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ABSTRACT
This paper deals with the reflection and transmission of elastic waves from
imperfect interface separating a micropolar elastic solid half-space and a fluid
saturated porous solid half-space. Longitudinal and transverse waves impinge
obliquely at the interface. Amplitude ratios of various reflected and transmitted
waves are obtained and computed numerically for a specific model and results
obtained are depicted graphically with angle of incidence of incident waves. It
is found that these amplitude ratios depend on angle of incidence of the
incident wave, imperfect boundary and material properties of half-spaces.
From the present study, a special case when fluid saturated porous half-space
reduces to empty porous solid is also deduced and discussed graphically.
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1 INTRODUCTION

OST of natural and man-made materials, including engineering, geological and biological media, possess a

microstructure. The ordinary classical theory of elasticity fails to describe the microstructure of the material.
To overcome this problem, Eringen and Suhubi [10] considered the microstructure of the material and they showed
that the motion in a granular structure material is characterized not by a displacement vector but also by a rotation
vector. Gautheir [12] found aluminum-epoxy composite to be a micro polar material. Many problems of waves and
vibrations have been discussed in micro polar elastic solid by several researchers. Some of them are Parfitt and
Eringen [23], Tomar and Gogna [26], Tomar and Kumar [27], Singh and Kumar [24], Kumar and Barak [18] etc.
On the other side, Brown [4] and de Boer and Ehlers [7-8] developed an interesting theory for porous medium
having all constituents to be incompressible. Based on this theory, many researchers like de Boer and Liu [5], Liu
[21], de Boer and Didwania [6], Tajuddin and Hussaini [25], Kumar and Hundal [16], Kumari [19], Madan et al.
[22], Kumar et al. [14-15] etc. studied some problems of wave propagation in fluid saturated incompressible porous
media. Elastic waves propagation in fluid saturated porous media has its importance in various fields such as soil
dynamics, hydrology, seismology, earthquake engineering and geophysics. Imperfect interface considered in this
problem means that the stress components are continuous and small displacement field is not. The values of the
interface parameters depend upon the material properties of the medium. Recently, using the imperfect conditions at
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the interface, Kumar and Chawla [17], Kumari [20], Kaliraman [13], Barak and Kaliraman [1-2-3] etc. studied the
various types of wave problems.

Using the theory of de Boer and Ehlers [8] for fluid saturated porous medium and Eringen [11] for micro polar
elastic solid, the reflection and transmission phenomenon of longitudinal and transverse waves at an imperfect
interface between micro polar elastic solid half-space and fluid saturated porous solid half-space is studied. A
special case when fluid saturated porous solid half-space reduces to empty porous solid half-space has been deduced
and discussed. Amplitudes ratios for various reflected and transmitted waves are computed for a particular model
and depicted with help of graphs and discussed accordingly. The model which is considered here is assumed to exist
in the oceanic crust part of the Earth and the propagation of wave through such a model will be of great use in the
fields which are related to Earth sciences.

2 FORMULATION OF THE PROBLEM

Consider a two-dimensional problem by taking the z-axis pointing into the lower half-space and the plane interface
z =0 separating the fluid saturated porous solid half-space M [z > 0] and micropolar elastic solid half-

space M , [z < O] . A longitudinal wave or transverse wave propagates through the medium A, and incident at the
plane z =0 and making an angle 6, with normal to the surface. Corresponding to incident longitudinal or

transverse wave, we get two reflected waves in the medium M| and three transmitted waves in medium M ,. See
Fig. 1.
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Fig.1
| Az Geometry of the problem.

