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ABSTRACT
In this paper, a new mathematical model of a Kelvin-Voigt type thermo-visco-elastic,
infinite thermally conducting medium has been considered in the context of a new
consideration of heat conduction having a non-local fractional order due to the presence
of periodically varying heat sources. Three-phase-lag thermoelastic model, Green Naghdi
models II and III (i.e., the models which predicts thermoelasticity without energy
dissipation (TEWOED) and with energy dissipation (TEWED)) are employed to study
the thermo-mechanical coupling, thermal and mechanical relaxation effects. In the
absence of mechanical relaxations (viscous effect), the results for various generalized
theories of thermoelasticity may be obtained as particular cases. The governing equations
are expressed in Laplace-Fourier double transform domain. The inversion of the Fourier
transform is carried out using residual calculus, where the poles of the integrand are
obtained numerically in complex domain by using Laguerre's method and the inversion
of the Laplace transform is done numerically using a method based on Fourier series
expansion technique. Some comparisons have been shown in the form of the graphical
representations to estimate the effect of the non-local fractional parameter and the effect
of viscosity is also shown.
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1 INTRODUCTION

INEAR viscoelasticity has been an important area of research since the period of Maxwell, Boltzman, Voigt

and Kelvin. Valuable information regarding linear viscoelasticity theory may be obtained in the books of Gross
[1], Staverman and Schwarzl [2], Alfery and Gurnee [3], Ferry [4], Bland [5] and Lakes [6]. Many researchers like
Biot [7, 8], Gurtin and Sternberg [9], liioushin and Pobedria [10], Tanner [11] have contributed notably on
thermoviscoelasticity. Freudenthal [12] has pointed out that most of the solids, when subjected to dynamic loading,
exhibit viscous effects.

The Kelvin-Voigt model is one of the macroscopic mechanical model often used to describe the viscoelastic
behavior of a material. The model represents the delayed elastic response subjected to stress when the deformation is
time dependent but recoverable. The dynamic interaction of thermal and mechanical fields in solids has great
practical applications in modern aeronautics, astronautics, nuclear reactors and high-energy accelerators, for
example.
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The modification of heat conduction equation from diffusive to a wave-type may be affected either by a
microscopic consideration of the phenomenon of heat transport or in a phenomenological way by modifying the
classical Fourier law of heat conduction. The first is due to Cattaneo [13], who obtained a wave-type heat equation
by postulating a new law of heat conduction to replace the classical Fourier law. Puri and Kythe [14] investigated
the effects of using the (Maxwell-Cattaneo) model in Stock's second problem for a viscous fluid and they note that,
the non-dimensional thermal relaxation time to defined as to =(CP.) where C and P, are the Cattaneo and Prandtl

number, is of order (10)7.

Differential equations of fractional order have been the focus of many studies due to their frequent appearance in
various applications in fluid mechanics, viscoelasticity, biology, physics and engineering. The most important
advantage of using fractional differential equations in these and other applications is their non-local property. It is
well known that the integer order differential operator is a local operator but the fractional order differential operator
is non-local. This means that the next state of a system depends not only upon its current state but also upon all of its
historical states. This is more realistic and it is one reason why fractional calculus has become more and more
popular [15, 16].

Although the tools of fractional calculus have been available and applicable to various fields of study, the
investigation of the theory of fractional differential equations has not only been started quite recently [15]. The
differential equations involving Riemann-Liouville differential operators of fractional order 0 <a <1, appear to be
important in modeling several physical phenomena [17] and therefore seem to deserve an independent study of their
theory parallel to the well-known theory of ordinary differential equations.

Fractional calculus has been used successfully to modify many existing models of physical processes. One can
state that the whole theory of fractional derivatives and integrals was established in the 2nd half of the 19th century.
The first application of fractional derivatives was given by Abel who applied fractional calculus in the solution of an
integral equation that arises in the formulation of the tautochrone problem. The generalization of the concept of
derivative and integral to a non-integer order has been subjected to several approaches and some various alternative
definitions of fractional derivatives appeared [18—22]. One can refer Podlubny [16] for a survey of applications of
fractional calculus. Some applications of fractional calculus to various problems of mechanics of viscoelastic fluid
are reviewed in the literature [23-26]. In most of these investigations, the effect of the thermal state in the fluid is
not considered.

Recently, a considerable research effort is expended to study anomalous diffusion, which is characterized by the
time-fractional diffusion-wave equation by Kimmich [27] as follows

pc=AVe, 0<E<2, (D

where p is the mass density, ¢ is the concentration, A is the diffusion conductivity and the notation 7° is the
Riemann-Liouville fractional integral, introduced as a natural generalization of the well-known §&— fold repeated

integral written in a convolution-type form as follows

I 0= -0 f @,

I'f @)=1 @),

0<E<2 (2

where T'(§) is the gamma function.

According to Kimmich [27], Eq. (1) describes different cases of diffusion where 0 <& <1 corresponds to weak
diffusion (subdiffusion), £=1 corresponds to normal diffusion, 1<&<2 corresponds to strong diffusion
(superdiffusion) and & =2 corresponds to ballistic diffusion.

