)=1and (aVe)(aVd) =aVed=a,soaVcand aVd are two elements of the Boolean algebra
B([a)4) such that =*(a V ¢) =a Vd.

According to the hypothesis that a has LP there exists e € B(A) such that a Ve = B(ui)(e) = a V c.
Since B(uZ) is a Boolean morphism it follows that a Vd = =*(a V ¢) = =*(B(u2)(e)) = (ug‘)(—'e) =aV —e.
We conclude that e < aVcand —e <aVd.

(2) = (3) Assume that ¢, d are two coprime elements of A such that cd = a. By the hypothesis (2), there
exists e € B(A) such that e < aVcand —e < aVd. Remark that ¢ = ¢(cVd) = cdV c¢? = aVc?, hence a < c.
Similarly, we have a <d, so e < aVc=cand —e < aVd=d, hence the assertion (3) follows.

(3) = (1) Let us consider that x € B([a)4) so there exists y € B([a)4) such that y = —%(x), hence
xVy=1(ie. x,y are coprime) and zyVa =12,y = a, so xy < a. Since a < z, a <y and z,y are coprime
we have a < x Ay = xy, so xy = a. Then one can apply the hypothesis (3), so there exists e € B(A) such
that e < z and —e < y.

Recall that uZ is a quantale morphism and u?| B = B (u) is a Boolean morphism. Thus from e <
we get uZ(e) < ul(z) = x. On the other hand, —e < y implies ~%(uZ(e)) = ul(—e) < ul(y) = y, hence
= —%y) < ul(e). It follows that z = u?(e) = B(u2)(e), so the map B(ul) : B(A) — B([a)) is surjective.
Then a has LP.

(1) & (4) We shall prove this equivalence by using the reticulation construction in order to obtain a
translation of results from lifting ring ideals to lifting elements of the quantale A.

Let R be a commutative ring such that L(A) and L(R) are isomorphic lattices (we will assume that
L(A) = L(R)). Consider an element a of A; a* is an ideal of L(A) so one can find an ideal I of R such that

* = I*. Due to Corollary 3.4, both spaces Max(A) and Max(R) are homeomorphic with Max(L(A)) =
Max(L(R)). Then for any m € Maz(A) one can find M € Maz(R) such that m* = M™*; conversely, for any
M € Maz(R) one can find m € Max(A) such that M* = m*.

According to Theorem 5.1, Corollary 4.10 and Lemma 5.5, the following properties are equivalent:

e o has LP (in the quantale A);

e o = I* has Id — BLP (in the lattice L(A));

e [ is a lifting ideal of R;

o If M is a maximal ideal of R then R/(I vV M?) has no nontrivial idempotents;

o If m is a maximal element of A then |B([aV m®)4)| < 2.

Therefore the equivalence (1) < (4) follows.

U

Remark 5.7. The previous proof of the equivalence (1) < (4) is based on the corresponding equivalence
(1) < (4) in Theorem 5.1. One can pose the problem to do a direct proof of this equivalence, without using
Theorem 5.1 and the reticulation. We shall present here a direct proof of implication (4) = (1).

Let us assume that for any mazimal element m of A we have |B([a V m®)4)| < 2.

In order to prove that a has LP, consider an element f of B(la)a). We want to prove that (f —
a)®V (=*(f) — a)® = 1. Assume by absurdum that (f — a)°V (=*(f) — a)® < 1, so that (f — a)°V (=%(f) —
a)® < m, for some mazximal element m of A.

According to the hypothesis (4), B([aV m®)4) = {a vV m®,1}. By applying Lemma 4.4(5), f € B([a)a)
implies f Vv m® € B([aV m®)a). We shall distinguish two cases:

(@) fVm® =aVvm®. Weremark that f <avm® = \/{aVele € B(A),e <m} and f is a compact element
of [a)a, so there exists e € B(A) such that e < m and f < aVe. By Lemma 2.2(3) we have f < —e — a,
hence —e < f — a. Since —e € B(A), it follows that —e < (f — a)® < m, contradicting e < m (because
e <m and —e < m imply 1 = eV —e < m and m is a mazimal element of A).

(b) =™ (fVm®) =aVm®. We remark that B([aV m®)4) = B([a V m°)[ay,) and
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SV (f ) = 0 (WA () = ul)Ae (<4(f) = ~(f) V a v m® = =¢(f) vV m°.

