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Abstract. The paper aims to introduce some fixed point results in the setting of sequential compact b-metric spaces
to prove Eldeisten-Suzuki-type contraction for self-mappings. These contributions extend the existing literature on
fixed point for ordered metric spaces and fixed point theory. Through illustrative examples, we showcase the
practical applicability of our proposed notions and results, demonstrating their effectiveness in real-world scenarios.
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1 Introduction
The Banach fixed point theorem, originally proved by Stefan Banach [1] in 1922, is one of the most foun-
dational and influential results in the field of fixed point theory. It states that a contractive mapping on a
complete metric space has a unique fixed point. Since its introduction, the theorem has been generalized
and extended in many ways, with applications in a variety of scientific disciplines. In particular, generalized
metric spaces have been shown to be an extremely useful tool for studying fixed points in Banach spaces.
The Banach contraction principle has been the subject of much research in recent years, with many different
extensions and generalizations being explored. For example, Ran and Reurings [2] considered the existence of
fixed points for mappings in partially ordered metric spaces, while Nieto and Lopez [3] extended this result to
non-decreasing mappings. Another notable result is that of solving partial differential equations with periodic
boundary conditions. Since its introduction, the Banach contraction mapping principle has been generalized
and refined in numerous ways, leading to a wealth of articles dedicated to its improvement [4, 5, 6, 7, 8, 9, 10].
Czerwik’s introduction of b-metric spaces [11] was a significant development in the field of generalized metric
spaces. He weakened the triangle inequality in a metric space, which led to a generalized form of the Banach
contraction principle. Building on this work, Boriceanu [12] provided concrete examples of b-metric spaces
and investigated the fixed-point properties of set-valued operators in these spaces. Furthermore, Hussain
et al. [13] introduced a new type of generalized metric space known as a dislocated b-metric space, which
further extends the possibilities of the Banach contraction principle.
In 1962, mathematician Martin Edelstein [14] proved a generalization of the Banach contraction principle, a
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fundamental result in fixed point theory. Edelstein’s generalization is sometimes referred to as the Edelstein
fixed point theorem. It states that if a generalized metric space satisfies certain conditions, then a mapping
that is contractive in the generalized metric has a unique fixed point. Motivated by the work of Banach and
Edelstein, mathematician Suzuki [15] proved a refinement of their fixed point theorems, known as Suzuki’s
fixed point theorem. This result states that if a metric space satisfies certain additional conditions, a con-
tractive mapping on the space has a unique fixed point. Many authors have proposed variants of Suzuki’s
theorem, such as those in [16, 17, 18, 19].
Based on the above insight, we present some fixed point results in the setting of sequential compact b-metric
spaces to prove Eldeisten-Suzuki-type contraction for self-mappings and apply our main results to establish
the existence of fixed point for ordered metric spaces. Through illustrative examples, we showcase the practi-
cal applicability of our proposed notions and results, demonstrating their effectiveness in real-world scenarios.

The common notations and terminology used in nonlinear analysis are utilized throughout this work.

2 Preliminaries
We begin this section by outlining a few fundamental definitions.

Definition 2.1. [20] Assume that d : X ×X → [0,+∞) and X are non-empty sets. (X, d) is a symmetric
space (also known as an E-space) if and only if it meets the requirements listed below:
i. d(x, y) = 0 if and only if x = y;
ii. d(x, y) = d(y, x) for all x, y ∈ X.

Remark 2.2. [20] In the absence of triangle inequality, symmetric spaces are different from more practical
metric spaces. However, a lot of concepts have definitions that are comparable to those in metric spaces.

Definition 2.3. [20] A sequence {xn} has a limit point in a symmetric space (X, d) defined by lim
n→+∞

d(xn, x) =

0 if and only if lim
n→+∞

xn = x.

Definition 2.4. [20] If, for every given ϵ > 0, there exists a positive integer n(ϵ) such that d(xm, xn) < ϵ for
all m,n > n(ϵ), then a sequence {xn} ⊂ X is a Cauchy sequence.

Definition 2.5. [20] If every Cauchy sequence in a symmetric space (X, d) converges to a point x in X, then
the space is considered complete.