It should be noted that the term diffusion is often used in a more generalized sense including various transport
phenomena. Eq. (1) is a mathematical model of a wide range of important physical phenomena, for example, the
subdiffusive transport occurs in widely different systems ranging from dielectrics and semiconductors through
polymers to fractals, glasses, porous and random media. Superdiffusion is comparatively rare and has been observed
in porous glasses, polymer chain, biological systems, transport of organic molecules and atomic clusters on surface.
One might expect the anomalous heat conduction in media where the anomalous diffusion is observed.
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Fujita [28] considered the heat wave equation for the case of 1<E<2 as:
pc,0=KI%0,, (3)

where ¢, is the specific heat, K is the thermal conductivity and the subscript "," means the derivative with respect
to the coordinate x, . Eq. (3) can be obtained as a consequence of the non local constitutive equation for the heat
flux components ¢, in the form

g, =—KI*'9, 1<&<2 4
Povstenko [29, 30] used the Caputo heat wave equation defined in the form
q; :—Klgile’i 0<E_,S2 (5)

Cattaneo introduced a law of heat conduction to replace the classical Fourier law in the form
q, +7,4, =—K V0. (6)

Sherief et al. [31] introduced a formula of heat conduction as:

&g, 06
qi+roaT‘Q:—K5. 0<g<l (7)
where
, FOD~S 0.0 g0,
%f(y,t)z 1“% 0<e<l, ®)
9 1) _
ot =L

and proved a uniqueness theorem and derived a reciprocity relation and a variational principle.
In the limit, as & tends to one, Eq. (7) reduces to the well-known Cattaneo law used by Lord and Shulman [32]

to derive the equation of the generalized theory of thermoelasticity with one relaxation time. It is known that Lebon
et al. [33] and Jou et al. [34] showed that the classical entropy derived using this law instead of being monotonically
increasing behaves in an oscillatory way. Strictly speaking, this result is not incompatible with the Clausius'
formulation of the second law, which states that the entropy of the final equilibrium state must be higher than the
entropy of the initial equilibrium state. However, the non-monotonic behavior of the entropy is in contradiction with
the local equilibrium formulation of the second law, which requires that the entropy production must be positive
everywhere at any time [33]. During the last two decades, this become the subject of many research papers and
resulted in the introduction of what is known now as extended inversible thermodynamics.
Youssef [35] introduced another formula of heat conduction and taking into consideration (4)-(6)

oq, _ &1
qi+TOE——KI V. O<§S2, (9)

and the uniqueness theorem has been proved.
Ezzat established a new model of fractional heat conduction equation by using the new Taylor series expansion
of time-fractional order, developed by Jumarie [36] as:
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7 ang'
qi+€°!¥:—KV¢9. O<a£1, (10)
El-Karamany and Ezzat [37] introduced two general models of fractional heat conduction law for a non-
homogeneous anisotropic elastic solid. Uniqueness and reciprocal theorems are proved, and the convolutional
variational principle is established and used to prove an uniqueness theorem with no restriction on the elasticity or
thermal conductivity tensors except symmetry conditions. The two-temperature dynamic coupled, Lord-Shulman
and fractional coupled thermoelasticity theories result as limit cases. For fractional thermoelasticity not involving
two-temperatures, El-Karamany and Ezzat [38] established the uniqueness, reciprocal theorems and convolution
variational principle. The dynamic coupled and Green-Naghdi thermoelasticity theories result as limit cases. The
reciprocity relation in case of quiescent initial state is found to be independent of the order of differ-integration [37]
and [38, 39]. Fractional order theory of a perfect conducting thermoelastic medium not involving two temperatures
was investigated by Ezzat and El-Karamany [40]. The finite thermal wave propagation in an infinite half-space
under this theory has been studied by Sur and Kanoria [41].
Recently, Roychoudhuri and Dutta [42] proposed a theory with a three-phase lag, which is able to contain all the
previous theories at the same time. In this case, the Fourier law is replaced by an approximation of the equation

g(P,t+7,)= —[K%T (P,t+7,) +K'V v(P,t+ rv)], where ( is the heat flux vector, v is the thermal displacement

that satisfies v =7, K is the thermal conductivity of the thermoelastic material, K? (>0) is a material constant
characteristic of the theory. This relation states that the heat flux vector at a point P in the material at time 7 +7, is
related to the temperature at the same point at time ¢ + 7, and the thermal displacement at the same material point at
time 7 +7,. The delay times are caused by microstructural interactions, such as phonon scattering or phonon-

electron interactions, and they are interpreted as the relaxation time due to fast transient effects of thermal inertia.
The purpose of this work is to establish a mathematical model that includes three-phase lags in the heat flux vector,
the temperature gradient and in the thermal displacement gradient. For this model, we can consider several kinds of
Taylor approximations to recover the previously cited theories. In particular, the models of Green and Naghdi are
recovered. This theory seems to be an extension of the one proposed by Tzou [43]. Recently Jumarie [36] and Ezzat
[44] developed a new mathematical model using a new Taylor expansion on this model and retaining terms up to the
a—order terms in 7, and 7, and terms up to the 2 — order terms in 7, . One can obtain the generalized theory of

heat conduction with time fractional order « valid at a point P at a time ¢ as

AN 2a 2a a Aa ¢ a Aa-l
T T - - - _ K
(1+ ¢ O L 0 ]q:—[r¢VT+KTT 0 VT+K¢VVJ, O<a<l,where rf =K+ 2 0