Then =*(f) Vm® = aV m®, hence =*(f) < aVm®. By using the compactness of =*(f) in [a)a and the
inequality —=°(f) < \/{a Vele € B(A),e < m}, we get =*(f) < a Ve, for some e € B(A) with the property
that e < m. Thus =*(f) < —e — a, hence me < =*(f) — a, resulting e < (=%(f) — a)® < m (because of
—e € B(A)). It follows that 1 = eV —e < m, contradicting that m € Max(A).

In both cases (a) and (b) we obtained a contradiction, therefore the equality (f — a)°V (=*(f) = a)® =1
holds. According to this equality, there exist e1,ea € B(A) such that e; Vea =1, e1 < f — a and ea <
~9(f) > a.

From e; Ves =1 and e; < f — a we get meg < e1 < f — a, therefore mea V a < f — a (because
a < f—a). Therefore =*(eaVa) = (e2Va) >a=e —a=-e3Va<f—a=-%f). We observe that f
and ez V a are elements of B([a)a), so from =%(ea V a) < =%(f) we get f < eV a.

On the other hand, we remark that the inequality ea < —*(f) — a implies =°(f) < ez - a = (e2 Va) —

a = —%eg V a), which implies ea V a < f. We conclude that f = ea Va = B(ug‘)(eg), so a has LP.
Remark 5.8. [t is clear that Theorem 5.6 extends Theorem 5.1 to the abstract framework of quantale theory.
On the other hand, Theorem 6.3 of [20] generalizes Theorem 5.1 to a framework of universal algebra: it
characterizes the lifting congruences of a semidegenerate congruence modular algebra M. We observe that in
general Theorem 6.3 of [20] is not a consequence of Theorem 5.6 (because the set Con(M) of congruences of
the algebra M does not have a quantale structure). In the very special case when the commutator operation
of Con(M) is associative, Con(M) becomes a coherent quantale and Theorem 5.6 can be applied, so Theorem
6.3 of [20] can be deduced from our main result.

An ideal I of a commutative ring R is regular if it is generated by a set of idempotents of A (see [1]).
Then [ is regular if and only if I = I°. Similarly, an ideal J of a bounded distributive lattice L is regular if
it is equal to the ideal [J N B(L)) generated by J N B(L). It is clear that J is regular if and only if J = J°.
According to [24], an element a of a quantale A is regular if it is a join of complemented elements. It is
obvious that a is regular if and only if a = a®. Of course, a® is a regular element of A.

The following lemma shows that the function (-)* : A — Id(L(A)) maps the regular elements of A to
regular ideals of L(A).

Lemma 5.9. If a is a reqular element of A then a* is a regular ideal of L(A).

Proof. We want to prove that a* = [a* N B(L(A))). Assume that x is an element of a*. By Lemma 3.2(1),
the following hold:

a* = (\{ele € B(A),e <a})* =\{e*le € B(A),e <a}

hence there exist ey, ,e, € B(A) such that ¢; < a, for i =1,--- ,nand z € \/_; ef = (\/;_; e)* (the
last equality follows by using Lemma 3.2(1)).

Denoting e = \/}__; e; we have e € B(A), e < a and z € €*, so there exists ¢ € K(A) such that z = Xs(c)
and ¢ < e. Therefore © = Aa(c) < Aa(e), hence x € [a* N B(L(A))). We conclude that a* C [a* N B(L(A))),
and the converse inclusion is obvious.

O
Lemma 5.10. If I is a regular ideal of L(A) then there exists a reqular element b of A such that I = b*.

Proof. Assume that I is a regular ideal of L(A), so I°® = I. Let us define b = (I,)°. Then b is a regular
element of A and, by using Lemmas 5.2 and 3.1(2), we get b* = (([,)°)* = ((L)*)°*=1°=1. O

Example 5.11. Let us consider the frame A = {0,a,b,c,d, e, 1}, defined by the following diagram:



Lifting Elements in Coherent Quantales-TFSS Vol.1., No.1., (2022) 137

We observe that B(A) = {0,1}, B(la)a) = B({a,c,d,e,1} = {a,1} and B([b)a) = B({b,c,d,e,1} =
{b, 1}, therefore a and b are lifting elements of A. On the other hand, B([c)4) = B({¢,d,e,1}) = {¢,d, e, 1},
hence the Boolean morphism B(u?) : B(A) — B([c)4) is not surjective. We conclude that ¢ = a \V b is not a
lifting element of A.

According to the previous example, the join a V b of two lifting elements a and b of a coherent quantale A
is not necessarily a lifting element of A. The following proposition and its corollary emphasize an important
case whenever it happens.