Definition 2.6. [21] Let s ≥ 1 be a given real integer and let X be a nonempty set. A function d : X×X →
[0,+∞) is considered a b-metric if and only if each of the subsequent requirements holds for any x, y, z ∈ X:
i. d(x, y) = 0 if and only if x = y;
ii. d(x, y) = d(y, x);
iii. d(x, z) ≤ s[d(x, y) + d(y, z)].
A triplet (X, d, s) is called a b-metric space.

Remark 2.7. [21] The definitions of complete space, Cauchy sequence, and convergent sequence are defined
as in symmetric spaces.

Definition 2.8. [5] If there is a subsequence {xnk
} of {xn} that converges to a point x in X for each sequence

{xn} in X, then a b-metric space (X, d, s) is sequentially compact.

Example 2.9. [20] Let d : X×X → [0,+∞) and X = [0, 1] be defined by d(x, y) = (x−y)2, for all x, y ∈ X.
Obviously, (X, d, 2) is a b-metric space.
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Definition 2.10. [17] Assume that X is a non-empty set. (X,≼) is referred to as an ordered b-metric space
if (X, d, s,≼) is a b-metric space and (X,≼) is a partially ordered set. When x ≼ y or y ≼ x holds, then
x, y ∈ X are referred to as comparable.

Definition 2.11. [22, 23] If (X,≼) is a partially ordered set, then a self-mappings f is dominated if and only
if x ≼ fx for all x in X and fx ≼ x for all x in X.

Definition 2.12. [20] A sequential limit comparison property of an ordered b-metric space (X, d, s,≼) exist
if, for each decreasing sequence {xn} in X such that xn → x ∈ X, then x ≺ xn.

Definition 2.13. [24, 25] Let f, g : X → X and (X, d) be a metric space. If fx = gx, then there is a
coincidence point at x ∈ X for a pair of self mappings f and g. Additionally, if fx = gx = x, then a point
x ∈ X is a common fixed point of f and g.

Definition 2.14. [20] For every sequence {(xn, yn)} ⊂ [0,+∞) × [0,+∞), then F : [0,+∞) × [0,+∞) →
[0,+∞) is referred to as upper semi-continuous from the right if and only if lim

n→+∞
xn = x+ and lim

n→+∞
yn = y+,

then

lim
n→+∞

supF (xn, yn) ≤ F (x, y).

We represent Ψ the collection of all the functions ϕ : [0,+∞)× [0,+∞) → [0,+∞) satisfying the following
conditions:
(ϕ1) ϕ admits upper semi-continuous from the right;
(ϕ2) ϕ(t, 0) ≤ t for all t ≥ 0.

Definition 2.15. [20] Consider the b-metric space (X, d, s). The collection of all the functions αL : X×X →
[0,+∞) satisfying the following assertions is also denoted by ΨL.
(α1) if {xn} and {yn} are two sequences in (X, d, s) such that xn → x and yn → y, then

lim
n→+∞

supαL(xn, yn) ≤ αL(x, y),

(α2) αL(x, y) = 0 when x = y.

3 Main Results
Here is the Theorem that we use to start this section.

Theorem 3.1. Let f be a self mapping on X and (X, d, s) be a sequential compact b-metric space. Suppose
that

d(fx, fy) < a1d(x, y) + a2
d(x, fx)d(x, fy) + d(y, fx)d(y, fy)

d(y, fx) + d(x, fy)
+ a3

d(x, fx)d(y, fy)

d(x, y)
+
a4
s
d(x, fy) + Ld(y, fx)

(3.1)

for all x, y ∈ X, x ̸= y, where a1 + a2 + a3 +2a4 = 1, a3 ̸= 1, L ≥ 0 and satisfies the following conditions:
i. If f and d are continuous,
then f possesses a fixed point in X.
Additionally,
ii. If a1 + a4

s + L ≤ 1;
then f possesses a unique fixed point.
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Proof. Let us take any arbitrary point x0 ∈ X and let {xn} in X be defined as xn = fnx0 = fxn−1. If
xn = xn−1 for some n ≥ 1, then xn is a fixed point of f and the proof is finished.

