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Abstract

In this paper, the solution of an isotropic hollow cylinder, with an isotropic coating, weakened
by multiple radial cracks is studied. The hollow cylinder and its coating are under Saint-
Venant torsional loading. The series solution is then derived for displacement and stress fields
in the cross section of the cylinder containing a Volterra-type screw dislocation. The
dislocation solution is employed to derive a set of Cauchy singular integral equations for the
analysis of multiple curved cracks. The solution to these equations is used to determine the
torsional rigidity of the domain and the stress intensity factors (SIFs) for the tips of the cracks.
Finally, several examples are presented to show the effect of the coating on the reduction of
the mechanical stress intensity factor in the hollow cylinder.

Keywords: Saint-Venant torsion; several cracks; isotropic coating; Stress intensity factor;
Distribution dislocation technique; Torsional rigidity

1- Introduction has not been adequately developed at

Shafts in a machine are bars to hold or turn present time.

other parts that move or spin. Due The problems of elastic cylindrical shafts
to simplicity of manufacturing, they are under torsional loading have been

generally produced in the form of the bars
with circular cross-section. Shafts are often
subjected to torsion in the process of
working; therefore cracking is one of their
major issues. Therefore, it is important to
examine the shafts from the point of view
of fracture mechanics. Though the torsion
problem of a hollow cylinder is rather old
in the theory of elasticity, but the effect of
coating structure on stress intensity factors
in a hollow cylinder with multiple cracks

investigated by numerous researchers. In
order to review torsion problems, it is
convenient to categorize them into two
major groups: those primarily dealing
domains without any crack, and those
studying shafts contained with single or
several cracks. Within the first category,
number of researchers has studied torsion
problems in the intact bars [1-4].

There are other investigations studying the
shafts with single or several cracks which
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the shafts with multiple arbitrary oriented
curved cracks have not been developed
sufficiently. The defects in the following
papers were assumed to be extended
throughout the shaft axis. At the first we
review the shafts with circular cross
section.

The complete analysis of the torsional
rigidity of a solid cylinder with radial
cracks was obtained by Lebedev et al. [5].
The authors investigated the problem of
the twisting of an elliptical cross section
containing two edge cracks extending to its
foci. Xiao-chun and Ren-ji [6] presented an
analytical solution for a solid cylinder
weekend by a screw dislocation. The
problem was reduced to solve a singular
integral equation for the unknown
dislocation density with aid of the
dislocation distribution technique. The
stress intensity factor and torsional rigidity
were calculated by solving the ensuing
singular integral equation
numerically.Torsion analysis of a hollow
cylinder with an orthotropic coating
containing several cracks were done. A
formulation for a hollow cylinder
weakened by cracks with an orthotropic
coating was presented by Karimi, et al.
[7].Analysis of a solid cylinder with the
curvilinear cracks subjected to Saint-
Venant torsion was treated by Wang and
Lu [8]. With aid of the boundary element
method, the authors evaluated boundary
integral equations only on the cracks
surfaces. Also, stress intensity factor of the
crack tip and torsional rigidity were
determined for a straight, kinked or
eccentric circular-arc crack. The analysis
of the hollow cylinder with four edge
cracks normal to the inner boundary of the
cylinder under torsion was the subject of
study done by Chen [9]. The author made