ala a) o ’ al o al ot

This present analysis shows the development of the studies of one dimensional thermoelastic disturbance in an
infinite, isotropic, viscoelastic medium in the context of three-phase-lag thermoelastic model, GN model II
(TEWOED) and GN model III (TEWED), in presence of the distributed periodically varying heat sources where the
heat conduction equation consists of some non-local fractional order « . The governing equations for this problem
are taken into Laplace-Fourier transform domain. The solutions for the displacement, temperature, thermal stress
and strain in Laplace transform domain are obtained by Fourier inversion, which is carried out by using the residual
calculus, where the poles of the integrand are obtained numerically in complex domain by using Laguerre's method.
The numerical inversion of the Laplace transform are carried out by using a method based on Fourier series
expansion technique [45]. Numerical results for the thermophysical quantities have been obtained for a copper like
material and have been presented graphically to study the effect of the fractional order parameter on the studied
fields. The effect of viscosity is also shown.

2 FORMULATION OF THE PROBLEM

We consider a isotropic infinitely extended Kelvin-Voigt-type thermo-viscoelastic medium at a uniform reference
temperature 6, in presence of periodically varying heat sources distributed over a plane area.

The strain and stress tensors £ and 7 are given by the following geometrical and constitutive relations
respectively as:
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E :%(vmwﬂ), (11)

T =% (div i) I+t (Vii+Vii" ) =0l (12)

where u is the displacement vector, 6 is the temperature increase with respect to the uniform reference temperature
and /is a (3x3) unit matrix and the subscript 7 is the transpose of a matrix.

The governing field equations for the dynamic coupled generalized visco-thermoelasticity in absence of body
forces based on the three-phase-lag thermoelasticity model are written as:

V2 + (¢ + 0 )grad div i —y'grad 0 = pi, (13)
1+i a + Lo ( G+ 6,div ii— .)_ K+ ¢§+K£—aa“ v’e 14
al o Qay ope |\ OGNV R)= Y tata ) (14)

where p is the density, c, is the specific heat at constant strain and the parameters A?,p? and y” are defined as:

v

0 0 0
N4 ZXG(H%EJ’ T :ue(1+alaj, v’ :YE[H_YOEJ

wherey, = 3\, +2p, e, v, = B0y +21,0,)a, /v, A, , 1, being Lame’s constants, a,,a, are the visco-thermoelastic
relaxation times, a, is the coefficient of linear thermal expansion, K? is an additional material constant, X is the

thermal conductivity, Q is the rate of internal heat generation per unit mass,v =0,v being the thermal displacement,
z_a a—1

Y =K+K’'—~
al

phase-lag of the heat flux. Here dot denotes derivatives with respect to time. GN theory type III and type II can be
recovered from Eq. (14) by taking 7, =7, =7, =0 and 7, =7, =7, =0, K << K? respectively.

— ,the delay time 7, is called the phase-lag of thermal displacement gradient and 7 is called the
ata 1 v q

Introducing the following nondimensional variables

. X . vt , 0-6, ;O F2p T, ,
X =—, 1t =—, o' = , U = s byt = s €rnr TE€hs
[ l G Iv,6, Y0 (15)
T,V TV TV [oNY ay YoV
A M A s LGS QL
N T T

where / is a standard length and v is a standard speed, then, after removing primes, Egs. (11)-(14) can be written in
non-dimensional form as follows

}/500

reEmI\Chali (16)
2C; 4o =y, Cs O Vo 0
T :(1— C; j(lJraO aj(dlvu)l +é[l+o¢1 5)(Vu +VMT)_(1+«{0 5)0], (17)

0 - 0 - 0 =
C: (1+0¢1 5}%; -{(Cﬁ —CSZ)—i-{aO (C,f —2C;)+alC;}§}grad divii -C; (1+y0 Ejgrad 0=u, (18)
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2a

T“ aa T 8205 . 6 . Ta aa 6 z_a aaﬂ
I+ — | f+g|l+y,— |diva —Q, |=C}| 1+ — |VO+C} | —+-L V2o, 19
( al ot (2a)!aﬂaj{ ( Yoat] QO} r( a!@t"] K[at a!ath (19)

where

2 0 ) 2
Cp:l fujcszl fﬂe,CT:l K—,CK= ﬂ K L0, = ol &= 7.6 ’
v p v 10 v ll)cv \I,OCVZV CVHOV pOCv (ﬂ’e +2/’le)

and it is to be noted that GN model III and model II can be recovered from Eq. (19) by taking 7, =7, =7, =0 and

7, =7,=7,=0, K<< K’ respectively. In the previous expressions, C,,Cy,C, represent non-dimensional
dilatational, shear and thermal wave velocities respectively, C, 1is the damping coefficient and & is the

thermoelastic coupling constant.
We now consider one dimensional disturbance of the medium so that the displacement vector # and the
temperature € can be taken in the following form

u =(u(x,t),0,0), 6=0(x,t). (20)

Also, we assume that the medium is initially at rest and the undisturbed state is maintained at uniform reference
temperature. Then we have

u(x,0) =1(x,0)=0(x,0)=6O(x,0)=0. (21)

