Journal of Solid Mechanics Vol. 9, No. 2 (2017) pp. 423-433

Variational Principle and Plane Wave Propagation in
Thermoelastic Medium with Double Porosity Under
Lord-Shulman Theory

R. Kumar ', R. Vohra 2? , M. G.Gorla ?

lDeparlmem of Mathematics, Kurukshetra University, Kurukshetra, Haryana, India
2Department of Mathematics& Statistics, H.P.University, Shimla, HP, India

Received 25 March 2017; accepted 21 May 2017

ABSTRACT
The present study is concerned with the variational principle and plane wave
propagation in double porous thermoelastic infinite medium. Lord-Shulman theory [2]
of thermoelasticity with one relaxation time has been used to investigate the problem. It
is found that for two dimensional model, there exists four coupled longitudinal waves
namely longitudinal wave (P), longitudinal thermal wave (T), longitudinal volume
fractional wave corresponding to pores (PV1), and longitudinal volume fractional wave
corresponding to fissures (PV2), in addition to, a transverse wave (S) which is not
affected by the volume fraction fields and thermal properties. The different
characteristics of the wave such as phase velocity and attenuation quality factor are
computed numerically and depicted graphically. Some special cases are also deduced
from the present investigation.
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1 INTRODUCTION

HE constitutive equations for thermoelastic material, which express the relations between the stress, the strain

and the temperature change, were first introduced by Biot[1]. With Biot’s theory, many solutions for thermal
response caused by the change of temperature have been developed by numerous investigators. However, it involves
a paradox that the thermal disturbances propagate at infinite speeds. In recent years increasing attention has been
made to remove this paradox and to develop the generalized theory of thermoelasticity, which was found to give
more realistic results than the coupled or uncoupled theories of thermoelasticity, especially when short time effects
or step temperature gradients are considered. The theory of generalized thermoelasticity with one relaxation time
was first introduced by Lord and Shulman [2], who obtained a wave-type heat equation by postulating a new law of
heat conduction instead of the classical Fourier’s law. Hetnarski and Ignaczak [3] have presented a review on the
generalized theories of thermoelasticity. A comprehensive work has been done in the generalized theories of
thermoelasticity with one relaxation time by different investigators by considering different problems Porous media
theories play an important role in many branches of engineering including material science, the petroleum industry,
chemical engineering, biomechanics and other such fields of engineering. Biot [4] proposed a general theory of
three-dimensional deformation of fluid saturated porous salts. Biot theory is based on the assumption of
compressible constituents and till recently, some of his results have been taken as standard references and basis for
subsequent analysis in acoustic, geophysics and other such fields. Another interesting theory is given by Bowen [5],
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de Boer and Ehlers [6] in which all the constituents of a porous medium are assumed to be incompressible. The fluid
saturated porous material is modeled as a two phase system composed of an incompressible solid phase and
incompressible fluid phase, thus meeting the many problems in engineering practice, e.g. in soil mechanics. One
important generalization of Biot’s theory of poroelasticity that has been studied extensively started with the works
by Barenblatt et al. [7], where the double porosity model was first proposed to express the fluid flow in hydrocarbon
reservoirs and aquifers.

