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ABSTRACT
This paper presents an analytical solution for response of a piezoelectric hollow cylinder under
two-dimensional electro thermo mechanical fields. The solution is based on a direct method and
the Navier equations were solved using the complex Fourier series. The advantage of this method
is its generality and from mathematical point of view, any type of the thermo mechanical and
electrical boundary conditions can be considered without any restrictions. The thermo mechanical
and electrical displacements are assumed that vary in radial and circumferential directions.
Finally, three examples were considered to confirm the results and investigate the effect of in-
phase and opposite-phase electro thermo mechanical boundary loads on two-dimensional electro
thermo mechanical behavior of piezoelectric hollow cylinder. The results are compared with the
previous work and FEM analysis. The main result of this study is that, by applying a proper
distribution of thermal, electrical and mechanical fields, the distributions of electric and
mechanical displacement, thermal and mechanical stresses can be controlled.
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1 INTRODUCTION

IEZOELECTRIC materials have attracted widespread attention due to their direct and inverse effects on

many industrials including aerospace, automobile and marine as a sensor or actuator [1] in the last decade. But
the combinations of mechanical, electrical and thermal loads have confronting effects on piezoelectric materials
which has been the subjects of many researches in these years. Ying and Zhifei [2] presented an exact solution for a
long thick walled double layers piezo-thermo-elastic hollow cylinder. They investigated the effects of some coupled
loading on piezo-thermo-elastic cylinder. Haojiang et al. [3] presented a general solution for coupled equations for
piezoelectric media. An exact solutions for a piezoelectric plane beam subjected to electromechanical loads was
investigated by Zhang et al. [4]. The thermo piezoelectric behavior of a functionally graded hollow cylinder due to
electric, thermal and mechanical loads is investigated by Khoshgoftar et al. [5]. They reported by applying specific
thermo mechanical boundary conditions, the distribution of electro mechanical field and displacements in the
cylinder can be controlled. By using the double Fourier sinusoidal series expansions Xu and Zhou studies the
elasticity solution of a transversely isotropic rectangular plates with variable thickness [6]. Jafari Fesharaki et al. [7]
investigated the two-dimensional solution for electro mechanical behavior of FGPM Hollow Cylinder. Tarn and
Jiann [8] depicted an exact solutions for a piezoelectric circular tube or bar under torsion, extension, shearing,
pressuring, uniform electric loading and temperature changes. Zhang et al. [9] presented an exact solution of coupled
electro thermo elastic behavior of piezoelectric laminates. Dumir et al. [10] investigated the solution of piezo elastic
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simply-supported orthotropic circular cylindrical panel under cylindrical bending. Galic and Horgan [11, 12]
developed an analytical solution for a radially polarized piezoelectric hollow cylinder in rotating and static
conditions. Dai and Wang [13] depicted the responses of piezoelectric hollow spheres and cylinders due to transient
electro thermo mechanical loads. Guan and He [14] presented the two-dimensional analysis of
piezoelectric/piezomagnetic and elastic media. The effective elastic properties of a piezoelectric composite cylinders
with radially polarized cylinder is investigated by Gu et al. [15]. They showed that, by increasing the piezoelectric
cylinder constants, the effective elastic properties can be enhanced or reduced. By using the infinitesimal theory, Dai
et al. [16], depicted an analytical solution for electro magneto thermo mechanic behavior of a functionally graded
hollow cylinder. Dai and Wang [17] presented an exact expression for the dynamic responses of a piezoelectric
hollow cylinder in an axial magnetic field. Yee and Moon [18] presented a plane thermal stress analysis of an
orthotropic cylinder subjected to an arbitrary transient asymmetric temperature distribution.

In this paper, the complex Fourier series is employed to present an exact electro-thermo-elastic solution of a
piezoelectric hollow cylinder subjected to two-dimensional steady state thermal, electrical and mechanical loads. All
electro thermo mechanical fields are assumed to vary in radial and circumferential directions which do not have any
limitations to handle the general types of thermal, mechanical and electrical boundary condition. With a direct
solution method, the Navier equations in terms of displacements are derived and solved analytically. After the
solution is completed, three examples were considered to confirm the results. In the first example, the effect of two
phases -mechanical and thermal field -are investigated and the results are compared with the given data in previous
works. In the second example, the effect of two phases electro mechanical fields were depicted and the result was
confirmed with the FEM analysis. Finally, in the third example, four general boundary conditions were considered
to investigate and control the three phases electro thermo mechanical response of a piezoelectric hollow cylinder
with the combination of any types of boundary conditions.