use of a method similar to that used in
reference [8]. The problem was reduced to
a Dirichlet problem of the Laplace
equation and evaluated with help of the
finite difference method. Finally, the stress
intensity factors of the crack tips and the
torsional  rigidity  were  calculated
numerically. Tweed and Rooke [10]
analyzed the Saint-Venant torsion problem
of a circular cross section with containing a
symmetric array of edge cracks. By
symmetry, the problem reduced an integral
equation to that of finding the warping
functions in some sectors. Finally, the
stress intensity factor and crack energy
were computed by solving the ensuing
integral equation.Yuanhan [11] studied
problem of a thick-walled cylinder with a
radial edge crack under torsional loading.
An expansion for the stress function was
employed so that the resultant stresses to
have the square root singularity at the
crack tip. The unknown coefficients of the
expansion were calculated by boundary
collocation method. At the end, the
torsional rigidity of the thick-walled
cylinder and the stress intensity factor of
crack tip were achieved.Chen et al. [12]
analyzed a circular cross section bar
weekend by a straight edge crack under
Saint-Venant torsion with aid of dual
boundary element method. The authors
indicated that the dual boundary element
method provides excellent accuracy and
simplifies the modeling. The dual
boundary element method involved
modeling only on the boundary without
considering the artificial boundary as the
multi-zone method. The domain cell was
not discretized, since the domain of the
integral for calculation of the torsion
rigidity was divided into two boundary
integrals by means of the Green’s second
identity and Gauss theorem.The problem
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of an orthotropic bar with circular cross
section under Saint-Venant torsion was
treated by Hassani and Faal [13]. The
solution of a Volterra-type screw
dislocation was first obtained with aid of a
finite Fourier cosine transform. Next, the
dislocation solution was employed to
derive a set of Cauchy singular integral
equations for analysis of the bar with
multiple cracks. Chen [14] studied a
hollow bars with outer or inner keys under
torsion by the harmonic function
continuation technique and conformal
mapping. Fang-ming and Ren-ji [15]
addressed the torsion problem of a circular
bar weekend by internal crack that
reinforced by a ring of rod, made of
different material of the cylinder. By
means of the Muskhelishvili single-layer
potential function solution and the single
crack solution for the problem of a cylinder
under Saint-Venant torsion, the problem
was reduced to a set of mixed-type
generalized Cauchy singular integral
equation. The analysis for the flexure and
torsion of cylindrical bars containing some
edge and embedded cracks was treated by
Sih [16]. The problem was evaluated based
on three complex flexure functions
including the classical torsion function.
Renji and Yulan [17] presented solutions
for torsion problems of a circular bar with
a rectangular hole and a rectangular bar
weekend by an embbeded crack. Li et al.
[18] conducted problem of a circular bar
containing a polygonal opening and an
embedded crack. This portion of the
review is related to the torsion problems of
bars with rectangular cross section and
begins with a study done by Chen [19]
who analyzed a rectangular bar with one or
two edge cracks perpendicular to the cross
section sides. Chen et al. [20] presented a
solution for problem of an orthotropic

rectangular cross section with an edge
crack, bisecting and perpendicular to one
boundary of the cross section. Recently,
Hassani and Faal [21] focused on study an
orthotropic bar with rectangular cross
section with aid of the distribution
dislocation technique. The bar was under
Saint-Venant torsion.

According to the above review, the fracture
problem of the shafts under torsion is an
interesting problem. It is worth noting that
all of the above mentioned works were
limited to the shafts with particular
orientation and geometry. Also, no paper
has been published concerning effect of the
coating on the stress intensity factor of the
crack tips in the hollow cylinder subjected
to torsional loading. Nevertheless, to
authors’ knowledge, no analytical solution
hasn’t been presented yet on the Saint-
Venant torsion of a hollow cylinder
reimforced by an isotropic coating
weakened by multiple cracks by
considering effect of the coating. In this
paper, the closed form solution of the
stress fields and warping functions are
achieved for a hollow cylinder with
isotropic coating containing a Volterra-
type screw dislocation (Section 2.1). The
torsional rigidity of the cracked shaft with
its coating is evaluated in the term of the
dislocation density (Section 2.2). The
problem is reduced to the solution of a
Cauchy singular integral equation. (Section
3). The numerical examples are presented
in Section 4 and results are validated by
employing available results from the
literature. Finally, Section 5 offers
concluding remarks.
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2- Problem Formulation:

2.1 Dislocation Solution

Isotropic coating

Hollow cylinder

Figure 1. Cross-section of a hollow cylinder with an
isotropic coating weakened by a screw dislocation

Consider a prismatic hollow cylinder with
an isotropic coating as shown in Fig. 1. Ry
and R, are the inner and outer radius of the
cylinder, respectively and thickness of the
coating is assumed to be Rs-R..
Considering cylindrical coordinate system,
it is assumed that the origin of cylindrical
coordinate is located at O and Z-axis is
coincided with the axis of the hollow
cylinder. The coating is made of an
isotropic material, where G are the shear
moduli of the coating. A Volterra type
screw dislocation, having the Burgers
vector b,, is located at r=a with the line of
dislocations in radial direction
(@=0,a<r<R,). We divide the whole
domain into three regions R, <r<a ,
as<r<R, andR,<r <R,.

When the shaft is subjected to Saint-

Venant torsional loading, components of
displacement in the directions of x,y and

z axes denoted as uy and w
respectively, that are given in terms of the

angle of twist per unit length of the bar &
and of the warping function ¢(x,y ) as

[22]

u=—oazy 1)
V=azx
wW=ap(X,Y)

It is convenient to treat this problem in the
cylindrical coordinate system; therefore,
the cylindrical transformation is applied to
Egs. (1). Thus, we have

u =0
u, =arz (2)
w=ap(r,0)

The non-vanishing stress components in
term of warping function can be expressed
as follows

op(r,0)

T =uo——=, <r<R

rz /u ar Rl 2
10p(r,0

ngzlua(rwée)-i-rj, R1<I’<R2

3)

op(r,0

7, =Ga al ) R, <r<R,

or

rgzzea{la(”(r’e)w} R,<r <R,

r o6

where x denotes shear modulus in the bar.

