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1 Introduction

In 2006, a new structure of generalized metric space was introduced by [4] as an appropriate notion of generalized
metric space called G-metric space, for applications of this structure see [3, 5]. Recently[8, 2, 1] simplify properties
of G-metric space and introduced the notion of S-metric space. In this note we will examine some fixed point
theorems and behavior of expansive map on S-metric space.

2 Basic Concepts
We briefly give some basic definitions of concepts which serve a background to this work.

Definition 2.1. Let X be a nonempty set. An S-metric on X is a function S : X3 — [0, 0o) which satisfies the
following conditions for each z,y,2,a € X

@ S(z,y,2) >0,

(i) S(z,y,z) = 0ifand only if z = y = z,

(iii) S(z,y, z) < S(z,z,a) + S(y,y,a) + S(z, z, a).

The set X with an S-metric is called an S-metric space.

The standard examples of S-metric spaces are:

(a) Let X be any normed space, then S(z,y,z) =|| y+ 2 — 2z || + || y — # || is an S-metric on X.

(b) Let (X, d) be a metric space, then S;(z, y, z) = d(z, z) + d(y, ) is an S-metric on X. This S-metric is called the
usual S-metric on X.

(c) Another S-metric on (X, d) is S))(z,y,2) = d(z,y) + d(z, z) + d(y, z) which is symmetric with respect to the
argument.

(d) S(z,y, z) = max{d(z, z),d(y, z)} is another S-metric on X
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Example 2.1. Let X = R*. Define

0 ifzx=y=z,
max{x,y,z} otherwise.

S(x,y,z) - {

Then S is an S-metric. To show S(x,y,z2) < S(x,z,a) + S(y,y,a) + S(z, z,a), assume S(z,y,z) = x. We have
x < maz{z,a} < maz{z,a} + maz{y,a} + mazx{z,a}. Thatis, S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z, z,a).

Example 2.2. (See[10]). Let X = {1,2,3},define S : X x X x X — [0, o0] as follows:
5(1,1,2) = §(2,2,1) = 5,

5(2,2,3) = S(3,3,2) = S(1,1,3) = 5(3,3,1) = 2,

Forxz =y =z, S(x,y, 2) = 0, otherwise S(z,y, z) = 1.

S is an S-metric on X.

Example 2.3. (See[6]). Let X = R*. Define S(z,y,2) = |In 2/ +[In 7%|. Then S is an S-metric on X. We have
S(z,y, z) :Oﬁlng,lnz—g —0er=yry=2>cr=9y=_="
To show S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z, z,a), we have:

S(z,y,z) =|Inz —Iny|+ |Inz + Iny — 2inz| < |Inz —Ina|+ |Ina—Iny|+ [Inz —Inz| + |Inz — Iny|
<2/nZ| 1 2/In¥| 1 2In |3| = S(,2.0) + S(y.y.a) + Sz 2. a).

In this note we will often use the following important fact.
Lemma 2.1. (See[8]). In any S-metric space (X, S), we have S(x,z,y) = S(y,y,z) for z,y € X.

Definition 2.2. A sequence {z,} in X converges to z if S(z,,z,,x) — 0 asn — oo and we denote this by
lim, o oXp = Xo0rx, — X.

Lemma 2.2. (See[8]). Let (X, S) bean S-metric space. If there exist sequences {z,, } and {y,, } such thatlim,,_, =, =
z and lim,,_, o ¥y, = y, then lim,,_, o S(zy, Tn,yn) = S(x, z,y).

Remark 2.1. Let X = R* and S(z,y,2) = |z — 2| + | + z — 2y|. S is an S-metric on X but it is not generated
by any metric. To show this, assume S is generated by a metric d. So we have, S(z,y, z) = d(z, z) + d(y, z). For
y = z, we have S(z, z, z) = 2|z — z| = d(z, z). For y = = we have S(z,z, z) = 2|x — z| = 2d(«, z). That is for every
x,z € X, 2d(z,z) = 2|x — z| = d(x, z), which is a contradiction.

There exists a natural topology on an S-metric space. At first let us define the notion of (open) ball.

Definition 2.3. Let (X, S) be an S-metric space. For r > 0 and € X we define an open ball with center x and
radius r as follows:

BS(:L',T) = {y €X: S(y7y7$) < T}‘
This is a quite different concept of the ball in the usual metric space. We have:
Example 2.4. Let (X, d) be a metric space and let Sy(z, y, z) = d(z, z) +d(y, z) be the usual S-metric on X. Then:

Bs(z0,2) ={y € X : S(y,y,x0) <2} ={y € R:2d(y,z0) < 2}
={y e R:d(y,z0) <1} = Bg(xo, 1).
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By using the notion of open ball we can introduce the standard topology on an S-metric space such that its basis
is the open balls.

Definition 2.4. The sequence {z,} in an S-metric space (X,S) is called Cauchy sequence if
limn,m—ﬂ)o S(xny Tn, xm) = 0.

Definition 2.5. An S-metric space (X, S) is said to be complete if every Cauchy sequence converges.
We prove the following result:
Lemma 2.3. Any S-metric space is Hausdorff.