The double porosity model represents a new possibility for the study of important problems concerning the civil
engineering. It is well-known that, under super- saturation conditions due to water of other fluid effects, the so called
neutral pressures generate unbearable stress states on the solid matrix and on the fracture faces, with severe
(sometimes disastrous) instability effects like landslides, rock fall or soil fluidization (typical phenomenon
connected with propagation of seismic waves). In such a context it seems possible, acting suitably on the boundary
pressure state, to regulate the internal pressures in order to deactivate the noxious effects related to neutral pressures;
finally, a further but connected positive effect could be lightening of the solid matrix/fluid system. Wilson and
Aifanits [8] presented the theory of consolidation with the double porosity. Khaled, Beskos and Aifantis [9]
employed a finite element method to consider the numerical solutions of the differential equation of the theory of
consolidation with double porosity developed by Aifantis[8]. Wilson and Aifantis [10] discussed the propagation of
acoustics waves in a fluid saturated porous medium. The propagation of acoustic waves in a fluid-saturated porous
medium containing a continuously distributed system of fractures is discussed. The porous medium is assumed to
consist of two degrees of porosity and the resulting model thus yields three types of longitudinal waves, one
associated with the elastic properties of the matrix material and one each for the fluids in the pore space and the
fracture space. Beskos and Aifantis [11] presented the theory of consolidation with double porosity-II and obtained
the analytical solutions to two boundary value problems. Khalili and Valliappan [11] studied the unified theory of
flow and deformation in double porous media. Aifantis [13-16] introduced a multi-porous system and studied the
mechanics of diffusion in solids. Moutsopoulos et al. [17] obtained the numerical simulation of transport phenomena
by using the double porosity/ diffusivity continuum model. Khalili and Selvadurai [18] presented a fully coupled
constitutive model for thermo-hydro —mechanical analysis in elastic media with double porosity structure. Pride and
Berryman [19] studied the linear dynamics of double —porosity dual-permeability materials. Straughan [20] studied
the stability and uniqueness in double porous elastic media. Svanadze [21-25] investigated some problems on
elastic solids, viscoelastic solids and thermoelastic solids with double porosity. Scarpetta et al. [26,27] proved the
uniqueness theorems in the theory of thermoelasticity for solids with double porosity and also obtained the
fundamental solutions in the theory of thermoelasticity for solids with double porosity. Kumar et al.[30-33] studied
the plane wave propagation in different thermoelastic media.

In the present paper, we have derived the variational principle for thermoelastic material with double porosity
structure for Lord-Shulman model. In addition to this, we have discussed the propagation of plane waves for
thermoelastic material with double porosity structure with one relaxation time. Effect of porosity and relaxation time
is shown graphically. Some special cases of interest are also deduced.

2 BASIC EQUATIONS

Following Lord and Shulman [2]; Iesan and Quintanilla [32], the field equations and the constitutive relations for
isotropic homogeneous thermoelastic material with double porosity structure with one relaxation time can be written
as:

2.1 Constitutive relations

t, =ce, +B,o+D,w—pBT (1)
o, =, +by, @)
X, =b,0, 1, 3)
&=-Be, — -y +yT 4
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¢=-D,e, —a,p—ay+y,l (5)
pT07'7 =4, (6)
p1=pe; +ne+ry+al (7

2.2 Equations of motion

tji,j +pfi :m-i (8)

2.3 Equilibrated stress equations of motion
o, t&+pg =Kx¢ )

x;, +&+pl =y (10)

2.4 Heat conduction equation

q; +Toqi :_Kg/T,,' (11)

where A and u are Lame’s constants, o is the mass density; ,B:(3/1+2y)at; a, is the linear thermal

expansion; C "is the specific heat at constant strain, u; is the displacement components; ¢, is the stress tensor;
x,and «, are coefficients of equilibrated inertia; o, is the components of the equilibrated stress vector associated
to pores; x, is the components of the equilibrated stress vector associated to fissures; ¢ is the volume fraction
field corresponding to pores and  is the volume fraction field corresponding to fissures; K is the components of
thermal conductivity, 7, is the thermal relaxation time, f; is the body force per unit mass, x; and «, are coefficients
of equilibrated inertia, g is the extrinsic equilibrated body force per unit mass associated to macro pores, / is the
extrinsic equilibrated body force per unit mass associated to fissures, ¢, (=c,; =c,, =c,,) is the tensor of elastic
constants and b,d.b,,7,y,,7, are constitutive coefficients; Sy is the Kronecker’s delta; T is the temperature change
measured form the absolute temperature 7, (T 0 # 0); a superposed dot represents differentiation with respect to

time variable ¢.

3 VARIATIONAL PRINCIPLE

The principal of virtual work with variation of displacements for elastic deformable body with double porosity is

[[p(t,~1i, )1, +(pg +&~K§)3p-+(pl +¢ — xSy UV + [[LSu, +M Sp+N Sy ]dA
14 A

= J-[ti/. ou; , +0,00, + x,0p, ]dV (12)
4

On the left hand side, we have the virtual work of body forcesf,,/,g ; inertial forces pii,,x,@, K, ; surface
forces L =t,n;,M=0c,n,,N =x,n, whereas on the right hand side, we have the virtual work of internal forces.
Here n; is the outward unit normal of 0V .