In the present problem, Egs. (16)-(19) reduce to

22| @ |ou 0
2 =14+ +(o — ey ) == b= | = —| 1+, — |6, 22
7. (x,t) l: { ) ( 1 O)Clz }&}&c ( Yoatj (22)
_ au _ yegﬂ
Cox,t)=P—-  where Bl——xe+2ue~ (23)
, s s N0 ]u ., 2060 du
[CP+{aO(CP—2CS)+2aICS}E G|t |22 =2 (24)

(LR S L 0 . 0% \o*0 o ¢ o™ 6%
e O+e|l+y,— |divui-Q, |=Cr| 1+~ —+Co| —+L— |—,
[ al o (Za)!ﬁtz"J[ ( Y"at) v Q‘i T[ a!atajaxz K(@t a!@t”“]@xz @3)

Let us define Laplace-Fourier double transform of a function g(x,t) by

©

[ Ge.p)=[ef (x.t)dt, Re(p)>0,

0 (26)
2 1 s =
fE&p) =—J2_n£e “f(x, p)dx.

Applying Laplace-Fourier double integral transform to the Eqs. (22)-(25), we have
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~ 2C2 ~ -~
7. (Ep)= —ié{H{% +(e —%)C—f}p}u & p)—(1+7,p)0(. p). 27)
&, (&.p) =it (5, p), (28)
A iEC (1 2
& p) = 5 0 vop) 0 p), 29)
[p2+{c,§+{a0(c§—2cj)+2alc;}p}§2}
7, 7" 2 2, g2 7 22 T |5
I p® + = p™ PP +EC; £1+ - p"]%CK [p+—p“ j 0@ p)=
al Qa)! al al (30)
. 2 Tqa a qua 20 |5 T; a qua 20 |
—i&ep~(1+v,p) HZP +mp uG,p)= HZP +(2a)!p 0

Solving Egs. (29) and (30) for Lf(é,p) and é(é,p) we get

e 2 T; a 1-30‘ 2a A
o )_léCp(lJrvop)[Hmp +(2a)!p JQO G
e M (® ’
= 2 2 2 2 2 2 T: a T;a 2a
X Qo[p +{CP+{a0(CP—2CS)+2aICS}p}§}[14—0{!17 * ot ? ] (32)
0(Ep) = e ,
where
M*(§ =M, (p)& +M,(p)& +M,(p) 33)
=M, (p)(E-ENE-ENE-ENE-E),
and M,(p), M,(p), M,(p) are given by
Ml(p):{CTZ[l+ip“]+C;{p+ip“+lJ}{Cﬁ+{ao(Cﬁ —2c;)+2alc:;}p}, (34)
a! a!
Mz(p)=p2{Ci[1+ip“]+C§[p+£p”‘”j}+{cﬁ+{%(Cﬁ—2C3)+20!1C3}P+8p2(1+vop)2}
a! a!
[N S €R)
X(Hazp T 2an” j
4 T . Tfa 2a
Mi(p)=p [HEP +(2a)!p ] (36)
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The expression for strain and stress in Laplace-Fourier transform domain can be obtained from Eqs. (27) and
(28) using (31) and (32) as follows

ERC20,(1+9,p)| 144 p 4y
N 5y a!l Qa)! (37)
exx( p)_ M"’(@ [}

—éo(lwop)(p2 +2a1p&2C§)(1 +%p“ + (ZZ), pZ“J
7.(Ep) = ' ’ (38)

M’

Inverse Fourier transforms of the Eqgs. (31), (32), (37) and (38) give the following solutions for displacement,
temperature, strain and stress in Laplace transform domain

~ Ta 2a
iE,Cr(l+y,p)| 1+ p* +—2—p**
u(x,p)= e
NELIES M’ (9
fal TOI Z_Za
0| v +{Ci+{a (2262 +2a 2] pf | 14 2 prw 2o
3(x.p) 1 ]'3 al Qa)! o g (40)
X,p) = e
\/27: b M"’(E)
~ z_a 20
ERCO,(1+y,p)| 1+ p" + L= p*
e (x,p)= e
\/27: b M¢(E)
= 2 2 2 T; a T;a 2a
~0,(1+%,p)(P* +20,pEC )| 1+ p“ + * p
T (x,p)=
\/2% b M¢(E)
2.1 Periodically varying heat source
Now we assume that the heat sources are distributed over the plane x =0 in the following form
0, =0!8(x) sin(n—tj for 0<r<r,
T
43
=0 for t>r, “3)
Then
S Crt(l+e””
_ oim( ) (44)

O T pe)