Now, let dn = d(xn, xn+1) and dn−1 = d(xn−1, xn) for all n ∈ N. Assume that xn ̸= xn+1, for all n ≥ 1.
From condition (3.1) with x = xn−1 and y = xn, we get

dn =d(xn, xn+1) = d(fxn−1, fxn)

< a1d(xn−1, xn) + a2
d(xn−1, fxn−1)d(xn−1, fxn) + d(xn, fxn−1)d(xn, fxn)

d(xn, fxn−1) + d(xn−1, fxn)

+ a3
d(xn−1, fxn−1)d(xn, fxn)

d(xn−1, xn)
+
a4
s
d(xn−1, fxn) + Ld(xn, fxn−1)

= a1d(xn−1, xn) + a2
d(xn−1, xn)d(xn−1, xn+1) + d(xn, xn)d(xn, xn+1)

d(xn, xn) + d(xn−1, xn+1)

+ a3
d(xn−1, xn)d(xn, xn+1)

d(xn−1, xn)
+
a4
s
d(xn−1, xn+1) + Ld(xn, xn)

= a1dn−1 + a2dn−1 + a3dn +
a4
s
d(xn−1, xn+1)

≤ a1dn−1 + a2dn−1 + a3dn + a4[dn−1 + dn]. (3.2)

From (3.2), we get [1− (a3 + a4)]dn < (a1 + a2 + a4)dn−1. Since a1 + a2 + a3 + 2a4 = 1 and a3 ̸= 1, we have
[1− (a3 + a4)] > 0 and so

dn <
a1 + a2 + a4
1− (a3 + a4)

dn−1 = dn−1.

Consequently, {dn} is a decreasing sequence of positive real numbers and hence there exists d∗ ≥ 0 such that
lim
n→∞

dn = d∗. By using the sequentially compactness of X, there exists a subsequence {xni} of {xn} such
that xni → x∗ ∈ X as i→ +∞. Again, by using the continuity of d and f , we have

dni = d(xni , xni+1) = d(xni , fxni) → d(x∗, fx∗) as i→ +∞

Similarly,

dni+1 = d(xni+1, xni+2) = d(fxni , ffxni) → d(fx∗, ffx∗) as i→ +∞.

If x∗ = fx∗, then f has a fixed point. Assume that x∗ ̸= fx∗, d∗ = d(x∗, fx∗) > 0, with x = x∗ and y = fx∗

in (3.2), we have

d∗ = d(fx∗, ffx∗)

< a1d(x
∗, fx∗) + a2

d(x∗, fx∗)d(x∗, ffx∗) + d(fx∗, fx∗)d(fx∗, ffx∗)

d(fx∗, fx∗) + d(x∗, ffx∗)

+ a3
d(x∗, fx∗)d(fx∗, ffx∗)

d(x∗, fx∗)
+
a4
s
d(x∗, ffx∗) + Ld(fx∗, fx∗)

≤ (a1 + a2 + a3)d
∗ +

a4
s
d(x∗, ffx∗)

≤ (a1 + a2 + a3)d
∗ + a4[d(x

∗, fx∗) + d(fx∗, ffx∗)]

= (a1 + a2 + a3 + 2a4)d
∗ = d∗,

a contradiction. Hence, d∗ = d(x∗, fx∗) = 0, that is x∗ = fx∗. Thus, x∗ represent a fixed point of f .
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To prove the uniqueness of the fixed point, suppose z is another fixed point of f different from x∗, so that
d(z, x∗) > 0. Using x = z and y = x∗ in (3.1), we have

d(z, x∗) = d(fz, fx∗)

< a1d(z, x
∗) + a2

d(z, fz)d(z, fx∗) + d(x∗, fz)d(x∗, fx∗)

d(x∗, fz) + d(z, fx∗)

+ a3
d(z, fz)d(x∗, fx∗)

d(z, x∗
+
a4
s
d(z, fx∗) + Ld(x∗, fz)

=
(
a1 +

a4
s

+ L
)
d(z, x∗)

≤ d(z, x∗),

a contradiction and hence z = x∗. □
Example 3.2. Consider X = [0, 1] and assume d : X ×X → [0,+∞). endowed with d(x, y) = (x− y)2, for
all x, y ∈ X. Then, let f : X → X be defined as

f(x) =
1

4(x2 + 1)
.

Clearly, (X, d, 2) represent a sequentially compact b-metric space. Since

d(fx, fy) =

∣∣∣∣ x+ y

4(x2 + 1)(y2 + 1)

∣∣∣∣2 |x− y|2 < |x− y|2 = d(x, y) for all x, y ∈ X,x ̸= y.