Using the symmetry of stress tensor and the definition of the strain tensor, the Eq. (12) can be written as:
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j[p(f,. — i, )u, +(pg +&—KP)Sp+(pl +¢ —Ky)Sy BV +j[L5u, +M Sp+N Sy |dA
14 A
:J'[tl.jde,.j +0,00, + 1,0y, ]dV (13)
Vv

Substituting the value of 7,5, andx, from Egs.(1),(2)and (3) in Eq. (13), we obtain

j[p(ﬁ. —ii,)Su, +(pg +E—KP)Sp+(pl +{ — kY)Y PV + j[Léu, +M Sp+ N Sy)dA
14 A

=W +OE +0F +5G +SH + [ B, pde,dV + [ D yse,dvV —[ B,T Se,dv 19
v Vv v
where
W= ljc eedV, E=— ja.,(pz.dV F:ljbuyﬂ.dv G :lj‘b..(pz.dV H =lj7_,,/.dV
2t/r~rt/rs thst > 2V1/J > 2[/11,1 > 2Vz/,t
We define a vector J (Biot [1]) connected with the entropy through the relation
prn==J;; (15)
On combining Egs. (6), (7), (11) and (15), we obtain
d d’
T\L, [d—t+ro dt_zjji +T, =0 (16)
~J,, =Be, +ne+yry+al 17

where L, the resistivity matrix, is the inverse of the thermal conductivity K e

Multiplying both sides of Eq.(16) by oJ, and integrating over the region of the body and using the divergence
theorem with the aid of (17), we obtain

[@ 87 n,d4 +[ BT Se,dv +y,[T pav +y, [T Syav +5(P+0)=0 (18)
A V Vv 14

where

= —jT dv, 8P = ajT STdV ,

d’J, dJ, d’J, (19
=L j AV, S0 =T, j Ly| S, =50 5 dV
dr? dt dt?
Substituting the value of & and{ from (4) and (5) in relation (14), we obtain
j[p(ﬂ —ii,)Su, +(pg —K5,P)Sp+(pl — )WV + j[wu, +M Sp+ N Sy)dA 0
14 A

+[ BTS¢, dV +7,[T SpdV +7,[T SydV = S(W+E +F +G +H +R +S +U +Y )
v v v
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where

- _ _[&FE e _[&BEx
R—JBi/.eij(pdV, S—J‘Dijei/.y/dV, U—[ : jyj(pdV, Y—( 5 jjy/dV @1

Vv

Eliminating integrals J. BT 5ei,dV,71jT5(pdV and }/JT owdV from Eqgs.(18) and (20), we obtain the
4 4 Vv

variational principle in the following form:

S(WH+E +F+G +H +P+0 +R +S +U +Y ) = J.p(fi—iii YSu,dV +j(pg — k,()SpdV o
14 14

+j(p1 — k) SydV +jL5u,.dA +jM5(pdA +jN5y/dA —IT&/inidA
4 A A A A

On the right-hand side of Eq. (22), we find the all the causes, the mass forces, inertial forces, the surface forces,
the heating potential and equilibrated stress vectors on the surface 4 bounding the body.

4 PLANE WAVE PROPAGATION

We obtain equation of motion, equilibrated stress equations of motion and heat conduction equation, by making use
of Eqs.(1)-(7) in Eqgs.(8)-(11), without body forces, extrinsic equilibrated body forces and heat source as:

o%u

UV +(A+ p)VV i +bV o +dVy — BVT =P (23)
2 2 az(p
aVip+b Vy —bV il —ayp— oz + T =K (24)
2 2 o’y
bV o+ Ny —dV -ii —oyp—a,y +y,T = (25)
0 = . . o o2
1+TO§ (/FOV”+71T0(P+72T0‘//+F’CT)=K VT (26)

where K" is the coefficient of thermal conductivity ; a superposed dot represents differentiation with respect to
time variable ¢ .