Thus, the expressions for thermal displacement, temperature, strain and thermal stress in Laplace transform
domain take the following form
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Ta TZa
IEC}Z,QOT(1+€7PT)(1+'YOP) 1+ip0‘+ q pZa
T al”  Qa) _
e dg,

u(x,p)=—= | (45)
N2m 2, 2(7t2 +p2r2)M¢(E_)
Ta 2_20(
. Qor(1+e”")[p2 +{Cf,+{a0(C;—2C§)+2aIC§}p}§2:|[l+O‘Z'pa +(2‘:Z)'p2aj
0(x,p)=—= | IR g (46)
\/2?% 2(n +pT )M ©
2 N —pr Ta a 1-2‘1 2a
ERC;O,T(1+€7 ) +y,p)| 1+ p" +——p
2 (x.p) 1 T a! Qa)! e (47)
e (x,p)= e
P NS 2(n? + pc” ) M? (9
‘ Ta TZa
o -Q,r(1+e7 )1 +y,p) (P +2a1pé2C§)[1+0:,p“ + (2‘;),1?2”}
7. (x,p)= ' : “od (48)
7.(x,p) P :[c 2(1t2 +PZT2)M¢(@ e S
Applying contour integration to Egs. (45)-(48), we obtain
4 .
u(x,p) = Q/mN(p) > AECe™ for x>0
J=1
Im(é/)<0
. | (49)
=—0O/ntN(p) > AjéjCieﬂ‘;’/x for x <0,
=1
Imji;y)>0
_ 104 4 .
G =2 S 5@ for x>0
(1+v,p) =
Im( j) <0 (50)
914 4 )
= VD) e sy for x <0,
(1+y,p) =
Im( ,)>0
4 e
e, (x,p)=—iQinN(p)C; D, AREe™ for x>0
=1
Im Ey) <0 (51)
4 .
=iQ/nN(p)C, > Ajﬁ&ieﬂéfx for x <0,
i=1
Im g)>0
4 .5
7_(x,p) = iQ/nN(p) > 4, (p2+2alpEjC§ )eiléfx for x>0
J=1
Im(&) <0
4 _ (52)
=—iQmiN(p) Y. A (P2 pECS)e ™ for x <0,

~
3
S
Vv
S
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where A ’s are given by

4 1
A- :l |—, j :172’3943
! n=1 (ij _(tan) (53)
n#j

a 2a
-pT 2 a (2 2a
(1+e ’ )(1+yop)(1+0‘;!p +(2qa)!p j

~ (54)
N(p)= M](p)(‘rr,z +p2‘cz) >

And

S(aj):[p“r{cﬁ+{a0(Cﬁ—2CS2)+2a]CS2}p}§§} (55)

3 NUMERICAL INVERSION OF LAPLACE TRANSFORM

Let f_ (x,p) be the Laplace transform of a function f (x,z) . Then the inversion formula for Laplace transform can

be written as:

d+io

1 o
f(x,t)=%d_fm ef (x,p)dp, (56)

where d is an arbitrary small real number greater than the real part of all the singularities of f_ x,p).

Taking p =d +iw , the preceding integral takes the form
edr 0 _
_€ itw .
f(x,t)—2n:[0 e™f (x,d+iw)dw, (57)

Expanding the function 2 (x,t) =e “f (x,¢) in a Fourier series in the interval [0,27 ] we obtain the approximate
formula [45],

f,t)=f (x,t)+E,, (58)
where
1 o0
f(x,t)=Eco+kZ:; ¢, for 0<¢ <2T (59)
And
e | M ikmt
Cy :?|:€ Tf x,d +T . (60)

The discretization error £, can be made arbitrary small by choosing d large enough [45]. Since the infinite
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series in Eq. (59) can be summed up to a finite number N of terms, the approximate value of f (x,¢) becomes
1 N
fN(x,t)=ECO+ZCk for 0<¢ <2T. (61)
k=1

Using the preceding formula to evaluate f (x,7) we introduce a truncation error £, that must be added to the
discretization error. Next the & —algorithm is used to accelerate the convergence [45].
The Korrecktur method uses the following formula to evaluate the function f (x,#)

SO =f ) +e f (x, 2T +1)+E,. (62)
where the discretization error |E 5 | << |E b | Thus the approximate value of f (x,#) becomes

o Gt)=fy (e t)+e 7 [ (x 2T +1), (63)
where N' is an integer such that N' <N .

We shall now describe the ¢ —algorithm that is used to accelerate the convergence of the series in Eq. (61). Let
N =2g +1, where q is a natural number and let s, = Zc . be the sequence of partial sum of the series in (61).

k=1

+;; r=1,2,3,...

rom+l1 _gr,m

=¢&

r—l,m+1

We define the ¢ —sequence by ¢,, =0, &, =s, and ¢,

r+l,m

c
It can be shown that [45] the sequence &,,,&,,,&;,...,&y, converges to f(x,/)+E, —?O faster than the

sequence of partial sumss, ,m =1,2,3,...

The actual procedure used to invert the Laplace transform consists of using Eq. (63) together with the
& —algorithm. The values of d and T are chosen so according to the criterion outlined in [45].

4 NUMERICAL RESULTS AND DISCUSSIONS

To get the solution for thermal displacement, temperature, thermal stress in space-time domain we have to apply
Laplace inversion formula to the Eqs. (49)-(52) respectively. This has been done numerically using a method based

on Fourier series expansion technique. To get the roots of the polynomial M ' (&) in complex domain we have used

Laguerre’s method. For computational purpose, copper like material has been taken into consideration. The values
of the material constants are taken as follows [42]

£=0.0168, A, =1.387x10"N/m*, p, =0.448x10""N/m’, «, =1.67x10"°/K,6, =1K
and the hypothetical values of the phase-lag parameters are taken as:

a,=0.05s, «a =0.1s, T, =0.001ls, t, =0.05s, 7, =0.05s.