These stress components must satisfy the

equilibrium equation:

0y 107 1
o r oo r

we obtain the governing equation of the

coating as follows

2 2 4
rza(oa(rl;,ﬁ)ﬂégp(a:,ﬁ)Jra(/;Egrz,ﬁ)_o 4

The above partial differential equation is
solved by means of the finite Fourier sine
transform for a regular function f (r,&) as
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Fs(r,n)zjif (r,6)sin(ng)de (5)

The inverse of the finite Fourier sin
transform is expressed as

f(r,@):%iﬁ(r,n)sin(n@) (6)

n=1

It should be mentioned here that the hollow
cylinder and its coating twisted by an

applied moment M and then the
dislocation cut is made in the cross section
of the hollow cylinder.

The boundary condition representing a
Volterra-type screw dislocation is

(o(r,0+)—¢)(r,0’)=

b ()
—[H (r-a)-H (r-R,)]

(04

Where H (.) is the Heaviside step function.

The continuity of stress components along
the dislocation cut requires that

6go(r,0*)_6(p(r,0*)
00 00

(8)

The problem is anti-symmetric with
respect to the diameter of the cross section
containing the dislocation line, therefore
we consider a dislocation solution for the
region 0<6<xz and the boundary
conditions (7) and (8) are expressed by

b,
(p(r,O)zz—Z[H(r—a)—H(r—RZ)]
(04
(9)
(o(r,ﬁ)=0
By using the integral transform (6), the

partial differential equation (4) can be
reduced to the form

.2 aqus(r,n)Jrr oo, (r,n)

or? or
—anns(r,n):_bzz”[H (r-a) (10)
a
-H (r-R,)]

The general solution to Eq. (10) can be
expressed as

@, (r,n)=A,r"+B,r"
for R,<r<a
b

d)s(r,n)zAZHr”+BZHr‘”+2nZa 1)

for a<r<R,

@, (r,n)=A,r"+B,r"
for R,<r<R,

According to Eqg. (6), the warping function
in the whole domain is written as

(pl(r,e):%i(Amr” +B,,r " )sin(no)
n—1

for R,<r<a

goz(r,9)=
gi A r"+B, r"+ b, jsm(nﬁ)
&= 2n 2n na
(12)
for a<r<R,
o, (r.0)=

for R,<r<R,

Upon substituting the above relations into
the Eq. (6), the warping functions in the
whole domain are obtained. Also the
stresses are then obtained from Eq. (3) as
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7, (r,0)=
%in (A r" +B,,r")cos(ng)
+rau , R/ <r<a

7, (r,0)=
b,u 2au n -n
—ﬂ+?§n(A2nr +B,,r )cos(nH)

+roau, asr<R,

Ty (r 9) =
206G

—Zn (Agar" +Bs,r ")cos(no) (13)

nr =
+rou , R,<r<R,

2 0\
7, (r,0)= :rﬂz;n( " =By, r " )sin(no)

, R/ =r<a
r,z(r,H):&Lrﬂ n(Aan”—BZHr’”)sin(ne)
n=1
, asr<R,
206G & .
,0)=—— Ay r" =B, r™" 0
7, (r,0) - n:1n sl " =By, ")sin(n)
R,<r<R,
where A,,,B,,,1 =12,3 are unknown

coefficients which are determined by

following  boundary and continuity
conditions

rz(Rl,H)z

ru(0) =1 (a0)

,0

ola0)=olz0) "
o(R;.0)=0(R;.0)

7, (R;.0)=1,(R;,0)

r,Z(R3,9)=O

Application of the conditions (14) to Egs.
(13) and (3) leads to

AR"-B,R"=0
Aa"-B,a"=Aa"-B,a™"
A,a"+B,a"=A,a" (15)
b,
an 2na

b
2na
= A3nR2n + Bs‘nRz_n

ﬂ(Aanzn _anRz_n)
=G, (AsnRzn _BsnRzin)
A’snR’o‘n _BBHR?:n =

A,,R,"+B, R,™

The solution of Egs. (15) gives:

+(cy, —1)((7('23 IR,)" —R;”)
+Cyq ((a/RZZ)n —(zc23/a)”)—a’“]
B,, :—Lﬁ]—zwrn[(ceq -1)
((Rf;«zs/Rz)" —(Rf/Rz)n)

+Cy ((aK12 )" - ( Rl ! a)n )

+(a1c121(23)n —(Rf /a)n]

b n n
A, =- - T, [(aky /RY ) —(pk0/2)

+C, ((a/ RZZ)n —(y, /a)n)
+(1-Cy ) (R ~(x /R,)" ) (16)