Proposition 5.12. Let a and b be two elements of the quantale A. If a has LP and b is a reqular element
of A then a Vb is a lifting element of A.

Proof. According to Theorem 5.6, in order to prove that a V b is a lifting element of A it suffices to check
that for any maximal element m of A we have

|B(f[aVbVvm®)4)| <2.

Assume that m € Maxz(A). Let R be a commutative ring such that the reticulations L(R) and L(A) of
R and A are identical. One can find an ideal I of the ring R and a maximal ideal M of R such that I* = a*
and M* =m*.

By Lemma 5.9, b* is a regular ideal of the lattice L(A), hence, by using Lemma 5.10, one can find a regular
ideal J of R such that J* = b*. We observe that (I V J)* =I*V J* =a*Vb* = (a Vb)* (cf. Lemma 3.2(1)).

An application of Lemma 5.5 for the pairs (a vV b,m), (I V J, M) gives the equality |B([a VbV m®)4)| =
|B(R/(IV JV M?))|.

Since a has LP it results that the ideal I* = a* of L(A) has Id — BLP (cf. Corollary 4.10). A new
application of Corollary 4.10 shows that I is a lifting ideal of R. Recall that J is a regular ideal of R, so, by
using Corollary 3.19 of [13], it follows that I V J is a lifting ideal of R.

According to Theorem 5.6, we have |B(R/(IVJVM?))| < 2, therefore we conclude that |B([aVbvm®) )| <
2. Thus a V b is a lifting element of A. g

We have seen in Section 4 that any complemented of A is a lifting element. This property will be
generalized by the following corollary.

Corollary 5.13. Any reqular element of the coherent quantale A is a lifting element of A.

Proof. Assume that b is a regular element of A. It is obvious that 0 has LP. If one takes a = 0 in
Proposition 5.12 it follows that b =0V b has LP. O

Let us consider the quantale A = {a,b,c,d,1} from Example 4.19. We observe that B(A) = {0, 1},
B([a)a) = {a,1} and B([c)a) = {¢,1}, hence a and c are lifting elements. On the other hand, we have
B([b)a) = {b,a,c,1}, so b = a A ¢ is not a lifting element. This example shows that in general the meet of
two lifting elements is not a lifting element. The following proposition achieves a particular case whenever
the meet of two lifting elements is a lifting element.
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Proposition 5.14. Let a,b be two non-coprime elements of A. If a has LP and |B([b)a)| < 2 then a Ab has
LP.

Proof. Assume that a,b are two non-coprime elements of A, a has LP and |B([b)a)| < 2.

Let R be a commutative ring such that L(A) and L(R) are identical. We can find two ideals I, J of R
such that I* = a* and J* = b*. Then [ is a lifting ideal of the ring R (by Proposition 5.3).

By using Proposition 4.7 we get |B([b)a)| = |B(L(A)/b*)| = |B(L(R)/J*)| = |B(R/J)|.

According to the hypothesis |B([b)a)| < 2, we get the inequality |B(R/J)| < 2, i.e. the quotient ring
R/J has no nontrivial idempotents. Since a Vb < 1, we have a V b < m, for some maximal element m
of A. One can find a maximal ideal M of R such that m* = M*. In accordance with Lemma 3.2(1) we
have (I vV J)* = I*"VJ" = a* Vb = (aVb)* C m" = M* hence, by applying Lemma 3.1(2) we get
IvVJ=(UIVJ)) C(M*) =M. Thus I,J are non—coprime ideals of the ring R, therefore we can apply
Proposition 1.2 of [10] or Proposition 3.2 of [13]. It follows that I N .J is a lifting ideal of R. By using
Lemma 3.2(2) we have (a Ab)* = a* Nb* = I*NJ* = (I NJ)* hence a Ab is a lifting element of A (by
Proposition 5.3).

O
Recall from [30] that a ring R is said to be a clean ring if any element of R is the sum of a unit and an
idempotent. An important theorem of [30] asserts that a commutative ring R is a clean ring if and only if

any ideal of R is a lifting ideal (i.e. the quantale Id(R) has LP). By Corollary 4.11, the following lemma
holds:

Lemma 5.15. A commutative ring R is a clean ring if and only if the reticulation L(R) of R has Id— BLP.

Proposition 5.16. Let a be an element of a coherent quantale A such that a < r(A). If the quantale [a) 4
has LP then A has LP.