Also, we have taken Qg’ =l t=1, C,=1,C, =2, C,=0.6, so that the faster wave is the thermal wave. In

order to study the effect of the non-local fractional parameter « on thermal displacement, temperature and stress

field for a viscous material, we now present the results in form of the graphical representation for three different
models (3P lag model, GN II, GN III).
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—B— GNII(e=1.0}

Fig.1
Variation of u versus x for ¢t =0.6 for viscous material.

Fig. 1 depicts the variation of the displacement component u versus the distance x when ¢ = 0.6 for different
values of the non-local fractional parameter (o = 0.5,1.0) for three different models. From the figure, it is observed
that with the increase of x , the displacement component will increase its maximum near x = 0.3 and then it falls to
zero for all the models. Also, the magnitude of the profile of u is larger for o= 1.0 than that of o= 0.5 for
0<x=<0.6 and beyond this, u falls to zero. Furthermore, the decay of the magnitude is faster for GN II model than
that of GN III model which is again faster than that of 3P lag model.

0.07
0.06 \
‘\\\\‘:‘\
SN —#— 3P(a=0 5)
NN
3 —a— 3F(a=10)
- GNTI(a=0.5)

—— GNI(a=1.0)

—s— GNII(a=0 5)

—&— OGN a=1 0)

Fig.2
Variation of @ versus x for ¢t =0.6 for viscous material.

Fig. 2 is plotted to study the effect of the fractional parameter & on the temperature field & when ¢ =0.6. It is
seen that the temperature is maximum near the plane x =0 where the heat source is applied, and, with the increase
of the distance, & diminishes to zero. This can also be verified from the expression of @ given in Eq. (50)

—ig;x

involving e " ,Im(§,) <0 for x > 0. Further, the increase of the fractional parameter & will increase the profile

of @ in between 0<x <0.5.

—%— 3P(a=0.5)
—s— 3P(a=1.0)
—— GNIa=0.5)
—s¢— GNTI(a=10)
o— GMI(a=0 5)

—e— GNII(a=10)

-0.04
—

Fig.3
* Variation of 7, versus x for # =0.6 for viscous material.

Fig. 3 is plotted to study the effect of fractional parameter « on the thermal stress 7 for a viscous material
when ¢ =0.6. It is seen that near the plane of application of the heat source, the thermal stress is compressive in
nature for different o, which is quite plausible. Also, the magnitude of 7 decays sharply after x =0.8 for GN II
model compared to GN III model, decay of which is again faster than 3P lag model.
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Figs. 4-6 depict the variation of the thermophysical quantities versus x for different values of the fractional
parameters (« =0.5,1.0) for 3P lag model.

0.004
0.0035
0.003
0.0025

u 0.002 ¥ VIE(am0.5)

—— VIH(e=1.0)

0.0015 s WV (. 5)

0.001 —e— NV(a=1.0)

0.0005

Fig.4
Variation of u versus x for t =0.6 and «=0.5,1.0 for 3P-lag
model.

Fig. 4 depicts the variation of displacement u versus distance x when ¢ =0.6 for viscous and nonviscous
materials. It is observed that due to the presence of the viscosity term, the peak of the thermal displacement is larger
for non-viscous material compared to that of a viscous one. Further, it is observed that for both viscous and non
viscous material, the peak of the thermal displacement becomes larger with the increase of the nonlocal fractional
parameter «.

4 0.06 o VIS (D) 5)
—e— VIS(a=1.0}

—— N0 5)

—e— MV (=1 D)
Fig.5

Variation of 6 versus x for t =0.6 and «=0.5,1.0 for 3P-
lag model.

Fig. 5 depicts the variation of € against the distance x for different fractional parameter & when ¢ =0.6. A
similar qualitative behavior in the nature of & is seen.

-0.01

-0.02

-0.03

—%— VIS(a=0.5)
Tex 0.04 3" —— VIS(a=1.0)
‘6"
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—e— NV (e=10)

A
000 T Fig.6
0T Variation of 7, versus x for # =0.6 and a=0.5,1.0 for 3P-
-0.08 -

lag model.

Fig. 6 depicts the variation of 7 against the distance x for ¢+ =0.6. It is observed from the figure that the stress

is compressive in nature near the plane of application of the heat source. Here also, the increase of the fractional
parameter « will increase of the magnitude of 7 for both viscous and non viscous materials.

Figs. 7-9 are plotted to study the effect of viscosity for fractional parameter ¢ =0.5 for three different models
when ¢ =0.6.
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Fig.7
. ‘ Variation of u versus x for t =0.6 and o =0.5.

Fig. 7 depicts the variation of u against the distance x for both viscous and non viscous materials for three
different models. It is seen that with the increase of x, the magnitude of the displacement will increase and finally
diminishes to zero. This is because the heat source varies periodically with time for a short duration. This obtained
result for GN II model for a non viscous material complies with the results of Roychoudhuri and Dutta [42] which
were obtained analytically.

—e— VISP
- NV(3P)
—s— VIS(GNI)
e NV(GNT)
—e— VIS(GNID

o HV(GHIT)

s Fig.8
12 16 Variation of 6 versus x for t =0.6 and a=0.5.