B,, = n (aK12K23 )n

" dna
+(Cu~1)((REm IR) ~(REIR, )
(Rf/a) ( (ax;, )" —(Rfrczala)n )]

b, _n
——a
4n nNa
A =_L (aRZG_l)n +(K12R§ )n
o an (1—Ceq) _RZ—Gn —(R;G71R12 /a)”
(aRGflRZG )”
5 b,T, +(x,RS RZG)

n an (1—Ceq) (R—GRZG)

( ;CR? RZG/a)

in which:
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25

_u=G
u+G

eq

Upon substituting the above coefficients
(16) into the Egs. (13), the warping
functions in the whole domain are
obtained. Also the stresses follow from the
Egs. (17) as

o {0—(raz<23/R22)n

n

+(r/a)’

_bu
2zr &

Tn

+(aryi /1) (R 1 (ra) )
(riyla) —(ra/RZ)

eq

+(ar, 1) = (R / (ra))n

(Rixy I (1R,))

+(Cy-1) ARIR)) hin oy
_(erisz)n (18)
—(r/R,)"

R <r<a

To =~ 2;/: grn {(I’aK23 / Rzz)n

+(arh 1) —(r/a)" —(R7/ ra)n
(rcmS/RZ)n
—(r/R,)"

#(Cu 1) +(Rixu (R,

€q

~(RZ/MR,)

(ax, /1)
—(Riny ! (ra))n
+Cq, ) 0s(N6)+rau
+(ra/R7)
—(|’7(23/a)n
R <r<a
@(rx K, la)
. b, ml“n {—(ra1<23/R22)n
27N 23+ (Kppk I T)
~(RZ/ra)
(RiKy I R,)
~(RZ/MR,) .
+(Cog -1 +(alr)' /T,
+(r/R,)"
—(rx,IR,)
(axy, /1)’
—(ra/R7)
+Cq, } sin(nd)
+(rxy, /a)
(Rixy / (ra))
as<r<R,

bu _bu< n
Ty, = —ﬁ—gérn {(raK23 / Rzz)

—(riuhy/a)'

+(aK,k5 1T

~(R7/ ra)n

(R12K23 / (rRz))n
+(ri, IR,)"
—(r/R,)"
~(REI(R,))’

(ra/R2)

+(c -1

eq

+(alr)'IT,

~—

—(rx,/a)"
(1. /2) Peos(n@)+rau
+(Riiy | (ra))

+(axy, /1)’

asr<R,
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With the aid of the following expansion of 2
r ] F:—;,ej+ceq( (”‘12 ej
SN G (—1)i+m L(j+m+1) —y E’gjﬂ//im (aKlZ ’ej
0= 222 Fir(jsor(@emey (19 "(R; Tl
(’f?slﬂ’ffz+I )n " R12K23 HJ
the stress components (18) can be summed ! ra
over the whole domain, leading to R2x
+(Cog —1) (v | =220
eq ij R
bz:u O m m( T I 2
Tn(r:f’):TZZZAu i | -0 ,
7 w0i-0j-0 a n| R; ml T
Vi | 5~ 0 TV —,0
! (ri’fzzs,g} R, R,
m| MKy
| =20 )]
oyl (a'fr'f 9) Vi ( R, J
m Rz m| VK b/J ( 9) a<r<R
Vi é’ej—‘rceq(l//ij ( a23,49j 4rr ’ 2
2-é)z (r 9)
ra ax
ERPLLY llys ) IRYALY feas t B
il o)ror () B 5SSt |20
) m=0i=0j=0
m | Ri&y
| 228 g VLIRS
i) o
Rk (20) (a’ﬁz’(m j
m —=2 0
+(Ceq _1) (i [:Tfej i r

R? P
) ra
R2 +C ,
i (1)t (B 0] (5

R, <r<a ] (rKZS 9} ¢ (a’qz 0]
a r
T, (r 0)
R/k.
bt 55 e (50 (o)

v; [":?3 9} HCo ~1) [R e aj

2

! [ aj RZ rx

R, )

4y (Riz,e))] +rap

R <r<a
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b, 1
Ty, (r,9)=—m

2SS w20

mOIO]O 2

4" LSPLYE 19}

2
g R_l,gJ

., [R s 0])
ra
R.2 Ky
( )(¢IJ ( R, 9]

Fx’l2
L
% R, j

+a %GJ
2

4 L,ej)]

R

and
v (x,0)=
sin ()
cosh (In (xrg iy ))—cos (0)

(21)

¢y (x.0)=
sinh (In (X iy ))

cosh (In (xrg i ))—cos (6)

These two functions have features such as
the high convergence rate and the
convenience  of  proving  Cauchy's
singularity, which has led to tensions being
rewritten based on two features. In order to
verify the stress relationships, the radius of
the coating can be considered zero, and the
interior radius is assumed to be zero for the
purpose of modeling a non-orthogonal
bulkhead cylinder. Therefore, solid-state
cylindrical stresses without isotropic

, R/ <r<a (22)

which is exactly the same as that given by
Hassani and Faal [13] and this proves the
correctness of the derivation of the stress
fields in Eq. (20).