Thus, all the hypotheses of Theorem 3.1 are verified, with a1 = 1, a2 = a3 = a4 = L = 0 and hence f has a
unique fixed point.

Corollary 3.3. Let f be a self mapping on X and (X, d, s) be a sequential compact b-metric space. Suppose
that

d(fx, fy) < a1d(x, y) + a2
d(x, fx)d(y, fy)

d(x, y)
+
a3
s
d(x, fy) + Ld(y, fx) (3.3)

for all x, y ∈ X, x ̸= y, where a1 + a2 + a3 +2a4 = 1, a2 ̸= 1, L ≥ 0 and satisfies the following conditions:
i. If f and d are continuous,
then f possesses a fixed point in X.
Additionally,
ii. If a1 + a4

s + L ≤ 1;
then f possesses a unique fixed point.
Proof. Theorem 3.1 provides the basis for the Corollary’s proof. □
Corollary 3.4. Let f be a self mapping on X and (X, d, s) be a sequential compact b-metric space. Suppose
that

d(fx, fy) < a1
d(x, fx)d(x, fy) + d(y, fx)d(y, fy)

d(y, fx) + d(x, fy)
+ a2

d(x, fx)d(y, fy)

d(x, y)
+
a3
s
d(x, fy) + Ld(y, fx) (3.4)

for all x, y ∈ X, x ̸= y, where a1 + a2 + 2a3 = 1, a2 ̸= 1, L ≥ 0 and satisfies the following conditions:
i. If f and d are continuous,
then f possesses a fixed point in X.
Additionally,
ii. If a1 + a3

s + L ≤ 1;
then f possesses a unique fixed point.
Proof. It is evident that the proof of the Corollary follows from Theorem 3.1. □
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Corollary 3.5. Let f be a self mapping on X and (X, d, s) be a sequential compact b-metric space. Suppose
that

d(fx, fy) < a1d(x, y) + a2
d(x, fx)d(x, fy) + d(y, fx)d(y, fy)

d(y, fx) + d(x, fy)
+ a3

d(x, fx)d(y, fy)

d(x, y)
+
a4
s
d(x, fy) (3.5)

for all x, y ∈ X, x ̸= y, where a1 + a2 + a3 +2a4 = 1, a3 ̸= 1, L ≥ 0 and satisfies the following conditions:
i. If f and d are continuous,
then f possesses a fixed point in X.
Additionally,
ii. If a1 + a4

s + L ≤ 1;
then f possesses a unique fixed point.
Proof. Theorem 3.1 provides the proof of the Corollary in the case where L = 0. □

The next theorem is the Suzuki type fixed point result.

Theorem 3.6. Let f be a self mapping on X and (X, d, s) be a sequential compact b-metric space. Suppose
that

1

2s
d(x, fx) < d(x, y)

implies

d(fx, fy) < φ

(
d(y, fx),

d(x, fx)d(x, fy) + d(y, fx)d(y, fy)

d(y, fx) + d(x, fy)

)
+ αLd(y, fx) (3.6)

for all x, y ∈ X and d is continuous, then f has a fixed point.

Proof. Let r = inf d(x, fx) : x ∈ X. We define a sequence {xn} in X be

lim
n→∞

d(xn, fxn) = r. (3.7)

Since X is sequentially compact, we assume that xn → u and fxn → v with u, v ∈ X. Now we prove that
r = 0. Assume on the contrary that r > 0. Using the continuity of d, we have

lim
n→+∞

d(xn, v) = (u, v) = lim
n→+∞

d(xn, fxn) = r (3.8)

and

lim
n→+∞

d(u, fxn) = (u, v) = lim
n→+∞

d(xn, fxn) = r. (3.9)

Hence, there exists n1 ∈ N such that
2

3s
< d(xn, v) and d(xn, fxn) <

4

3
f, for all n ≥ n1.