3 BASIC EQUATIONS AND CONSTITUTIVE RELATIONS
3.1 For medium M, (Micro polar elastic solid)

The equation of motion in micro polar elastic medium are given by Eringen [11] as:

o’¢
(C‘l2 +C32)v2¢:6t—2 (l)
- . U
(022 +c32)V2U +e;VxD = e 2)
- - 0D
(cin —2w§)<b+a)§V><U = o (3)
where
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Parfitt and Eringen [23] have shown that Eq. (1) corresponds to longitudinal wave propagating with velocity v,

given by v’ =¢ +c; and Egs. (2)-(3) are coupled equations in vector potential U and ® and these correspond to
2

coupled transverse and micro-rotation waves. If —->2, there exist two sets of coupled-wave propagating with
0

.. 1 1
velocities — and — ; where
2 3

T o

K
P = s -
? c; o c22+c32) HEEK 4 ©
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g2, 212+i2;c=[i_2_qj [ S
o ) (

Considering a two-dimensional problem by taking the following components of displacement and micro-rotation
as:

i =(u,0w) and ®=(0,,,0) (7
where,

ox Oz oz Ox

and components of stresses are as under

5 . 8% oy
t. =(y+2u+x +1 +(2u+x
a2 R) S Ao+ (Qu ) o ©)
o’¢ oy Oy
t. =(2u+ —(u+Kx)—L+ y—2 — k@
= (,u K)ax(?z (,u K)622 ”axz ? (10)
o0,
My =7 (11)

3.2 For medium M, (Fluid saturated incompressible porous solid half-space)

Following de Boer and Ehlers [8], the governing equations in a fluid-saturated incompressible porous medium are
div(fysx's +77FxF)=0 (12)

divl; —n’gradp+p° (b—%;)-P; =0 (13)
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divl, —n"gradp +p" (b-%.)+P; =0 (14)

where X, and x,(i =S,F) denote the velocities and accelerations, respectively of solid (S) and fluid (F) phases of
the porous aggregate and p is the effective pore pressure of the incompressible pore fluid. p° and p” are the
densities of the solid and fluid phases respectively and b is the body force per unit volume. 7} and 7/ are the
effective stress in the solid and fluid phase respectively. P is the effective quantity of momentum supply and 7

and 77" are the volume fractions satisfying
7’ +n" =1 (15)
If u; and u, are the displacement vectors for solid and fluid phases, then
Xg =gy Xg=tlg; X, =Up; X, =Up (16)

The constitutive equations for linear isotropic, elastic incompressible porous medium are given by de Boer,
Ehlers and Liu [9] as:

Ty =) Eg+2° (EgI )1 17)
TS =0 (18)
T, ==S, (i, —iiy) (19)

where A° and x4’ are the macroscopic Lame’s parameters of the porous solid and E ¢ 1s the linearized Lagrangian
strain tensor defined as:

1
E, :E(grad ug +gradTuS) (20)

In the case of isotropic permeability, the tensor S, describing the coupled interaction between the solid and fluid
is given by de Boer and Ehlers [8] as:

S, =—tr—1 21

where 7™ is the specific weight of the fluid and K ” is the Darcy’s permeability coefficient of the porous medium.
Making the use of (16) in Egs. (12)-(14), and with the help of (17)-(20), we obtain

div(n’ig +7"1i, ) =0 (22)
(A° + 4 ) grad div ug + 4* div grad ug —n° grad p + p* (b —iiig )+, (i, —1is ) =0 (23)
—negrad p + p" (b —ii. ) =S, (i, —1ig ) =0 (24)

For the two dimensional problem, we assume the displacement vector u, (i =F,S ) as:
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u, :(u’,O,w’) where i =F,S

Egs. (22) -(24) with the help of Eq. (25) in absence of body forces take the form

| 0t ow? Ao ow”
n + +n + =0
oxot 0Ozot ox 0t 0Oz Ot

2, F F S
g P O V{au__au }

ox o> o |

r Op 0w’ ow' ow?
—+ +S - =0
TP o o o

S 2. F N
(ls +ys)%+ysvzus —nsaﬁ—psaihgv {Gu__é’u }=0

ox ox o’ o o
06° op 5 OwS ow’  owS
255V LSS S P S +S _ -0
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where,
ou®) o(w?
o) o)
ox oz
and
2 2
V2:6—2+a—2
ox Oz

Also, t> and 7. the normal and tangential stresses in the solid phase are as under

S N N
L) KLl I il
Ox Oz Oz

ous ows
2 =4t —+
== H (82 Ox j

The displacement components «/ and w/ are related to the dimensional potential ¢’ and y”’ as:

J J J J
Ox Oz Oz Ox

(25)

(26)

27

(28)

(29)

(30)

D

(32)

(33)

(34)

(35)

Using Eq. (35) in Egs. (26)-(30), we obtain the following equations determining ¢° , ¢* , w*, w" and p as:
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Vi -— . ;——=0 (36)

n
¢F=—U—F¢S (37)
aZl/IS al//F al//S
SViyS - pS +S - =0
HYy=p ot? "ot ot (38)

=0 (39)

2 F F S
i’ +S{8w _8'//}

ot? ot ot

(TIF)ZP_ s P04 S og° -0

mp a: o (40)
where,
2
c - l (n") (2" +24") (a1)
1 2 2
\i(nF) o +(775) o
Assuming the solution of the system of Egs. (36) -(40) in the form
(¢S’¢F’WS’WF’p) :(¢IS,¢1F’WIS’%F’pI) exp(ia)t) (42)
where @ is the complex circular frequency.
Making the use of Eq. (42) in Egs. (36) -(40), we obtain
, @ i S s
V°+ -5 —v2 = 0
C (/IS +2u° )(nF) (43)
[ySV2+pSa)2—ialS'v]t//f =—iawS,y (44)
[—a)zpF +iaAS'V]t//f—iaAS'vl//f =0 (45)
2 .
(n") pi+7’ pf I F —i S, 4 =0 (46)
S
U
# ==& 47)
n
Eq. (43) corresponds to longitudinal wave propagating with velocity v, , given by
1
iy (48)

© 2018 IAU, Arak Branch



661 Elastic Wave Propagation at Imperfect Boundary of Micro polar ...

(o a)(/is +2,us)(77F )2
From Egs. (44) and (45), we obtain

2

{Vz +a)—2}//f =0

vV,

. . . . 1
Eq. (50) corresponds to transverse wave propagating with velocity v, , given by v; = G’ where

2
G - P, S}
2 ﬂs ﬂsw #s(_psa)2+iwsv)

4 SOLUTION OF THE GOVERNING EQUATIONS

For medium M,, let us consider

¢:Blexp[i5l(x sing, —z cos6_’1)+i57)lt]
v=5B, exp{i52 (x siné, —z coséz)+icT)2t} +B, exp{ié'}(x sin@, —z COS§3)+iCT)3t}

@, =EB, exp{i52 (x sinf, —z cos§2)+icT)2t}+FB3 exp{ié‘3 (x sinf, —z cosé_g)ﬂ'c@t},

where
2| <2 o’
6,16, _(Cz +C2)+pq
2 3
E =
deno.
2| 2 o’
05| 6 _(02 +Cz) +pq
2 3
F =
deno.
and

2
den0=p(2q—w—2); S =ka"; 5 =L
¢

4

and for medium M, we take

{¢S,¢F,p} :{l,ml,mz}[A01 exp{ik, (x sin@, —z cos),) +i mt } + A4, exp{ik, (x sin, +z cos§,)+i et }J
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{l//s ,l//F} = {1,m3}[801 exp{ik, (x sin@, —z cos 6, )+i wyt | +A, exp{ik, (x sin6, +z cos6, ) +i wyt }] (59)

where,

oo |map eS| ieS, (60)
> iwS, —alp”

and B,, B,, B, are amplitudes of transmitted P-wave, transmitted coupled transverse and transmitted micro-rotation
waves respectively. Also 4, or B, 4, and 4, are amplitudes of incident P-wave or SV-wave, reflected P-wave
and reflected SV-wave respectively and to be determined from boundary conditions.