To investigate singularity, as shown in Fig
(1), a local coordinate is considered at the
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dislocation site created at the bar level. The
relationship between the local and global
coordinate defined is as follows.

r= \jaz +(r)?+2ar'cosd
r'sing (23)

6 =sin" .
\/az +(r') +2ar'cosé

,0< 0 <2rx
Substituting Eq. (23) into Eg. (20) and
some manipulations will yield the
following results

1 :
(r/a,8) ~— as r -0
i ( ) . (24)

¢l (rla,0) ~% as r -0
2.2 Calculation of torsional rigidity

The torsional rigidity, in cylindrical
coordinate, is determined by the following
form [22, 23]

2z Rz

M =Da = J'J.rzrgz(r,e)drde (25)
00

in which 2 (r, 9) is the stress components
given in Eq. (20) and M s the twisting
moment to the entire domain. Substituting

the Eg. (20) into Eq (25), the torsional
rigidity can be written as

I (26)
D_DO—Z;I(RZ -a’)
in which
O _% #(RZ-RY) 27)

0 o
2 4G (Ry-R;)
It is clear from the aforementioned
equation that the torsional rigidity has
depending on b, ,and D, denotes torsional

rigidity in the intact hollow cylinder with
the isotropic coating.

3. Analyses with multiple cracks

Fig. 2. Cross section of bar with a curved crack

In this section, the dislocation solution
performed in the previous section is
considered for the analysis of the isotropic
coating, weakened by several cracks at this
stage, we define a local coordinate system

(n,t) attached to the surface of the i th
crack (see Fig. 2). The local stress fields on

the crack surfaces can be expressed by the
following relations

th (ri 'ei ):THZ (ri ’ei )Sinwi

+7,, (1, 6,)cos ¢, (28)
Tz (ri 0, ): 7y, (1,6, )cos ¢,

—7, (1, 6,)sing,

Note that ¢ is the angle between the
tangent to the i th crack and radial
direction. As an application of the derived
dislocation solution we analyze the
problem under consideration weekend by
multiple cracks. Let dislocations with
unknown densities to be distributed on the
surface of the i -th crack. By substituting
the Eg. (20) into Eq. (28) stress
components at a point with coordinate
(r,,6, )are achieved. Since the dislocation

cut is situated at&@=0, & is replaced by
6, — 0, in the local stress fields.
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z.I'1Z (r 9) =

b, u
cos
Ar r{

m=0i=0j=

A ) _gj]

+ay J

D anativy it

=0

| = 0]

_¢|;n ri’(?-’“”,&i—é’j]
r.
J
I K

+¢|;n J lz’ei_ejj
f

_¢|;“ R K23 0 0]
ra

+(Ceq —1)(¢,}“[

2
(R -
rR,

+¢u (r;B 6~

2

m| hi _
~4; [Rﬂi 91))]

—sm ZZZAU l//u

m=0i=0j=0

I:212’(23 0 _0

rR,

)
)

|]239 0]

)

)

(29)

m rirj
Rd ?,62 -0,
2
I K
! Jrlz,gi _ejj
[ Rk
Vi :’-azs’ei _‘9j J)

R Ky,
+(Coq —1) (wf (rRz 6, - 9]

o RY
—Vi —,0 _ejj

W r_.,el _Hj)

R,
A Rk
Vi %’Hi —9,-])]}
i]
Ry <1<,
7, (1.6)=
b <R m it 23
4/;{cos mzmz(;]z; i ,,[ ,0, — 6’]

i K1pKp3
—¢: 6, -0
' L ' J

ot gha-o|

_¢IT K, ,gi _ej]
T

r.x,

oy | 270 —ej]

_¢|;n R K23 0 "y J)
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m R12K23 m riK23
+(Ceq 1) 4 (Wé’. —ejj Vi ( R, 6 =0, ])]
4 rRRl’ 6, —ejj _l/l(’o[r 0, - Hjsin(yi,)}