Proof. Let (X, S) be an S-metric space. Suppose x # y and put r = %S(ZL', x,y). We have Bg(z,r) N Bs(y,r) = 0,
for z,y € X. Otherwise there exists z € X such that z € Bg(z,r) N Bg(y, r), therefore by definition of open ball
we have S(z,z,2z) < rand S(z, z,y) < r. By Lemma 2.1 and (iii), we get

3r = S(z,x,y) <28(2,2,2) + S(z,2,9) = 25(x, 2, 2) + S(y, y, 2) < 3r,

which is a contradiction. O

Remark 2.2. We have:
xn, — xin (X, d) if and only if d(x,,, ) — 0, if and only if Sy(z,, z,, x) = 2d(z,,x) — 0, thatis, x,, — x in (X, Sy).

Definition 2.6. Let (X, 5;) and (Y, S2) be S-metric spaces. Amap f : X — Y is called continuous at z € X if
for every ¢ > 0 there exists a ¢ > 0 such that

Sl($,$,y) <ée= Sg(f(l'),f(l'), f(y)) <0,
or  f(Bs(x,0)) C Bs,(f(x),€).

Lemma 2.4. (See[7]). Let (X, S1) and (Y, S2) be S-metric spaces. Then f : X — Y is continuous at « € X if and
only if f(z,) — f(z) whenever z,, — x.

Definition 2.7. (See[8]). Let (X, S) be an S-metric space. Amap 7 : X — X is said to be a contraction if
there exists a constant 0 < k < 1 such that

S(Tx, Tz, Ty) < kS(z,z,y), forall z,ye X.

Theorem 2.1. (See[8]). Let (X, S) be a complete S-metric space and 7' : X — X be a contraction. Then 7" has a
unique fixed point.

Definition 2.8. (See[3]). Let (X,S) be an S-metric space and T be a self-map on X. Then 7 is called an expan-
sive map if there exists a constant a > 1 such that for all =,y € X, we have

S(Tx, Tx,Ty) > aS(z,x,y).
The constant a is called the expansion coefficient.

Expansive map on S-metric space need not to be continuous, consider to following example:
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Example 2.5. Let T : (R, S) — (R, S) be defined by

4z ifz <2,
Tr = ]
dr +3 ifx > 2,

where S(z,vy, z) = max{|z — z|, |y — z|}. Then (R, S) is a complete S-metric space and 7 is an expansive map with
expansion coefficient a = 2.

3 Main Result

We state our main result:

Theorem 3.1. Let (X, .S) be a complete S-metric space and let 7 : X — X be a surjective and expansive map
with the expansion coefficient a. Then T has a unique fixed point.

Proof. Assume Tx = Ty, then 0 = S(Tx,Tx,Ty) > aS(z,x,y), which implies that S(x,z,y) = 0, hence x = .
So, T is injective and invertible. Let H be the inverse map of 7. Then

S(x,z,y) =S(T(Hz), T(Hz),T(Hy)) > aS(Hz, Hz, Hy).

Thus, forallz,y € X, wehave S(Hz, Hz, Hy) < kS(z,z,y), where k = 1 < 1. Applying Theorem 2.1, we conclude
that H has a unique fixed point v € X; H(u) = w. But, w = T'(H (u)) = T'(u), so u is also a fixed point of T'.

Suppose there exists v # u such that Tv = v, then Tv = v = H(Twv), so T'v is another fixed point for H. By
uniqueness we conclude that u = Tv = v. O

Corollary 3.1. Let (X, S) be a complete S-metric space and let T : X — X be a surjective map satisfying the
following condition, for all z,y, 2z € X

S(T(x),T(y),T(z)) > k{S(z,z,Tx) + S(y,y,Tx) + S(z,2,Tx)} (1)

where k& > 1. Then T has a unique fixed point.

Proof. From (iii) we have S(z,z,Tz) + S(y,y,Tz) + S(z,2,Tz) > S(z,y, z), then by inequality (1) we have
S(T(x),T(y),T(z)) > kS(z,y,2) forall z,y, = € X, by putting x = y, the proof follows from Theorem 3.1. O

Example 3.1. Accomplish X = R with the S-metric S(z,y, z) = max{|z — z|, |y — z|} for all z,y, = € X. Define
T:R — Rby
Tw — 4z %fac <2,
20 +4 ifx > 2,

Obviously T is a surjective map on X. Now

Az —y| fzy<2,
2’.’,13‘—3/’ l:f.’l?,y>2,
|dx — 2y — 4| ify > 2,z <2,
22 — 4y +y| fr>2,y<2,

STz, Tz, Ty) =

> 2w — y| =25(z, z,y).
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So for a = 2 all conditions of the Theorem 3.1 are satisfied. Therefore, 7" has unique fixed point zero.
Theorem 3.2. (See[9]). Let (X, S) be acomplete S-metric spaceandlet 7 : X — X be a surjective map satisfying
the following condition for all z,y € X,

S(T(x),T(x),T(y)) > aS(x,x,y) + bS(x,x,Tx) + dS(y,y, Ty) (2)

where a, b, c are non negative real numbers and a + b+ d > 1 and b < 1. Then T has a fixed point.
Corollary 3.2. Let (X, S) be a complete S-metric space and let 7" be a surjective self-map on X satisfying the
following condition for all z,y € X

S(T(z), T(x), T(y)) > aS(z,z,y) + B{S(z,z,Tx) + S(y,y,Ty)}, 3)

where «, § are non negative real numbers and o + 25 > 1 and 8 < % Then T has a fixed point.