Fig. 8 depicts the variation of @ versus x for both viscous and non viscous materials. From the figure, it is seen
that the effect of the viscosity will decrease the peak of the magnitude of the thermoelastic material and for a viscous
material, the temperature diminishes to zero faster compared to that of non viscous material.
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B VIS
-0.03
oo MV (3P

T -0.04 o VIS(GNIT

0.05 o N (GNIT)
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Fig.9
Variation of 7, versus x for # =0.6 and a=0.5.

Fig. 9 shows the effect of viscosity on 7 for # =0.6. Here also, effect of thermal stress is more prominent in

non viscous material than that of a viscous material.

5 CONCLUSIONS

The present problem of investigating the thermophysical quantities in an isotropic Kelvin-Voigt viscoelastic material
subjected to a periodically varying heat source is studied in the light of fractional order generalized thermoelasticity
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theories with three different models (GN II, GNIII, 3P lag model). The analysis of the results permits some
concluding remarks.

1. Tt is seen that the increase of the non-local fractional order parameter will increase the magnitude of the
thermophysical quantities.
2. Here all the results for a 3P lag model, for fractional parameter « =1, agree with the existing literature
[47].
ACKNOWLEDGEMENTS

We are grateful to Prof. S. C. Bose of the Department of Applied Mathematics, University of Calcutta for his
valuable suggestions and guidance in preparation of the paper.

REFERENCES

Gross B., 1953, Mathematical Structure of the Theories of Viscoelasticity, Hermann, Paris.

Staverman A.J., Schwarzl F., 1956, Die Physik der Hochpolymeren, Springer-Verlag, New York.

Alfery T., Gurnee E.F., 1956, Theory and Applications, Academic Press, New York.

Ferry 1.D., 1970, Viscoelastic Properties of Polymers, John Wiley and Sons, New York.

Bland D.R., 1960, The Theory of Linear Viscoelasticity, Pergamon Press, Oxford.

Lakes R.S., 1998, Viscoelastic Solids, CRC Press, New York.

Biot M.A., 1954, Theory of stress-strain relations in an isotropic viscoelasticity and relaxation phenomena, Journal of
Applied Physics 25(11): 1385-1391.

Biot M.A., 1955, Variational principal in irreversible thermodynamics with application to viscoelasticity, Physical
Review 97(6): 1463-1469.

Gurtin M.E., Sternberg E., 1962, On the linear theory of viscoelasticity, Archive for Rational Mechanics and Analysis
11: 291-356.

liioushin A.A., Pobedria B.E., 1970, Mathematical Theory of Thermal Viscoelasticity, Nauka, Moscow.

Tanner R.1., 1988, Engineering Rheology, Oxford University Press.

Freudenthal A.M., 1954, Effect of rheological behaviour on thermal stress, Journal of Applied Physics 25: 1-10.
Cattaneo C., 1958, Sur une forme de 1'e'quation de la chaleur e'liminant le paradoxe d'une propagation instantane'e,
Comptes Rendus de I'Académie des sciences 247: 431-433.

Puri P., Kythe P.K., 1999, Non-classical thermal effects in Stoke's problem, Acta Mechanical 112: 1-9.

Caputo M., 1967, Linear models of dissipation whose Q is almost frequently independent II, Geophysical Journal of
the Royal Astronomical Society 13: 529-539.

Podlubny 1., 1999, Fractional Differential Equations, Academic Press, New York.

Kiryakova V., 1994, Generalized Fractional Calculus and Applications, In: Pitman Research Notes in Mathematics
Series, Longman-Wiley, New York.

Miller K.S., Ross B., 1994, An Introduction to the Fractional Integrals and Derivatives-theory and Application, John
Wiley & Sons Inc, New York.

Samko S.G., Kilbas A.A., Marichev O.1., 1993, Fractional Integrals and Derivatives-Theory and Applications, Gordon
and Breach, Longhorne.

Oldman K.B., Spanier J., 1974, The Fractional Calculus, Academic Press, New York.

Gorenflo R., Mainardi F., 1997, Fractional Calculus: Integral and Differential equations of fractional orders, Fractals
and Fractional Calculus in Continuum Mechanics, Springer, Wien.

Hilfer R., 2000, Applications of Fraction Calculus in Physics, World Scientific, Singapore.

Khan M., Anjum A., Fetecau C., Haitao Q., 2010, Exact solutions for some oscillating motions of a fractional Burgers'
fluid, Mathematical and Computer Modelling 51: 682-692.

Hyder S., Haitao Q., 2010, Starting solutions for a viscoelastic fluid with Fractional Burgers' model in an annular pipe,
Nonlinear Analysis 11: 547-554.

Haitao G., Hui J., 2010, Unsteady helical flows of a genealized oldroyd-b fluid with fractional derivative, Nonlinear
Analysis 10: 2700-2708.

Saadatmandi A., Dehghan M., 2010, A new operational matrix for solving fractional-order differential equations,
Computers & Mathematics with Applications 59: 1326-1336.

Kimmich R., 2002, Strange kinetics, porous media, and NMR., Chemical Physics 284: 243-285.

Fujita Y., 1990, Integrodifferential equation which interpolates the heat equation and wave equation (II), Osaka Journal
of Mathematics 27: 797-804.

Povstenko Y.Z., 2004, Fractional heat conductive and associated thermal stress, Journal of Thermal Stresses 28: 83-
102.