o (.00 rraucos(4).r, <1, <R,

]
2

Now, resultant traction on the crack

r surface due to the distribution dislocations
—¢ R_ 0, - ])] may thus be obtained by integration of
2 above equations with respect to the
(2 [_J g, j_l)cosw) normalized crack length. In the following
! : discussion, « =M /D , is substituted in the
[T Eqg. (29). The stress free condition of the
-sin %ZQJZOA r, 0 -9, crack surfaces can be applied to obtain a
1 set of integral equations by separating the
Vi ( R? 0 _gij terms withoutb_ , as follow
w22, 0, Q (1 (5).4 (s))
] ri i ]
R _ZIk” (s.t)b, (
_l/llrjn _170| _HJ j=1-1
il ,—1<s<1
m riKlZ y i :1,2,...,N
o v r; 6=, The left side of the integral equation (26) is
g Q, (s):—&yncowi and k; (st
Bd FYRLA D,
i R i j
2 described in the Appendix.
r.
T Hfe2 g gjj It is clear that the integral equations (30)
i must be evaluated under the following
2 single-valuedness condition
_V/IT er ;(23 '0| 0] ] g
i
j b, (t)d2, =0
m R12K23
R R ) . T T T s
iRy in which d 4, =\/[rj (t)F +[r, ©)6, (t)Idt
_,/,i;n( R/ 0 —61.] denotes the infinitesimal segment on the
rR, surface of j-th crack.
Ly i 0 0. For embedded cracks the Cauchy singular
(R, integral Equations (30) and (31) should be

solved simultaneously to determine
unknown dislocation density on the cracks
surfaces. The numerical solution of these
equations is carried out by the technique
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developed by Faal et al. [24]. The stress
fields exhibit square-root singularity at
crack tips. Therefore, the dislocation
densities for embedded and edge cracks are
taken as

g, (t)
b, (t)=—"F , —1<t<1
(=7
for embedded cracks (32)
1-t
b.(t)=g, (t),]—
NORCMONES
for edge cracks

With aid of the #=M/D and some
manipulations the torsional rigidity in the
hollow cylinder with the orthotropic
coating can be calculated by the following
formula

, —1<t <1

0

D - D

_1 MM R 2
L )

where N denotes the number of the
cracks. The determination of the torsional
rigidity is based on discretizing the domain
of the integral appeared in Eq. (33) at M
discrete points
t, =cos(z(2k -1 /(2m)),k =1,2,...,m

Thus, the torsional rigidity is found to be

D= Do
T N m 2
1+ 2Mm Zj:le:l[Rz
(1)) (34
ro(t, ?
[ J ( ):I 5,95 (tk )Q(tk)
+| 1,0, (t, )]
where

@1 for embedded cracks

*(t)= {Ol—tk for edgecracks (35)

After calculating g, (t), stress intensity

factors for the cracks were derived by Faal
and Fariborz [24]. These are

0k||||_i =

for embedded cracks

(veo) " (1)
(-8 (1) |

for edge cracks
4. Numerical Results

k|||i = ﬁ,u|:

In this section, several numerical examples
are presented to prove the correctness of
the dislocation method to show the
capability of the current approach in
handling problems containing several
cracks. The torsional problem of a hollow
cylinder with an isotropic layer involved
multiple radial cracks hasn’t been studied
by other investigators, yet. In the lack of
similar studies, the validation is only
allocated to the papers relating to cracked
shafts without isotropic layer subjected to
the torsional loading. We use a

dimensionless parameter Gﬁ: 0.5 evaluate

effect of the coating on the stress intensity
factors. In the numerical examples the
dimensionless stress intensity factors,
K /K, , will be considered in which

ko =uM R,z 1J,. Also, | refers to a

half-length of embedded crack. The effect
of the coating will be discussed with
R,—-R,=0.1R,.
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Example 1.

The first example is allocated to a bar
weakened by a straight radial crack.
Firstly, by taking this problem as a bar
without any coating, i.e. R, =R, , the

numerical solution will be compared with
existing results to show accuracy and
efficiency of the dislocation method. The
center of the radial crack is located at
r,=0.3R, . The results of dislocation

method are compared with results of the
reference [25]. The results show negligible
difference between the results of the
present work and those obtained by Tao
and Tang [25]. The indexes i and o
designate to the inner and outer tips of the
crack. The normalized stress intensity
factors and the normalized torsional
rigidities have been compared with
existing results in the reference [25] in
Table. 1.

Fig 3. Hollow cylinder cross section with one
embedded radial crack
In the following, an isotropic coating as an
actuator with thickness t=0.1R, is
considered. The hollow cylinder is
weakened by a straight crack by setting
| =0.3R, andr, =0.4R,.

Table.1. Comparison between the numerical results
of the present study and the results of the reference
[25] for a radial crack.