Proof. Let us consider a commutative ring R such that L(A) = L(R) so there exists an ideal I of R such
that a* = I*. Assume that M is a maximal ideal of the ring R, so M™ is a maximal ideal of the lattice
L(A) = L(R). Thus one can find a maximal element m of A such that m* = M*. By the hypothesis, we
have a < m, so I* = a* C m* = M*. Tt follows that I C /T = (I*), C (M*), = M (by Lemma 3.1,(2) and
(7)), therefore I C Rad(R) (recall that Rad(R) is the Jacobson radical of the ring R).

By using Proposition 4.7 we get the following lattice isomorphisms: L([a)4) ~ L(A)/a* ~ L(R)/I* ~
L(R/I), hence, by applying Corollary 4.11, the following implications hold:

[a)a has LP = L([a)a) has Id — BLP = L(R/I) has Id — BLP = R/I is a clean ring.

According to Proposition 1.5 of [30], R is a clean ring. Then the lattice L(A) = L(R) has Id — BLP, so
A has LP (by Corollary 4.11).

U

Following [10], a quantale A is said to be B-normal if for all coprime elements a,b of A there exist
e,f € B(A) such that aVe =0V f =1 and ef = 0. By using Theorem 5.6 we present here a short proof of
the following result of [10]:

Proposition 5.17. A coherent quantale A has LP if and only if A is B-normal.

Proof. Assume that A has LP and a,b are two coprime elements of A. Let us denote x = ab. By applying
the condition (3) of Theorem 5.6 for x, one can find e € B(A) such that e < a and —e < b. Denoting f = —e
it follows that aV f =bVe =1 and ef = 0, hence A is B—normal.

Conversely, let us suppose that the quantale A is B—normal. Let a, x,y be three elements of A such that
x,y are coprime and a = zy. Since A is B-normal, there exists e, f € B(A) such that xt Ve =0V f =1 and
ef =0. Then =e - x = =f — y =1 (cf. Lemma 2.2(3)) and e < —f, therefore e < —f <y and —e < z.
Thus the property (3) of Theorem 5.6 is verified, so A has LP.
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O
Recall from [37] that a quantale A is normal if for all coprime elements a, b of A there exist z,y € A such
that aVe=bVy=1and zy = 0.

Proposition 5.18. [10] If A is a normal coherent quantale then the Jacobson radical r(A) of A is a lifting
element.

Proof. It suffices to verify the condition (3) of Theorem 5.6. Let ¢,d € K(A) such that cVd =1 and ed =
r(A). Since A is normal there exist ,y € A such that cvVz =dVy =1and 2y =0,s0 xVyVec=xVyVd=1.
According to Lemma 2(2) of [10] we have 2 VyV (c¢d) =1, hence x Vy Vr(A) = 1. By applying Lemma 22 of
[10], it follows that zVy = 1. From xVy = 1 and zy = 0 we get z,y € B(A) and y = -z (cf. Lemma 2.2(4)).
We observe that Ve =1 implies y = y(zVe¢) = zyVey = ¢y, so y < ¢. Similarly, yVd = 1 implies y < d.
We have proven that y € B(A), y < ¢ and —y < d, therefore the condition (3) of Theorem 5.6 is verified.
U

6 Concluding Remarks

The study of the coherent quantales with Boolean Lifting Property (LP) and the elements with LP began
in [10]. The results of [10] are focused on quantales with LP rather than on elements with LP. The present
paper deals with the lifting elements of a coherent quantale (= the elements that satisfy LP).

We proved many algebraic and topological properties of lifting elements in a coherent quantale. Among
them we mention a characterization theorem and a lot of its consequences (new or old results). The inspiration
points of the paper are the results obtained in [10] and [13] for the lifting ideals in commutative rings.

Two methods are applied to prove the results of this paper. The first one consists in applying a proposition
that provides an isomorphism between the Boolean center B(A) of a coherent quantale A and the Boolean
algebra of clopen subsets of the prime spectrum Spec(A) of A. The second method uses the transfer properties
of the reticulation L(A) of A. According to a Hochster theorem [28], for any coherent quantale A one can
find a commutative ring R such that the results on the lifting ideals of R can be transferred to the lifting
elements of A.

Our general results can be applied to concrete algebraic structures for which a Boolean Lifting Property
can be defined: rings, bounded distributive lattices, commutative I-groups, orthomodular lattices, MV -
algebras, BL- algebras, pseudo- BL algebras, residuated lattices, etc.

An important open problem is to extend the construction of reticulation and the study of lifting properties
from quantales to more larger classes of multiplicative lattices.
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