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Abstract

In this paper boundedness and compactness of generalized composition oper-
ators from logarithmic Bloch type spaces to Qx type spaces are investigated.
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1 Introduction

Let H(ID) be the space of all analytic functions on the open unit disk I in
the complex plane C and « € (0, 00). The Bloch type space B* = B*(DD)
is the space of all f € H(ID) satisfying

ba(f) = Szlelﬂg(l — [2)*]f'(2)] < oo,

The little Bloch type space B consists of those functions f € B* for
which

tim (1 - [217/(2) =0
For 8 € [0, 00), the logarithmic Bloch type space B} o = Bl‘zg,g
duced by Stevic in [9], is the space of all f € H(D) satisfying

(D) intro-

B

)1f(2)] < oo

be, = 11—z
s(f) ilelg( |Z|)(nl_|Z|2

The little logarithmic Bloch type space Bl 50 consists of those functions
fe Blogg for which

ﬂ

fim (1 = =) =

)If ()l =0.

In some papers (see [9]), the definitions of this kind of spaces are based
on the coefficient 1 — |z|, instead of 1 — |z|?. We first show that these are
equivalent.

2 8
Obviously, 1 —[2] < 1 —[2[* < 2(1 — |2]) and In 1575 < In ;=5 for all
z € D. On the other hand,

8
e«
—lz

In ;< =1In = | ‘2 +1In(1+ |2])

< In - |Z‘2 —l—hrl1 EE

=(1+ )lnea—l—an

l\l2

]
< max{l + §,2}In e
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Therefore, we can replace 1 — |z|? by 1 — |z| in the definitions of Bloch
type spaces and logarithmic Bloch type spaces.

The space By, s is a Banach space with the norm || f|| := | f(0)| +bas(f),
and B ;  is a closed subspace of B 5. If 5 = 0, then B 5 (B} s )
commdes with the Bloch type space BO‘ (little Bloch type space B§). For
B = 1, the space Bl s is the generally weighted Bloch space (see [5]).
When a = 5 =1, the space Bl 5 is just the weighted Bloch space Bigg.

For p € (0,00) and a > —1, the weighted Bergman space A? is the space
of all f € H(DD) for which

11 = [1FFQ - [2P)dA() <,

where dA is the normalized area measure on D. It is well known that
AP is a Banach space for p > 1, and in the case that 0 < p < 1, it is
a complete metric space with the distance d(f,g) = ||f — g|’». In the
special case when p = 2, A2 is a Hilbert space. For a general background
about weighted Bergman spaces we refer to [16].

For p € (0,00) and a > —1, the weighted Dirichlet type space D? is the
space of all f € H(DD) for which f’ € AP. Note that D? is a Banach space
with the norm [|f|| := |f(0)| + [|f'|| az- When a = 0, D% coincides with
the Dirichlet space DP.

For a € D, G(z,a) = log| o 18 the Green’s function on D, where

04(2) = {7 is the Mobius transformation of D. For s € (0,00), the

space Q; consists of all f € H(D) for which

sup | [ f(2)'G (2, a)dA(z) < oo,

a€eD

and its closed subspace QO consists of those functions f € Q, such that

lim / /(2)]2G5 (2, a)dA(z) = 0.

la]—1

It is well known that Q1 = BMOA (Q19 = VMOA), the space of all
analytic functions of bounded (vanishing) mean oscillation [1].
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In [15], Zhao introduced a general family of analytic function spaces,
called the F(p, ¢, s)-spaces with p € (1,00), ¢ € (—2,00) and s € [0, 00),
consisting of all f € H(D) such that

sup [ [f/(2)°(1 = |2[*)*G* (2, a)dA(2) < oo
acD

The closed subspace Fy(p,q,s) of F(p,q,s) consists of those functions
f € F(p,q,s) such that

lim sup /D F(2)P(1 = [2[2)9G5 (2, a)dA(z) = 0.

la|=1 ¢

If g+ s < —1, F(p,q,s) reduces to the space of constant functions. The
interest in the F(p, q, s)-spaces arises from the fact that they cover a lot
of well-known function spaces which are listed in the following.