For all n ≥ n1, we have
1

2s
d(xn, fxn) <

1

2s

4

3
r =

1

s

2

3
r <

1

s
d(xn, v) ≤ d(xn, v),

and by (3.6), we get

d(fxn, fv) < φ

(
d(v, fxn),

d(xn, fxn)d(xn, fv) + d(v, fxn)d(v, fv)

d(v, fxn) + d(xn, fv)

)
+ αLd(v, fxn). (3.10)
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Taking the limsup as n→ +∞ in (3.10), we get

d(v, fv) = lim sup
n→+∞

d(fxn, fv)

≤ lim sup
n→+∞

φ

(
d(v, fxn),

d(xn, fxn)d(xn, fv) + d(v, fxn)d(v, fv)

d(v, fxn) + d(xn, fv)

)
+ lim sup

n→+∞
αLd(v, fxn)

≤ φ(0, d(u, v)) + αLd(v, v) ≤ d(u, v) = r. (3.11)

Thus, from (3.11), we have d(v, fv) = r. Since r > 0, v ̸= fv. So
1

2s
d(v, fv) < d(v, fv).

And by condition (3.6), we get

d(fv, ffv) < φ

(
d(fv, fv),

d(v, fv)d(v, ffv) + d(fv, fv)d(fv, ffv)

d(fv, fv) + d(v, ffv)

)
+ αLd(fv, fv)

implies

d(fv, ffv) < d(v, fv) = r, (3.12)

a contradiction with the given definition of r. Thus, r = 0 and hence u = v. Now, we prove by contradiction.
Assume on the contrary that f does not have fixed points. Since

1

2s
d(xn, fxn) < d(xn, fxn), for all n ≥ 1,

by condition (3.6), we have

d(fxn, ffxn) < φ

(
d(fxn, fxn),

d(xn, fxn)d(xn, ffxn) + d(fxn, fxn)d(fxn, ffxn)

d(fxn, fxn) + d(xn, ffxn)

)
+ αLd(fxn, fx)

implies

d(fxn, ffxn) < d(xn, fxn), for all n ≥ 1. (3.13)

From

d(u, ffxn) ≤ s[d(u, fxn) + d(fxn, ffxn)] ≤ s[d(u, fxn) + d(xn, fxn)],

as n→ +∞, we have f2xn → u and fxn → u. Suppose that there exists n ≥ 1 such that
1

2s
d(xn, fxn) ≥ d(xn, u) and 1

2s
d(fxn, ffxn) ≥ d(fxn, u),

then by (3.13), we get

d(xn, fxn) ≤ s[d(xn, u) + d(u, fxn)]

≤ s
1

2s
d(xn, fxn) + s

1

2s
d(fxn, ffxn)

≤ 1

2
d(xn, fxn) +

1

2
d(xn, fxn)

= d(xn, fxn),
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a contradiction. Hence, for every n ≥ 1, we have
1

2s
d(xn, fxn) < d(xn, u), or 1

2s
d(fxn, ffxn) < d(fxn, u).

By (3.6) for each n ≥ 1,

d(fxn, fu) < φ

(
d(u, fxn),

d(xn, fxn)d(xn, fu) + d(u, fxn)d(u, fu)

d(u, fxn) + d(xn, fu)

)
+ αLd(u, fxn) (3.14)

or

d(ffxn, fu) < φ

(
d(u, ffxn),

d(fxn, ffxn)d(fxn, fu) + d(u, ffxn)d(u, fu)

d(u, ffxn) + d(fxn, fu)

)
+ αLd(u, ffxn) (3.15)

(3.14) and(3.15) hold.
Assume that (3.14) holds for every n ∈ J ⊂ N. If J is infinite set, then

d(u, fu) = lim sup
n→+∞,n∈J

d(fxn, fu)

≤ lim sup
n→+∞,n∈J

φ

(
d(u, fxn),

d(xn, fxn)d(xn, fu) + d(u, fxn)d(u, fu)

d(u, fxn) + d(xn, fu)

)
+ lim sup

n→+∞,n∈J
αLd(u, fxn)

≤ 0,

Thus, u = fu. The same conclusion satisfies if N \ J represents an infinite set, in this case we use condition
(3.15). In (3.14) and (3.15), we have shown that u is a fixed point of f . □
Corollary 3.7. Let f be a self mapping on X and (X, d, s) be a sequential compact b-metric space. Suppose
that

1

2s
d(x, fx) < d(x, y)

implies

d(fx, fy) < φ (d(x, y), d(y, fx)) + αLd(y, fx) (3.16)

for all x, y ∈ X and d is continuous, then f has a fixed point.