5 BOUNDARY CONDITIONS

Boundary conditions appropriate here are the continuity of displacement, micro rotation and stresses at the interface
separating medium M, and M ,. These boundary conditions at z = 0 can be written in mathematical form as:

t.=t>—p it =t ;m, =0;t —szn(w —ws);ts =K, (u—us) (61)

zy zx

where K, and K, are normal and tangential stiffness coefficient.
In order to satisfy the boundary conditions, the extension of the Snell’s law will be

sing, sing, sinf, sinf sinf, sing,

v, v, v, v, - v, - v, (62)
where, v, = ﬂi; v, = L . For longitudinal wave,
v, =v,, 0,=6, (63)
For transverse wave,
v, =v,, 0,=6, (64)
Also
Sy, =0, =04 =ky,=ky,=w, z=0 (65)

Making the use of potentials given by Eqs . (52)-(54) and (58)-(59) in the boundary conditions given by Eq. (61)
and using (62)-(65), we get a system of five non-homogeneous equations which can be written as:

>a,Z, =Y,, (i=12345) (66)

=l

where
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(67)

where B, =A4,, or B, is amplitude of incident P-wave or SV-wave respectively.
Also Z, to Z, are the amplitude ratios of transmitted longitudinal wave, transmitted coupled-wave at an angle
0, , transmitted coupled-wave at an angle @, , reflected P-wave and reflected SV-wave, respectively. Also a, and

Y. in non-dimensional form are as:

. _—/15]2_(2,u+1c)(512c032§l) - 2(2,u+1<)522sin6_72 cosf, =(2,u+1c)532sin53 cos,
1 ﬂ512 > Ay /1512 > Aiz /,4512 >
kf(ﬂf +24° cos201)+m2 ' 241 k2 sin 6, cos 6, (2u+x)5] sin6, cos 6,
ay = 5 > A5 = 115 s Ay = 157 ;

u6; c0s20, + k6, cos” 0, —kE U6, c0s20, + k05, cos’ 0, —kF Wk?sin26,
ap = /Ué‘lz > Ay = #5]2 > Ay = ﬂé‘lz >

N n

W1k, cos26. — O,F cos 6, ' )
s :T ;@ =05 ay =cosb, ; ay :?; a3, =0; a3, =0;
Y AS? +(2,u+1c)(512 0052§])+kni5I cos 6, - -(2u+x)6; siné, cos@, —k,i 5, sin 6, .

Y k, o, T ko, ’
_ —(2u+x)8;sinB,cosb, —k,io,sinb, ik cos6, _ ik,sin6,
Ay = Ay = Q=
k, o, S 5
Y —(2u+x)5] sin6, cos 6, —ik, 5, sin 6, o - —us; c0s 20, — k5; cos’ O, + kF —k, 5, cos 6,
" k5 o k6 ’

ik, sin@, ik, cos 6,

sy :T > Uss :T
1 1

For incident P-wave
Yi==a,; Y,=ay ; Yy=ay Y, =ay ; YV=—a.
For incident SV wave
Yi=a5; Yy =—ay; Yy=ay; Yy =—a5; Ys=as (68)

6 PARTICULAR CASE: WELDED CONTACT (Kn —>o, K, = oo)

Again in this case, a system of five non-homogeneous equations is obtained as in Eq. (68) with some g, changed

as:

i0,cosb, —i 0, sin6, —i 0, sin b, L= —i 0, cos b,

Ay =—" o =" a4y =" - 05 =71 511“91; Aoy =— >
o 19 9, 1)
1 1 1 1 (69)

—i 0, cos b,

ds3; =
2
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7 SPECIAL CASE

If pores are absent or gas is filled in the pores then p” is very small as compared to p° and can be neglected, so
the relation (41) gives us
A 24’

= A2 (70)
P

In this situation the problem reduces to the problem to empty porous solid half-space lying over micro polar
elastic solid half-space.

8 NUMERICAL RESULTS AND DISCUSSION

In order to study in more detail, the behavior of various amplitude ratios, we have computed them numerically for a
particular model for which the values of relevant elastic parameters are as follow:

In medium M|, the physical constants for fluid saturated incompressible porous medium are taken from de Boer,
Ehlers and Liu [9] as:

7’ =067, 17 =033, p° =1.34 Mg/m’ , p" =0.33 Mg/m® , 15 =5.5833 MN/m’,
KT =001m/s , ¥ =10.00 KN'm’ , z* =8.3750 N/m’

In medium M,, the physical constants for micro polar elastic solid are taken from Gauthier [12] as:

A=7.59x10" N/'m*, u=1.89x10" N/m’, x=1.49x10° N/m*, p=2.19x10° kg/m’ ,
2

7=2.68x10° N, j =1.96x10° m?, £ =200 (71)

2
0

To calculate the modulus of amplitude ratios of various reflected and transmitted waves for the particular model
and to depict graphically, a computer program in MATLAB has been developed. The amplitude ratios are computed
for the angle of incidence varying from 0° to 90°. The variation of modulus of amplitude ratios Z, with angle of

emergence 6, of longitudinal P-wave or transverse SV wave are shown in Figs. (2)-(31). In Figs. (2)-(21) dotted
lines show the variations of amplitude ratios |Z ,.| when medium-M; is incompressible fluid saturated porous

medium (FS) and medium-M); is micro polar elastic solid and boundary between half-space is imperfect whereas
solid lines show the variations of amplitude ratios when contact between half-spaces is welded. In Figs. (2) -(6),
there is P-wave incident whereas in Figs. (7) -(11), SV wave is incident. In Figs. (12) -(16), there is P-wave incident
and incompressible fluid saturated porous medium (FS) becomes empty porous solid (EPS) whereas in Figs. (17)-
(21), SV wave is incident and medium-M, is empty porous solid. The nature of dependence of modulus of amplitude
ratios Z, on P-wave or SV is shown in Figs. (22)-(31). The nature of dependence of modulus of amplitude ratios

Z, is different for different reflected and transmitted waves.

8.1 Longitudinal wave incidence

The Figs. (2)-(6), show the variations of the modulus of amplitude ratios of reflected P-wave i.e. |Z 4| , reflected SV

wave i.e. |ZS| , transmitted P-wave i.e. |Zl|, transmitted CDI-wave i.e. |Zz|, and transmitted CDII-wave i.e. |Z3| ,

with angle of incidence of incident P-wave. In Figs. (2) -(6), the effect of welded contact is significant to general
stiffness case (imperfect interface) and is clear from the graphs. Also, in Figs. (12) -(16), in case of empty porous
solid, the effect of stiffness is clear. In these figures, the modulus value of amplitudes ratios for imperfect interface
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is small than all other cases except in Figs. (5) and (15)-(16). The effect of fluid filled in pores of fluid saturated
porous medium is evident after comparing the corresponding Figs. (2)-(6) and (12)-(16).
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The Figs. (7) -(11), show the variation of the modulus of amplitude ratios of reflected P-wave, reflected SV wave,
transmitted P-wave, transmitted CDI-wave, and transmitted CDII-wave, with angle of incidence of incident SV-
wave. In the Figs. (7) -(11), the amplitude ratios are small for imperfect boundary in comparison to welded contact
except in Fig. (11). Also, in Figs. (17) -(21), in case of empty porous solid, the effect of stiffness is clear and
amplitude ratios are small for imperfect interface in comparison to welded contact. After comparing the
corresponding Figs. (7) -(11) and (17) -(21), the effect of fluid filled in pores of fluid saturated porous medium is

clear.
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Variation of the amplitude ratio ‘Z ;
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incidence of incident SV wave.

Fig.8

Variation of the amplitude ratio‘Z |, 1=1,2,...,5 with angle of

incidence of incident SV wave.

Fig.9
Variation of the amplitude ratio ‘Z ;

, 1=1,2,...,5 with angle of

incidence of incident SV wave.

Fig.10
Variation of the amplitude ratio ‘Z ;

, 1=1,2,...,5 with angle of

incidence of incident SV wave.

Fig.11
Variation of the amplitude ratio |Z,

, i=1,2,...,5 with angle of

incidence of incident SV wave.
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Fig.12
Variation of the amplitude ratio‘Z ;

i=1, 2,...,5 with angle of

incidence of incident P- wave for empty porous solid.

Fig.13
Variation of the amplitude ratio‘Z ;

i=1, 2,...,5 with angle of

incidence of incident P- wave for empty porous solid.

Fig.14
Variation of the amplitude ratio‘Z ;

i=1, 2,...,5 with angle of

incidence of incident P- wave for empty porous solid.