~d ~ 0 0 , o0 &* &
Vies—+—+—
ox, 0x 5 0x 5 Ox; Ox; Ox;

are the gradient and Laplacian operators, respectively.
For the two-dimensional problem, we take u = (u,,0,u ) and define the following non-dimensional quantities as:

'

\ . ' T
x1:ﬂx1» xszﬂxas’h:ﬂ”l ’”3:ﬂ“3oT =% = &%
1 ¢ 1 € T, 27)

2 2
DK ;K , (e o[ e
¢ = 1 Py = 1% yil =wt,0 :(_IJGMH :(_1]71
o o aw, aw,
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A+2 "¢l . . . .
where 012 = “ O = ,Of{ L Here @, and ¢, are the constants having the dimension of frequency and velocity

*

in the medium respectively.
The displacement components u; and u, are related by potential functions ¢, and y, as:

_9% oy L

u , =
! ox, Oxj ; Ox; Ox, (28)

For plane harmonic wave, we assume the wave solution as:
(2.0.w.T w,)=(2.0.7.T .77, )exp i {&Ux, +1x;)—ar } ] (29)

where @ is the angular frequency and & is the complex wave number.gT)l,gT),ny andy, are undetermined
amplitude vectors that are independent of time # and coordinates x ,x,;/} +1; =1. Making use of (29) in (23)-(26)
with the aid of (27) and (28), we obtain a linear system of four homogeneous equations in four unknowns
(Z],(ﬁ,lﬁandf .For non-trivial solution, the determinant of the coefficients [(/_)1,45,;17]_ ]tr vanishes, yields to the

characteristic polynomial equation in c as:
Bc*+Byc®+Bct+Bc’+B, =0 (30)
The cofficients B,,B,,B,,B, and B are given in the Appendix B.
(C‘)2 _a19§2)'/71 =0 G

Eq.(31) is uncoupled equation in terms of y,. The complex coefficients in (30) imply that four roots of the
equation may be complex. The complex phase velocities of the longitudinal waves, given by c,, i =1,2,3,4, will be

varying with the direction of phase propagation. The complex velocity of the longitudinal waves, i.e. ¢ =c, +ic,,

. . cp+e;] . . L Img(1/e})
defines the phase propagation velocity V, =———,and attenuation quality factor Q" =———=

Cp Re(1/c})
corresponding waves. Therefore the four waves in such a medium are attenuating. Corresponding to these roots,
there exist four waves in descending order of their velocities, namely longitudinal wave (P), longitudinal thermal
wave (7), longitudinal volume fractional wave (PV1) corresponding to pores and longitudinal volume fractional
wave corresponding to fissures (PV2).

for the

5 PARTICULAR CASES

Case (i) If by=a3s=y=a,=y,=d -0 in Eqs.(23)-(26), we obtain the corresponding expressions for
thermoelastic medium with single porosity.
Case (1) If 7, =0, in Eqgs. (23)-(26), yield the corresponding expressions for thermoelastic medium with double

porosity in context of coupled theory of thermoelasticity.

6 NUMERICAL RESULTS AND DISCUSSION

The material chosen for the purpose of numerical computation is copper, whose physical data is given by Sherief
and Saleh [33] as,
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A=7.76x10°Nm =2, C" =3.831x10°m%s 2K !, 1 =3.86x10'°° Nm 2, K" =3.86x10°Ns 'K !,
o =1x10"s7 7y =0.293x10°K ,a;, =1.78x10°K ™' ;1 =0.1s, p = 8.954x10° Kgm >

Following Khalili [34], the double porous parameters are taken as,

a, =2.4x10"°Nm 2, ay, =2.5x10"° Nm 2,y =1.1x10°N ,a =1.3x10° N
7, =0.16x10°Nm 2,b, =0.12x10° N ,d =0.1x10"" Nm >

7, =0.219%10° Nm 2, k; = 0.1456x10 "2 Nm 25 ,b = 0.9x10' Nm 2

a; =23x10'°° Nm ™2, x, =0.1546x107* Nm 2s%,7, = 0.1s

The software MATLAB has been used to find the values of phase velocity and attenuation quality factor. The
variations of these values with respect to angular frequency @ have been shown in Figs. (1)-(8) respectively. In all
these figures, solid line and small dashes line without central symbols correspond to thermal double porous material
(DP) for LS and CT theory respectively while solid line and small dashes line with central symbols correspond to
thermal single porous material (SP) for LS and CT theory respectively.