Proof. Clearly, the proof of the corollary follows from Theorem 3.2. □
If we take αLd(y, fx) in Theorem 3.2 to be Lmin{d(y, fx), d(x, fx), d(y, fy)} with L ≥ 0, we have

Corollary 3.8. Let f be a self mapping on X and (X, d, s) be a sequential compact b-metric space. Suppose
that

1

2s
d(x, fx) < d(x, y),

implies

d(fx, fy) < φ

(
d(y, fx),

d(x, fx)d(x, fy) + d(y, fx)d(y, fy)

d(y, fx) + d(x, fy)

)
+ Lmin{d(y, fx), d(x, fx), d(y, fy)} (3.17)

for all x, y ∈ X and d is continuous, then f has a fixed point.
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Proof. The proof of the Corollary follows from Theorem 3.2 if αLd(y, fx) = Lmin{d(y, fx), d(x, fx), d(y, fy)}
with L ≥ 0. □

Corollary 3.9. Let f be a self mapping on X and (X, d, s) be a sequential compact b-metric space. Suppose
that

1

2s
d(x, fx) < d(x, y),

implies

d(fx, fy) < φ (d(x, y), d(y, fx)) + Lmin{d(y, fx), d(x, fx), d(y, fy)} (3.18)

for all x, y ∈ X and d is continuous with L ≥ 0, then f has a fixed point.

Proof. Clearly the proof of the Corollary follows from Theorem 3.2. □

Corollary 3.10. Let f be a self mapping on X and (X, d, s) be a sequential compact b-metric space. Suppose
that

1

2s
d(x, fx) < d(x, y),

implies

d(fx, fy) < d(x, y) + Lmin{d(y, fx), d(x, fx), d(y, fy)} (3.19)

for all x, y ∈ X and d is continuous with L ≥ 0, then f has a fixed point.

4 Application
Ran and Reurings pioneered the study of fixed point results on partially ordered sets in their paper [22], where
they explored the applications of these results to the solution of matrix equations. Nieto and Rodrıguez-Lopez
continued this research direction in their paper [26], in which they provided several applications to differential
equations.

We obtain the subsequent theorems in partially ordered metric spaces through the application of our
previously demonstrated results.

Theorem 4.1. Assume that d is continuous in the ordered b-metric space (X, d, s,≼) and let f, g : X → X
be such that f(X) ⊂ g(X), g(X) represents a sequentially compact subspace of X, f a dominated mapping
and g a dominating mapping. Suppose that

d(fx, fy) < a1d(gx, gy)+a2
d(gx, fx)d(gx, fy) + d(gy, fx)d(gy, fy)

d(gy, fx) + d(gx, fy)
+a3

d(gx, fx)d(gy, fy)

d(gx, gy)
+
a4
s
d(gx, fy)+Ld(gy, fx)

(4.1)
for every comparable elements x, y ∈ X, gx ̸= gy, where a1 + a2 + a3 + 2a4 = 1, a3 ̸= 1, L ≥ 0 and satisfies
the following conditions:
(i) X possesses a sequential limit comparison property, then g and f possesses a coincidence point in X.
Additionally,
(ii) If a1 + a4

s + L ≤ 1,
then the points of coincidence of g and f is well ordered if and only if g and f possesses one and only one
point of coincidence.
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Proof. Let us take any arbitrary point x0 ∈ X and let {xn} in X be defined as

gn+1 = fxn, for all n ≥ 0.

Since the range of g contains the range of f . If d(gxn, gxn+1) = 0 for some n ≥ 0, then gxn = gxn+1 = fxn
and so xn is a coincidence point of f and g. Assume that d(gxn, gxn+1 > 0 for all n ≥ 0. On using the
property of the mappings f and g, we have

xn+1 ≼ gxn+1 = fxn ≼ gxn for all n ≥ 0.