© 2015 TAU, Arak Branch


http://www.academie-sciences.fr/activite/cr.htm
http://www.academie-sciences.fr/activite/cr.htm
http://www.sciencedirect.com/science/journal/08957177
http://www.sciencedirect.com/science/journal/08981221
http://www.sciencedirect.com/science/journal/03010104

415

P. Pal et al.

Povstenko Y.Z., 2011, Fractional catteneo-type equations and generalized thermoelasticity, Journal of Thermal Stresses
34:94-114.

Sherief H.H., El-Said A., Abd El-Latief A., 2010, Fractional order theory of thermoelasticity, International Journal of
Solids and Structures 47: 269-275.

Lord H., Shulman Y., 1967, A generalized dynamical theory of thermoelasticity, Journal of the Mechanics and Physics
of Solids 15: 299-309.

Lebon G., Jou D., Casas-Vazquez J., 2008, Undersyanding Non-equilibrium Thermodynamics: Foundations,
Applications Frontiers, Springer, Berlin.

Jou D., Casas-Vazquez J., Lebon G., 1988, Extended irreversible thermodynamics, Reports on Progress in Physics 51:
1105-1179.

Youssef H., 2010, Theory of fractional order generalized thermoelasticity, Journal of Heat Transfer 132: 1-7.

Jumarie G., 2010, Derivation and solutions of some fractional Black-Scholes equations in coarse-grained space and
time: application to merton's optimal portfolio, Computers & Mathematics with Applications 59: 1142-1164.
El-Karamany A.S., Ezzat M.A., 2011, Convolutional variational principle, reciprocal and uniqueness theorems in linear
fractional two-temperature thermoelasticity, Journal of Thermal Stresses 34(3): 264-284.

El-Karamany A.S., Ezzat M.A., 2011, On the fractional Thermoelasticity, Mathematics and Mechanics of Solids 16(3):
334-346.

Ezzat M.A., El Karamany A.S., Fayik M.A., 2012, Fractional order theory in thermoelastic solid with three-phase-lag
heat transfer, Archive of Applied Mechanics 82(4): 557-572.

El-Karamany A.S., Ezzat M.A., 2011, Fractional order theory of a prefect conducting thermoelastic medium, Canadian
Journal of Physics 89(3): 311-318.

Sur A., Kanoria M., 2012, Fractional order two-temperature thermoelasticity with finite wave speed, Acta Mechanica
223(12): 2685-2701.

Roychoudhuri S.K., Dutta P.S., 2005, Thermoelastic interaction without energy dissipation in an infinite solid with
distributed periodically varying heat sources, International Journal of Solids and Structures 42: 4192-4293.

Tzou D.Y., 1995, A unified field approach for heat conduction from macro to micro scales, ASME Journal of Heat
Transfer 117: 8-16.

Ezzat M., 2010, Thermoelectric MHD non-newtonian fluid with fractional derivative heat transfer, Physica B:
Condensed Matter 405: 4188-4194.

Honig G., Hirdes U., 1984, A method for the numerical inversion of laplace transform, Journal of Computational and
Applied Mathematics 10: 113-132.

Quintanilla R., Racke R., 2008, A note on stability in three-phase-lag heat conduction, International Journal of Heat
and Mass Transfer 51: 24-29.

Kanoria M., Mallik S.H., Generalized thermoviscoelastic interaction due to periodically varying heat source with three-
phase-lag effect, European Journal of Mechanics - A/Solids 29: 695-703.

© 2015 TAU, Arak Branch


http://www.journals.elsevier.com/international-journal-of-solids-and-structures/
http://www.journals.elsevier.com/international-journal-of-solids-and-structures/
http://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=0CB0QFjAA&url=http%3A%2F%2Fwww.journals.elsevier.com%2Fjournal-of-the-mechanics-and-physics-of-solids%2F&ei=sOM9Vai_HJKtogSRuYCAAg&usg=AFQjCNG41gEN8Efo-_FowICO3hYjn8LVUw&bvm=bv.91665533,d.cGU
http://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=0CB0QFjAA&url=http%3A%2F%2Fwww.journals.elsevier.com%2Fjournal-of-the-mechanics-and-physics-of-solids%2F&ei=sOM9Vai_HJKtogSRuYCAAg&usg=AFQjCNG41gEN8Efo-_FowICO3hYjn8LVUw&bvm=bv.91665533,d.cGU
http://iopscience.iop.org/0034-4885/
http://www.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=0CCIQFjAA&url=http%3A%2F%2Fheattransfer.asmedigitalcollection.asme.org%2F&ei=yuU9Ve69JoO-ggSP74G4Aw&usg=AFQjCNH5OMCRXitMizxmEHVHQPPA0o02qQ&bvm=bv.91665533,d.eXY
http://www.journals.elsevier.com/computers-and-mathematics-with-applications/
http://www.researchgate.net/journal/0149-5739_Journal_of_Thermal_Stresses
http://heattransfer.asmedigitalcollection.asme.org/issue.aspx?journalid=124&issueid=27563
http://heattransfer.asmedigitalcollection.asme.org/issue.aspx?journalid=124&issueid=27563
http://www.sciencedirect.com/science/journal/09214526
http://www.sciencedirect.com/science/journal/09214526
http://www.sciencedirect.com/science/journal/00179310
http://www.sciencedirect.com/science/journal/00179310