Proof. In Theorem 3.2, If we put « = a, and b = d = 3, then the condition (3) reduced to condition (2), so the
proof follows from Theorem 3.2. O

Example 3.2. Accomplish X = R* with the following S-metric

0 ifx=y=z
max{z,y,z} otherwise.

S(x,y,z) = {

Define T'(x) = 2z, suppose = < y. Then we should have:

S(Tx,Tx,Ty) = S(2x,2z,2y) =2y
> aS(z,2,y) + bS(z,z, Tx) + cS(y, y, Ty)
= ay + 2bx + 2cy,

fora = g—f andb=c= 3% all conditions of Theorem 3.2 are satisfied and zero is the fixed point of 7. For y < x we

have the same result.

Theorem 3.3. Let (X, S) be a complete S-metric space and 7" : X — X be an surjective map satisfying the
following condition for all x € X:
S(Tx,Tx, T?x) > aS(z, 2, Tx) (4)

where a > 1. Then T has a fixed point.

Proof. Letxy € X, since T is surjective, so there exists z; € T~ !(z0). Successively we can pick up z,, € T~ (z,,_1)
forn =2,3,4,5,... Ifz, = x,_1 for some m, then z,, is a fixed point of 7. Assume z,, # x,—1, T(zp) = Tp_1
for every n, then from (4) we have

1
S(xnvxnyxnfl) < Es(xnflaxnfluxn72)- (5)

Let ¢ = 1, then ¢ < 1. By repeating (5) and using Lemma 2.1 we have

S(l’naxna‘fﬂfl) S qn_ls(x()?x()axl)' (6)
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Then by (iii) and Lemma 2.1 for all n, m € N; n < m we have

S(l'n,xnal‘m) < 25($n, :L‘nal'nJrl) + S(l'ma xmaanrl)

=2S5(xpn, Tn, Tnt1) + S(Tnt1, Tnt1, Tm)

< QS(xn; Tn, $n+1) + 2S(l'n+1a Tn+1, xn+2) + S(.%’m, Tmyy $n+2)

m—2
<2 Z S(xi, i, Tig1) + S(Xm—1, Tm—1, Tm)-
i=n
Now, by (6) we have:
m—2
S(xn, Tp, Ty) < 2 Z S(xi, i, ig1) + S(Tm—1, Tm—1, Tm)
=n

m—2
<2 ¢"'S(xo, w0, 1) + ¢S (w0, 0, 1))

i=n
< 2qn—15($0’ Zo, 1131)[]. +q+ q2 =+ ]

n—1
<2q
> 1_q

S(xo, Zo, 561).

Hence, lim S(zy,, p, ) = 0, as n,m — oo. So {x,} is a Cauchy sequence. By the completeness of (X, S), there
exists u € X such that {xz,} converges to u. Since 7T is surjective there exists b € X such that 7'(b) = u. Also, there
exists ¢ € X such that 7'(c) = b. Now for every n € N we have:

S(l‘n, Tn, u) - S(Tx’fl—i-la TIEn+1, TQ(C))
> OZS(xn—i—l’ Ln+1, T(C))

Thatislimz, = T(c). Sob =T(c) = u=T(b). O
Example 3.3. Accomplish X = R" with the following S-metric,

0 ifr=y=z2
max{x,y,z} otherwise.

S(w,y,z) - {

Assume,

To— 4z lfm<2,
2¢ ifx > 2.

We have:
16z ifz < 3,

T?°z=< 8z ifi<z<2
dr if2 <z,
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16z ifz < 3,
S(Tx, Tz, T?z) = T?z = 8z if3<z<2
dr if2 <.

4z ifz < 3,
S(z,z,Tz) =4 4o ifi<z<2
2 if2<z

So, S(Tx,Tx, T?x) > 2S(x,z, Tx). That is, all conditions of Theorem 3.3 are satisfied and T has fixed point
zero. (T is continuous).
Example 3.4. Accomplish X = R* with the following S-metric,

S(z,y,2) = 0 ifr=y=z2
2T max{|z), |yl 2]} otherwise.

Assume,
Tw — V3x lfac <0,
2¢ ifx > 0.
We have:
T2 — 3x lfx <0,
dx ifz >0,

S(x,z,Tx) =Tz = Ve l.fx<0’
2¢ ifx >0,

S(Tz, Tz, T?z) = A lfx N
dr ifz > 0.
So, S(Tx, Tz, T?x) > \/3S(x,z, Tx). That is, all conditions of Theorem 3.3 are satisfied and zero is the fixed
point of T'.
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