2707 3) = Q57 F0(270>S) = Qs,O

2,0,s) =B, Fy(2,0,s) =8By (s>1)

2,0,1) = BMOA, Fy(2,0,1) = VMOA

p.pq—2,8) =B, Fy(p,pqg —2,s) = Bj (s > 1)

(p,pqg —2,1) = BMOAZ (The BMOA type spaces)
Fo(p,pg —2,1) = VMOAZ (The VMOA type spaces)
F(p7QJO>:A§—p (q_p>_1)7 F(p7Q7O>:IDg (q>_1)
F(2,1,0) = H? (The Hardy space)

(
(
(
(

R B Bl

In [10] Wulan and Zhou introduced a new space, Qf type space. For a
right-continuous and nondecreasing function K : [0,00) — [0, 00), and
for p € (0,00), ¢ € (—2,00), the Qk type space denoted by Qx(p,q)
consists of f € H(ID) for which

£1Ecpq =500 [ 1F NP1 = 2K (G, a)dA() < .

The space Qg(p,q) is a Banach space with the norm ||f|loxpe =

| £(O)]+ || fll  p,g» when p > 1. The closed subspace Qg o(p, q) of Qk(p, q)
consists of those functions f € Qk(p, q) such that

tim [ |f/(2)P (1= |2[2) K (G(z a))dA(z) = 0.

la]—1
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If g+ 2 = p, Qk(p,q) is Mobius invariant i.e, ||f o oullkpg = ||l Kpq
for all @ € D. We say that the space Qk(p,q) is trivial if it contains
constant functions only. For example, if [} (1 — 72)9K (log%)rdr = o0,
then Qk(p, q) is trivial [10]. Also by [10, Theorem 3.1}, if K(1) > 0 then
the kernel function K can be chosen as bounded. Throughout the paper,
we assume K (1) > 0 and

1 1
/ (1 —7%K (log ;)rdr < 00.
0

By [10, Theorem 2.1] we have Qk(p,q) C B and for a fixed r € (0,1),

1
HfHII)(,pg > WTQK(IOg ;)bpﬂ(f%

P

for all f € Qk(p,q). In the sequel, we use the inequality

bzt (F) < Ol 1y (1)
Also by [10, Theorem 2.1}, we have Qx(p,q) = B if and only if

1 1
/ (1 =73 2K (log ~)rdr < co.
0 r
Now we recall some particular cases. If p = 2, ¢ = 0, we have that

Qk(p,q) = Q. For more details on the spaces of Q classes we refer to
[4,7.12]. For s € [0,00), if K(t) =t°, then Qk(p,q) = F(p,q, s).

Let ¢ be an analytic self-map of D and g € H (D), the generalized com-
position operator C'J is defined by

(€30 = [ Fel€)g€)ds, | eHD), z €D,

which is introduced in [6]. When g = ¢/, this operator is essentially (up to
a constant) the composition operator C,,, which is defined by C, f = foep.
Darus and Ibrahim has defined an integral operator on a class of analytic
functions in the unit disk [3]. Zhang and Liu gave characterization of the
compact generalized composition operators from Bloch type spaces to
Qxk type spaces in terms of K-Carleson measure in [14]. Essential norm
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of generalized composition operators from weighted Dirichlet or Bloch
type spaces to Qg type spaces was studied in [8]. A characterization of
boundedness and compactness of generalized composition and Volterra
type operators between Q spaces was provided in [7]. In this paper, we
determine conditions under which the generalized composition operator
CY from logarithmic Bloch type spaces to Qk type spaces is bounded
or compact without using Carleson measure. In this paper constants are
denoted by C', they are positive and not necessarily the same in each
occurrence.

2 Main results

Note that, if C( l‘zgﬁ) C Qk(p,q), then CY - Bis — Qk(p,q) is
bounded, by the closed graph theorem. We now give an equivalent con-

dition for boundedness and compactness of this operator.

Theorem 2.1 Let a,p € (0,00), f € [0,00), ¢ € (—=2,00), g € H(D)
and ¢ be an analytic self-map of D. Then C( logﬁ) C Qk(p,q) if and

only if

L= sup/ ()P0 = |2 K(G( 0)) dA(z) < oo. (2.1)

a€D )ap(ln 657)1817

1=|e(2)]?