Fig. 1 shows that wvalues of phase velocity converges to boundary surface for all the values of angular
frequency w for DP in case of LS theory while in case of CT theory it increase slightly with the increase in angular
frequency @ . For SP, it is found that, the values of phase velocity increases monotonically with the increase in
angular frequency o for both LS and CT theories of thermoelasticity. It is noticed that magnitude values are more
for CT in comparison to LS theory for DP while a reverses behavior is noticed in case of SP.

From Fig. 2, it is clear that values of phase velocity increase monotonically with the increase in the value of
angular frequency @ for both DP and SP model. It is noticed that the values of phase velocity are very close for the
range 0 <w<1.1 for both models while for the remaining range the values of phase velocity are higher for LS as
compared to CT theory of thermoelasticity in case of DP and it shows an opposite trend of variation, for SP.

Fig. 3 depicts that there is a similar trend of variation for both the models. It is found that the values of phase
velocity decreases for 0 < w <2 and becomes almost stationary for @ > 2. The difference in the magnitude values
of phase velocity is very small for both the models.

Fig. 4 indicates that the trend and behavior of variation are similar for both LS and CT theories of
thermoelasticity incase of DP, but the magnitude values are more in case of LS as compared to CT theory.

From Fig. 5, it is found that for DP, the values of attenuation quality factor decrease with the increase in angular
frequency @ while for SP, it is found that, the values increase slowly as angular frequency  increase. The
magnitude values are more for CT in comparison to LS theory for SP, while the difference in magnitude values are
small for 0 < @ < 6.8 and further the difference in magnitude values increases for @ > 6.8 in case of DP.

DP(LS)
————— DP(CT)
_ —— sPus)
- - - spen
12 —
=
=
8
o 8 —
>
% - el
& b _e”
o -
- o7
a4 —| _ o7 - -
B
o s
by Fig.1
° ‘ ‘ Variation of phase velocity w.r.t. angular frequency (P-wave).
o 2 8 10
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DP(LS)
DP(CT)

—)— sPes)

Phase Velocity (V)

a 6
Angular frequency (»)

DP(LS)
————— DP(CT)

—— sPas)
- - - spPcn

I I I I !
10

Phase Velocity (V,)
°
3
&
|

4 —————— DP(LS)
————— DP(CT)

Attenuation quality factor(Q1-1)

4 6
Angular frequency (w)

DP(LS)
————— DP(CT)

—O— seus
- - - sPen

8 10

-16

4 6
Angular frequency (»)

10

Fig.2
Variation of phase velocity w.r.t. angular frequency (T-wave).

Fig.3
Variation of phase velocity w.r.t. angular frequency (PV1-
wave).

Fig.4
Variation of phase velocity w.r.t. angular frequency (PV2-
wave).

Fig.5
Variation of attenuation quality factor w.r.t. angular frequency
(P-wave).

Fig. 6 depicts that for LS theory, the value of attenuation quality factor increases sharply forO0<w<1.0,
decreases sharply for 1.0 <@ <1.7, then increases with small magnitude value for 1.7 < @ < 2.2 and converges to
boundary surface for @ > 2.2, while for CT theory, similar trend of variation is noticed but the magnitude values
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are smaller for CT in comparison to LS theory . For SP, the value of attenuation quality factor decreases for
0<w<1.1 and then converges to boundary surface for @ > 1.1 for both the theories.

Fig.7 indicates that for DP, the value of attenuation quality factor decreases sharply for 0 < @ < 0.5, increases
sharply for 0.5<®<1.7and then converges to boundary surface for the remaining range. For SP, the trend of
variation is similar for both the theories and also the magnitude values are almost same for both the theories of

thermoelasticity.
From Fig.8, it is clear that the values of attenuation quality factor decrease for 0 <@ <1.0 and then again

increase as the value of angular frequency increases in case of DP for both the theories of thermoelasticity.