J /‘Jo k|||i /ko klllo /ko

I/R

Present | Reference | Present | Reference | Present | Reference

study [25] study [25] study [25]
0.1 0.9982 0.9981 0.2522 0.2518 0.3525 0.3519
0.2 0.9922 0.9922 0.2087 0.2070 0.4113 0.4081
0.3 0.9808 0.9808 0.1695 0.1660 0.4796 0.4703
04 0.9612 0.9612 0.1352 0.1295 0.5650 0.5427

The effect of thickness of the coating on
the stress intensity factor has been
illustrated in Fig 4. The center of the crack
has been situated at r, =0.5R, and half-

length of the crack is | =0.1R, .As we

expected, as the radius of coating goes up,
the dimensionless stress intensity factor for
each crack tip decreases. This phenomenon
helps reinforcement of the structure.

0.28
:

0.26

0.24

r r r r r r r r r
0.02 004 006 008 0.1 012 014 016 018 0.2
t

R2
Fig 4. Variation of the dimensionless stress
intensity factor against normalized thickness for a
straight radial crack.
In the following discussion, the variations
of dimensionless stress intensity factor and
torsional rigidity versus the half crack
length have been illustrated in Fig. 5 and 6.
The stress intensity factor for the crack

tipi must be gone up with increasing the
crack length. However, the stress intensity

factor declines because the crack tip i
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approaches to stress free surface. In
addition, we observe a normal trend at the
crack tip o for the variations of stress
intensity  factor. As expected, the
dimensionless  torsional  rigidity s
decreased by increasing the length of the
crack which makes a weaker cross section.

0.75 T T T

kfko
kyfko U

0.65 _

061 —

] —
i~ _—

0.55 _— B
0.5
. . , ,
0.05 0.1 0.15 0.2 0.25
|
Rz
Fig 5. Variation of the dimensionless stress

intensity factor against the normalized half crack
length for a straight radial crack.

1.005

0.975

0.97 L L
0.05 0.1 0.15 0.2 0.25

N
R2
Fig 6. Variation of the dimensionless torsional
against normalized half crack length for a straight

radial crack.

Example 3.

In the third example, consider a hollow
cylinder with an isotropic layer weakened
by one embedded crack perpendicular to
the radial direction. The center of the crack
has been situated at the distance of
d =0.5R, from the origin of the

cylindrical coordinate, and length of the

crack has considered | =0.1R,, as shown
in Fig 15.

Fig 7. Hollow cylinder cross section with one

embedded crack normal to the radial direction
In the first plot of this example, the
variations of the dimensionless stress
intensity factors as a function of
dimensionless coating thickness have been
evaluated for r,=0.5R, and | =0.2R,
(Fig 8). According to the trend of the
previous examples, stress intensity factors
decrease as the isotropic layer becomes
thicker.

0.054

0052} —
0.05- ,
0.048|- ]
0.046 |- ]

ER
=7 0,044} 4
0.042}- 1

0.04 -

0.038 N

r

0.;)2 O.;M O.r[)G O.;)8 0.1 O.r12 0-f14 O.r16 0.r18 0.2
t
R2
Fig. 8. The graph of the normalized stress intensity
factor with normalized coating thickness

0.036

In the following discussion, the variation
of dimensionless stress intensity factors
and torsional rigidity have been illustrated
as a function of the dimensionless half
crack length in Fig 9 and 10, respectively.
As expected, the dimensionless stress
intensity factor at the crack tips is gone up
by increasing of the crack length. The
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dimensionless torsional rigidity goes down
as the crack length increases and this
makes a weaker bar.

0.15

0.13-
0.12 -
0.11-

e

j = 0.1
0.09 -

0.08 -

0.07

0.06 r r r r r
0.3 0.35 0.4 0.45 0.5 0.55 0.6

R2
Fig. 9. The graph of normalized stress intensity
factors against normalized half crack length

2.39 r r r r r
0.3 0.35 0.4 0.45 0.5 0.55 0.6

iR
R2
Fig. 10. The graph of normalized torsional rigidity
against normalized half crack length

Example 3.

In the next example, a hollow cylinder
with an isotropic coating containing two
inclined cracks is considered. The crack
lengths are assumed equal and each crack
tip is located on the circlea=0.75R, . In
the other words, both of the cracks are a
part of the chord with the central angle
714 as shown in Fig 11.

Fig 11. Cross section of a hollow cylinder with two
inclined cracks

In the continuation of the example, we

want to evaluate the effect of the effective

coating thickness on the stress intensity

factors by setting | =0.3R, . Hence, the

variation of dimensionless stress intensity
factors as a function of the dimensionless
half length of the cracks for each of the
crack tips can be seen in Fig 12 and it
shows same trend of previous examples.

0.08

0.07

0.06

- £0.05
3
04—

0.03 -

t
R2
Fig. 12. Variation of normalized stress intensity
factors against normalized coating thickness

In the next part of this example, we
evaluate the effect of crack length on the
stress intensity factor and torsional rigidity
in Fig 13 and 14, respectively. The stress
intensity factors must be gone up by
growing the cracks because of interaction
between the cracks. However, there is a
decrease for the stress intensity factor at

crack tip o, since this tip approaches to the
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stress free surface. Also, the torsional
rigidity falls down by growing the cracks.