Fig.15
Variation of the amplitude ratio‘Z ;

i=1, 2,...,5 with angle of

incidence of incident P- wave for empty porous solid.

Fig.16

Variation of the amplitude ratio‘Z[ i=1, 2,...,5 with angle of

incidence of incident P- wave for empty porous solid.

Fig.17
Variation of the amplitude ratio‘Zl.‘ i=1, 2,...,5 with angle of

incidence of incident SV wave for empty porous solid.
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Fig.18
Variation of the amplitude ratio‘Z l.‘ i=1, 2,...,5 with angle of

incidence of incident SV wave for empty porous solid.

Fig.19
Variation of the amplitude ratio‘Z ;

i=1, 2,...,5 with angle of

incidence of incident SV wave for empty porous solid.

Fig.20
Variation of the amplitude ratio‘Z l.‘ i=1, 2,...,5 with angle of

incidence of incident SV wave for empty porous solid.

Fig.21
Variation of the amplitude ratio‘Z ;

i=1, 2,...,5 with angle of

incidence of incident SV wave for empty porous solid.

Figs. (22) -(26) depicts the effect of incident longitudinal and incident transverse wave on the variation of amplitude
ratios. From these figures it is very clear that the amplitude ratios depend on incident wave. Also, the amplitude
ratios are small for incident P- wave in comparison to SV wave except for modulus of amplitude ratio of reflected

P-wave i.e. |Z 4| . Effect of incident longitudinal or incident transverse wave on the variation of amplitude ratios in

case of empty porous solid is shown in Figs. (27) - (31). In these figures, the modulus of amplitude ratios for
transmitted waves, are large in case of SV wave incidence and small for reflected waves.
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Fig.22
Variation of the amplitude ratio ‘Z ;

, =1, 2,...,5 with angle of

incidence of incident P- wave or SV wave.
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Fig.23
Variation of the amplitude ratio ‘Z ;

, =1, 2,...,5 with angle of

incidence of incident P-wave or SV wave.

Fig.24
Variation of the amplitude ratio ‘Z ;

, =1, 2,...,5 with angle of

incidence of incident P- wave or SV wave.

Fig.25

Variation of the amplitude ratio‘Z ;1. 1=1, 2,...,5 with angle of

incidence of incident P- wave or SV wave.

Fig.26
Variation of the amplitude ratio ‘Z ;

, =1, 2,...,5 with angle of

incidence of incident P- wave or SV wave.

Fig.27
Variation of the amplitude ratio |Z,

with angle of incidence of

incident P- wave or SV wave for empty porous solid.
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Fig.28
Variation of the amplitude ratio ‘Z i‘ with angle of incidence of

incident P- wave or SV wave for empty porous solid.

Fig.29
Variation of the amplitude ratio ‘Z ;

with angle of incidence of

incident P- wave or SV wave for empty porous solid.

Fig.30
Variation of the amplitude ratio |Z,

with angle of incidence of

incident P- wave or SV wave for empty porous solid.

Fig.31
Variation of the amplitude ratio ‘Z ;

with angle of incidence of

incident P- wave or SV wave for empty porous solid.

In conclusion, a mathematical study of reflection and transmission coefficient at an imperfect interface separating
micro polar elastic solid half-space and fluid saturated incompressible porous solid half space is made when
longitudinal wave or transverse wave is incident. It is observed that

The amplitudes ratios of various reflected and transmitted waves are found to be complex valued.

2. The modulus of amplitudes ratios of various reflected and transmitted waves depend on the angle of
incidence of the incident wave and material properties of half-spaces.

3. The effect of fluid filled in the pores of incompressible fluid saturated porous medium is significant on the
amplitudes ratios.
The effect of incident wave is significant on amplitude ratios. All the amplitudes ratios are found to depend
on incident waves.
The effect of stiffness is significant either longitudinal wave is incident or transverse wave is incident.

1.

4.
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The model presented in this paper is one of the more realistic forms of the Earth models. The present theoretical
results may provide useful information for experimental scientists/researchers/seismologists working in the area of
wave propagation in micropolar elastic solid and fluid saturated incompressible porous solid.
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