Proof. Suppose that CY( l’zgﬁ) C Qk(p,q). By [9, Theorem 3| there exist
two functions fi, fs € Bﬁ“)gﬁ such that
C < / ! D
— <A@+ 1AGE)] zeD.
(1= |2y (n 229

Using (1), we get

C <IAENI+ IS, zeD.
(1~ lp(2) ) (1n 1=Ege)?
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It follows that

Clg()PP(1 — \Z!Q)qK(g(z,a))
(L = le(2)P)or(In =Eip) ™
< 2(I AP + I f5(e(2)P)]g(2) P (1 = [2[*) K (G2, a)).

Integrating with respect to z, we have

/'9 1_L‘<>1qK(G£( )é)dﬂ><O(HOg<f1>Hgm+H0g<f2>”gm>'
D emE)”

Since C(By gﬁ) C Qk(p,q), the inequality (2.1) follows.

Conversely, for f € Bﬁ)gﬁ we have

DN = 500 [ 17 (D Plg()P(1 = 2K (G2, a)dA()
< (1) sup / oz |\p<1—\z| PECE) 4y

¢(Z)|2)ap(ln 1— |Z’(ZZ)|2 )ﬂp
< L|| f||%a
< L||f] e 5

which implies that C4(B} ») € Qk(p,q). D
Moreover, the above argument shows that C9 : ngﬂ — Qk(p,q) is
infact, bounded if and only if L < oc.

?

For example, if ¢ = 8 =0, p =2, a = 1, K(t) = 1, g(2) = 1 and
©(z) = z, then L is infinity. Note that in this case, by [13, Theorem
1.2.1] the lacunary series f(z) = 32,22 is in B;,s = B and by 11,
Theorem 7], it is not in Qk(p,q) = Qx, hence CY( f‘égﬁ) C Qk(p,q)
does not hold.

o1



By [9, Lemma 3], we have the following estimates for the growth rate of
the functions f in B%gﬁ

a€(0,1) or a=1,>1
|+ ”.]CHB;zg[3 Inln };,M 05:6: 1
|+ ||fHBﬁ) ﬂ(ln 1e,a|z|)1_5 a=1,65¢€(0,1)

0)|+ log?_ a>1,3>0,

(1—|zl)*=(in 155)#

(2.2)

for some C' > 0 independent of f. By (1) we can replace 1 —|z| by 1—]z/|?
in (2.2).

Using (1.1), (2.2) and similar to the proof of [7, Lemma 2.1], we have the
following Lemma.

Lemma 2.1 Let a,p € (0,00), B € [0,00), q € (—2,00), g € H(D) and
¢ be an analytic self-map of D such that C( loé)gg) C Qk(p,q). Then CY
is Compact if and only if for any bounded sequence (f,) in Bﬁ‘)gﬁ which
converges to zero uniformly on compact subsets of D as n — 0o, we have
||C$a(fn)||91<(p,q) — 0 as n — oo.

By Lemma 2.1 we prove the main result of this paper.

Theorem 2.2 Let 0 < < a < oo, p€ (0,00), g € (—2,00), g € H(D)
and ¢ be an analytic self-map of D such that CY( ﬁ‘)gﬁ) C Qk(p,q). Then
CY is compact if and only if

l9(=)P(1 — IZIQ)QK(Gﬁ(z, a))

(1= (=) P)er(In =y )

dA(z) = 0. (2.3)

lim sup /
=1 aeb Jlp(2)[>r

Proof. Let (2.3) hold and (f,,) be a sequence in the closed unit ball of
Bloégg such that f, — 0 uniformly on compact subsets of D as n — oo.