Then xn and xn+1 are comparable for all n ≥ 0. Since d(gxn, gxn+1 > 0, we get that gxn+1 ≺ gxn, for
all n ≥ 0. Thus {gxn} is a decreasing sequence. Using the hypothesis that g(X) is a sequentially compact
subspace of X, we can assume that gxn → gu for some u ∈ X. Now, condition (i) guarantees that gu ≺ gxn,
for all n ≥ 0. Now, we prove that fu = gu. We have

d(gu, fu) = lim
n→+∞

d(gxn+1, fu) = lim
n→+∞

d(fxn, fu)

≤ lim
n→+∞

[
a1d(gxn, gu) + a2

d(gxn, fxn)d(gxn, fu) + d(gu, fxn)d(gu, fu)

d(gu, fxn) + d(gxn, fu)

+ a3
d(gxn, fxn)d(gu, fu)

d(gxn, gu)
+
a4
s
d(gxn, fu) + Ld(gu, fxn)

]
= a3d(gy, fu) +

a4
s
d(gu, fu)

=
(
a3 +

a4
s

)
d(gu, fu)

< d(gu, fu)

a contradiction. That is, d(gu, fu) = 0 and hence fu = gu. Therefore, u is a coincidence point of f and g.
Now, suppose that the set of points of coincidence of f and g is well ordered. We claim that the point of
coincidence of f and g is unique. Assume on the contrary that there exists another point v in X such that
fv = gv with gu ̸= gv. Assume that gu ≺ gv, then u ≼ gu ≺ gv = fv ≼ v and u, v are comparable. Now,
using the condition (4.1), we get

d(fu, fv) < a1d(gu, gv) + a2
d(gu, fu)d(gu, fv) + d(gv, fu)d(gv, fv)

d(gv, fu) + d(gu, fv)

+ a3
d(gu, fu)d(gv, fv)

d(gu, gv)
+
a4
s
d(gu, fv) + Ld(gv, fu)

=
(
a1 +

a4
s

+ L
)
d(fu, fv)

≤ d(fu, fv),

a contradiction and hence gu = gv. The same holds if gv ≺ gu. Therefore fu = gu = z is the unique point
of coincidence of f and g in X. Conversely, if f and g have one and only one point of coincidence, then the
set of points of coincidence of f and g being singleton is well ordered. □

Theorem 4.2. Consider all the hypotheses of Theorem 4.1 with the following assertions:
(ii) If {gxn} possess a decreasing sequence that converges to gu for some u ∈ X, then ggu ≼ gu;
(iii) g and f possess a weakly compatible;
then g and f possesses a common fixed point in X.
Additionally, g and f possesses a unique common fixed point in X if coincidence of g and f is well ordered.
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Proof. Let us take any arbitrary point x0 ∈ X and let {xn} in X be defined as

gxn+1 = fxn for all n ≥ 0.

Continuing as in the proof of Theorem 4.1, we deduce that {gxn} is a decreasing sequence that converges to
gu for some u ∈ X and gu = fu = z. Using condition (ii), we have gz ≼ gu. Since, the mappings f and g
are weakly compatible we obtain that fz = fgu = gfu = gz. If gz = gu = z, then z is a common fixed point
of f and g. If gz ≺ gu, then u, z are comparable and using the condition (4.1), we get gz = gu. So z is a
common fixed point of f and g. If the set of points of coincidence of f and g is well ordered, then f and g
have a unique point of coincidence and so z is a unique common fixed point of f and g. □

Corollary 4.3. Assume that d is continuous in the ordered b-metric space (X, d, s,≼) and let f : X → X be
such that f(X) ⊂ X possess a sequentially compact subspace of X, f a dominated mapping. Suppose that

d(fx, fy) < a1d(x, y) + a2
d(x, fx)d(x, fy) + d(y, fx)d(y, fy)

d(y, fx) + d(x, fy)
+ a3

d(x, fx)d(y, fy)

d(x, y)
+
a4
s
d(x, fy) + Ld(y, fx)

(4.2)
for every comparable elements x, y ∈ X, x ̸= y, where a1 + a2 + a3 + 2a4 = 1, a3 ̸= 1, L ≥ 0 and satisfies the
following conditions:
(i) X possess a sequential limit comparison property,
then f possesses a fixed point in X.
Additionally,
(ii) If a1 + a4

s + L ≤ 1,
then f possesses a unique fixed point.

5 Conclusion
The main findings of this study demonstrate applicability of sequential compact b-metric spaces in estab-
lishing fixed point theorems for Eldeisten-Suzuki-type contraction mappings. This study provides significant
advancements in the understanding of sequential compact b-metric spaces, with potential applications in
differential equations and nonlinear integral equation.
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