0.09 T 3 T T 3 T T

Kii/kgy

Ko1/Kg

0.08 -

0.07 -
0.06 -

0.051

Je
=" 004}
0.03}-
0.02}-

0.01-

%.1 0.r12 0.r14 0.r16 0.18 0.r2 0.r22 0.r24 0.26
|
R:

Fig. 13. Graph of normalized stress intensity factors

against normalized half crack length

2.4665

2.466 -
2.4655 [~
ola

2.465

2.4645 |~

2.464
0.1

R,
Fig. 14. Graph of normalized torsional rigidity
against normalized half crack length

Example 5.

In the final example, consider a hollow
cylindrical shaft with an effective coating
layer weakened by one straight crack
normal to the radial direction and one
eccentric crack, as shown in Fig 15. The
length of the straight crack is constant and
it is considered I, =0.5R, . The distance

between center of the straight crack and
center of the domain isd =0.4R,. The

center of the eccentric crack is fixed at
distance of e =0.2R, from the center of

the bar and its radius is assumeda=0.5R,.

The effect of coating thickness has been
considered and decrease in the normalized
stress intensity factors with growing
coating thickness is realized in Fig 16.

Fig 15. Cross section of a hollow cylinder with two
cracks

i1
oln

- —i2
141 — —o— o021

0.r02 0.64 0.66 0.’08 O.rl 0.r12 0.r14 0.r16 0.r18 0.2
t
R;
Fig. 16. Graph of normalized stress intensity factors
against normalized thickness

The variation of the dimensionless stress
intensity factors against the length of the
eccentric crack, 1, /R, , can be seen in Fig.
17. There is a slight decrease in the stress
intensity factor for the crack tip i, since it

recedes from crack tip i, by growing the
circular crack. After that stress intensity
factor for the crack tip i, rises

dramatically, because there is interaction
between the tips of the cracks. The crack
tip o, recedes from crack tip i, and it

approaches to crack tip 0, as the length of
the eccentric crack increases. The stress
intensity factor at crack tip o0, remains

steady because of a compromise between
two different effects. As expected, the
dimensionless stress intensity factor at the
crack tip i, goes up with the circular crack
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growth. The stress intensity factor of the
crack tip o, reduces at beginning of the

graph. Then it rises by increasing length of
the circular crack because of interaction
between the crack tips o,and i,. Fig. 18

illustrates the effect of the crack length on
the torsional rigidity. The torsional rigidity
of the bar is decreased with the crack
length growth which makes a weaker
domain.

0.25—

0.2~

12
R

Fig. 17. The graph of the dimensionless stress
intensity factors against dimensionless half length

of the circular crack I, /R,

0.7895 -~
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0.7885
0.788 -

°
0.7875
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0.7865 -

0.786

0.7855 : : : : : : :
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

N
Rz

Fig. 18. The graph of the dimensionless torsional
rigidity against dimensionless half length of the

circular crack I, /R,

5. Conclusion

This work presented an efficient
dislocation approach for the evaluation of
the stress intensity factors for multiple
arbitrarily shaped cracks in a hollow
circular bar with an isotropic coating. A
solution of the torsion problem of a hollow

circular bar with an isotropic coating
weakened by Volterra-type dislocation was
first presented in terms of dislocation
density. The problem was reduced to a set
of singular integral equations of Cauchy
singular type in the rectangular cross
section, by using the distribution
dislocation technique to analyze the
problem with multiple smooth cracks. The
integral equations were solved numerically
by reducing them to a system of algebraic
equations. Finally, the stress intensity
factor for the crack tips and the torsional
rigidity of the domain under consideration
were evaluated. To summarize, the stress
intensity factors of crack tips and torsional
rigidity in the cross section with the
isotropic coating were found to depend on
critical factors such as the distance of the
crack tip from the free boundary of the
domain, thickness of the coating, crack
length and the interaction between the
cracks.

Appendix
Kernels of Eq .(30) are:

ki (s.t)=

(A E) I (C )

m=0i=0j=0

v )
i i (t)K’ K. s)-6.
Vi r (S) 12 23"9|( ) 9] (t)]
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(eartent | a0 +¢.;“(r($: 70 6)-0 (t)])

wy [%K@a(s)—a— (t)} 2y (r(s) J
e o
+2(-y r‘é:) 6(s)-9, (t)] 0 r(s)R j

) riéj)rczsei(S)—é’j (t)J i r(s)R K (0)78 (tj
i1 ate)-a ) e

w3 ; (f) 000 >] e "’L((:;)g (t)lcosm Y
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