52



By hypothesis for every ¢ > 0, there is § € (0, 1) such that

5 dA(z) < e.

su / g(2)]P(1 — |2)1K (G(z, a))
lp(2)[>6 (1-— ‘gp(z)|2>ap(ln%)ﬁp

acD
Let A={w e D:|w| <d}. Then

ICE(fil[Q gy = SWPacn Jb 1f1(0(2))Pg(2)[P(1 — [2*)1K (G (2, a))dA(z)
= sup,ueplfip(ai<s [ (0 (2))IPlg(2) P (1 = |2*) 1K (G (2, a))dA(2)
+ fscjpn<a (@) Plg(2)IP(1 = [2])1 K (G(2, ) )dA(2)]
< supyen [ ()P $UPaep fpe <5 [9(2)P(1 = [2]%)?
X K(G(z,a))dA(z)

2)|P(1-]2|2) 1K (G(z,a
B o) SUDacy Jyapogoyon “LALULIRGED g4
(1=lp() )P (1n 2 o0

< supyen [ (W) SUPgen fip) <o [9(2)IP(1 = [2[*)
x K(G(z,a))dA(z) + ¢,

since b}, 5(fn) < anHBla , < 1 By [2, VII,Theorem 2.1], the sequence

(f1) converges to zero uniformly on compact subsets of D as n — co. In
particular, sup,ca |f(w)[? — 0 as n — oo. Hence the boundedness of
the kernel function K and the boundedness of g on the compact subset
{z ¢ |e(z)] < 0} of D implies that |C(fu)lloxpe — 0 as n — oo.
Therefore, by Lemma 2.1, CY : Bﬁ‘)ga — Qk(p, q) is compact.

Conversely, let CY be compact. Since

n B8
= sup(1 — [2*)%(In

€
2€D 1—|[z[?
B

z

Ba—p -1
ba,ﬁ(W) )n 72"

€Ca
< sup(1l — |z|2)*(————
< sup(1 = )" ()

< Csup(1 — [2])*In P27,
zeD

Bna—5|2|n—1
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and for 0 < 8 < a < oo, f(r) = n®* P2 1(1 — 2)* " has a maximum
in n_;‘;;_ 5, the sequence (=r%2+5) is norm bounded in B s 1t is well
known that the series > °° nlfizw converges for any r € (0,1). Hence
the sequence (nl_zizﬂ,) converges to zero uniformly on compact subsets
of D, using Lemma 2.1, we have [|CY(—Z557)llaxpq — 0 as n — .

Whence for given € > 0,

n(a_ﬁ)”/ ()P Vg (2)P(1 — |2])1K (G2, a))dA(z) <,
D
for large enough n. Thus for each r € (0, 1),

n(@=B)pp(n—1) / 19(2)[P(1 — |2])1K (G2, a))dA(z) < e.

lo(2)|>r
. B-a .
Taking r > n»=1, we obtain

sup 9P - |22 (G2, a))dAR) <e. (24)

aeb Jp(2)|>r

On the other hand, for any f in the closed unit ball IB%BIQ 5 of Bl‘f)gﬁ, if
og

we set fi(z) = f(tz), then f; — f uniformly on compact subsets of D

as t — 1. Since CY : ngﬁ — Qk(p,q) is compact, using Lemma 2.1,

1CI(fi — f)llaxwa — 0 ast — 1. Let € > 0 be given. Choose t € (0,1)
such that

/D (C21)' (2) = (CLF) ()P (1 = [2]*) K (G (2, ) )dA(2) <e.

Using this inequality along with (2.3), we have

| OLFY PO = 2P K (G2, ) dA(2)

<O+ [ HCLRYEP(L = ) K (Gl @)dAR)
< C=(1+swp [ ().

54



Thus for every f € IB%BIa , and every € > 0, there exists a § = d(f,e) such
og
that

/I@(z)|>fr (CLE ()P (L = [2[) K (G(2,a))dA(2) <&, (25)

for all » € [6,1). As mentioned in the previous theorem, there are two
functions fi, fo € Bﬁ‘)gﬁ such that for each z € D,

C
g
(1 - [22)2(In £255)7

< A+ 1202l

Let § = maxj<g<o (5(”§:” ,€) and using (2.5) then we have
1 /
2e > sup i [(CLA) ()P (1 = [2]*) K (G(2,a))dA(2)
ad Jle@)>r [ fillse
1
+ sup (CLL) (2)IP(1 = [2[*) K (G (2, a))dA(2)

aeD JJp(z)[>r ||f2||”1a ,
og

2Csup [ (AEIP +IHEEDP P (1= ) K (G 0)dA)
soqp [ HAPU=EDIK(GG a)
DI (1~ (=) P)er(In =)

dA(2),

for all r € [d, 1), which implies (2.3). O
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