DP(LS)
————— DP(CT)

7 —O— spPas)
- -G - sPecn

Attenuation quality factor(Q,?)

Fig.6
Variation of attenuation quality factor w.r.t. angular frequency
° © (T-wave).

DP(LS)
77777 DP(CT)

—— sPus)
- - - spPeD

Attenuation quality factor(Q;*)

Fig.7
20 ‘ ‘ ‘ ‘ | Variation of attenuation quality factor w.r.t angular frequency
e o (PV1-wave).

_ DP(LS)
————— DP(CT)

Attenuation quality factor(Q,)

Fig.8
Variation of attenuation quality factor w.r.t. angular frequency
(PV2-wave).

-a
T T T

a 6
Angular frequency (o)

6 CONCLUSIONS

In this paper, we have derived the Variational principle and studied the plane wave propagation for thermoelastic
medium with double porosity under Lord-Shulman theory. The results concluded from the above analysis can be

summarized as:
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)

iii)

R.Kumar et al.

Variational principle is formulated for thermoelastic material with double porosity for Lord-Shulman
theory. The established results of the paper will be useful for numerical computation based on variational
principle and provide theoretical basis for modern numerical techniques such as finite element and
boundary element methods.

It is found that there exist a set of four coupled longitudinal waves in thermoelastic medium with double
porosity with one relaxation time. The phase velocities and attenuation quality factors of these plane waves
are computed and presented graphically with respect to angular frequency. Appreciable effects of porosity
and thermal relaxation time is observed on each set of the longitudinal waves.

There also exists one transverse wave, which is not effected by volume fraction fields and thermal
properties of the body, gets decoupled from the rest of motion.

The problem though theoretical, but it can provide useful information for experimental researchers working in
the field of geophysics, earthquake engineering, along with seismologist working in the field of mining tremors and
drilling into the crust of the earth.

APPENDIX A
a = ba, a_dal a—moa—aa—bla—ia—ala—a3a—le0
1 2.2 2°%2 7 2.2 2°%3 7 2274 T 225 2°%6 M7 228 2279 T ’
PeLK O pe K @ PC KC K¢ o Ko K@ o
2 2
_ b, __7 _ dk _ % _ o ~ 1Lk _ Be; NG
yy = 700 = 700 = a3 = 7oy = 7005 = s = Ko " ek
K¢ K¢ K0 K0 K0 a\K, 2 KA o
2
7€) H . . . ) . . 2 .
g _—KK*af g =—— .0y = (1—i @07))i wag,a, =—i o(1-i wr))a,;,a, =—io(l-i 07))ag,a; =0 (1-i 07)
1 ) 1

2 2
g =0 —a,,8, =0 —ay.e =(aa;+a,8, +aa, ).e, = (e, +&a,).e; = (aa, + g0y )e, = (4,4, —asa,)

APPENDIX B

B, =

B,=w

By=w

2

0] [gz (8103 —agay)) — a5 (agay; +agay, ) —aysey ]
M 2 2 2

0" (a3a3 — 818,) — @ apse, + @ ay5(asa, —asay;)

2
2 | FO7ag(ay1ay; —ayga) +(axa5 + @185 Nagany — agaas) + 385 (8120 —detlsy)
2

Hayas — a3 gy, +agay ) + (a5 —aya; Nagays +agay, ) +aray (agay, — gty s)
| 2281 (15050 —apa03) + (a5 —a3a15)es + 5 (agas) — 81453)
2 2

e + @ ay(aga —asa) + a5 (asay; —asay,)
4| +a11(81ay3 — gy, ) + a1 (a3ay; +agay, ) —asay (agay +a48,)
+a304(ay10y) — 100 ) + €, (a4ay; + a106) +a, (a3a6 + 8141,)

| +a3as(ay; —a3a50) +ap (ayag +a,8,) +ag(aay +a12,) +(818, —asag)

6 2
B,=w [(aﬂzo —ay; — " ey +ay(asay; —agay) +a; (aga —a4a12)—e2]
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