2 BASIC FORMULATION OF THE PROBLEM

Consider a thick piezoelectric hollow cylinder with inside and outside radius of “a” and “b” respectively subjected
to two-dimensional electro thermo mechanical loads (Fig. 1). The cylinder is polarized in radial direction.

Fig. 1
Hollow cylinder subjected to two-dimensional electro thermo
mechanical loads.

The relations between strain and displacement components in cylindrical coordinate system are:

Tor’ 000 T2 00 or D

.

u” and “v” are the displacement components in the radial and circumferential directions, respectively. The
constitutive relations for a piezoelectric cylinder with thermal effect are [19]:
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0
Opr = Cl1€p T C12809 T 811 a_(rp_dnT(r’ 6)

0
Ogo = C21€ TC28gp T 821 a_(f —dyT(r,0)

1 0p
C,g =2C3 €0+ 8ay ———
0 3180 T 831 -39 ()

0
D, =g,€,, +821€00 — Iy a_(f"'buT(”’ 0)

1 0p

Dy =283,8,6 — o %”’217"(”’9)

’
where o; and ¢; (i, j=r, 0) are stress and strain tensors, respectively. Di (i=r, 0) are electric and displacements in

radial and circumferential directions and ¢ is electric potential. ci, gy, hij, and by (i, j=1, 2, 3) are elastic,

piezoelectric, dielectric and pyroelectric coefficients respectively and finally dj; (i, j=1, 2) are thermal modules. The
equilibrium equations in cylindrical coordinates, in radial and circumferential directions, irrespective of body forces,
inertia terms and electrostatic charge equation, are expressed as [19]:

P _
G, + l aGre + Grr 099
or r 00 r
0
Cr6 +l 009 n 26,9
or r 00 r
oD, 10D, D,
L —2 L=
or r 09 r

=0

=0 3)

0.

Substituting Eq. (1) into (2) and then into equilibrium Egs. (3), three coupled governing differential equations for
two dimensional electro thermo mechanical problem in cylindrical coordinates are obtained:

@ 1 ou ﬁ@ W, w; %y wy Ov 82_q) w602_q)+w78_(p_ oT T

+-—4 +—=u+—= +—=—tw +— — We — + W —
ort ror rrogr 2 rorod 200 o2 2o ror Soar Cr
v Loy wy S wy Wy 0wy Qe wy 0P wis O wys OT
orr ror #r 0e% r oro® 2 00 r 0oré® 2 00 r 00 4)
¢ 169 wpy %o O’u Wiy Ou Wy OPu Wy PV Wy, Oy Wy OT or T
—2+——+—2—2+ 18_2 ——+—2—2+——+—2—=—— W24—+W24—
or ror r° 00 or r or r- 00 r orod - 00 r o0 or r

where constants w; to w2« are given in the Appendix.

3 HEAT CONDUCTION PROBLEM

Before solving the governing Eqs. (4), the steady-state heat conduction equations for a two-dimensional problem
with no heat generation in cylindrical coordinates and the thermal boundary conditions for a hollow cylinder are
considered as [20]:

o*T 16T 10T
— 4 ——— =0, a<r<b, —-n<0<+m (5)
or* ror o0
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T (a,0
mllT(a,6)+m12%= £,0)

(6)
oT(b,0
my, T (b,0) +m,, ;—r) = £,(0)

where mj; (i, j=1,2) are the thermal constant parameters related to the conduction and convection coefficients. The
functions f7 (0 ) and f2 (6 ) are known on the inner and outer surfaces of the cylinder, respectively. Because of T{r,
0 ) is a periodic function of 0, the complex Fourier series may be used for temperature function as [21]:

T(r,0)= Y. T,(r)e" %)

n=-o

where T(r) is the coefficient of the complex Fourier series of 7(r,6):
1 ¢ —in®
T.(r)=— j T(r.0)e ™ d0 )
2n Y

Substituting Eq. (7) into Eq.(5) yields:

1 2

" ’ n
T, +-T, _r_zT" =0 9)

”
The solutions of Euler Eq. (9) may be considered in the form of:

T,(r)=0,.r" (10)

Substituting Eq. (10) into Eq. (9) yields:

Buio =xn (11)
Thus
7-;1 (7’) = inanI +anan2 (12)

By substituting Eq. (12) into Eq. (7), the temperature function is obtained:

T(r,0)= Y Q™ +0,,r™) " (13)

n=—0w

To determine the constants Qn; and QOn2, one should note that the right hand sides of Eq. (6) are the complex
Fourier series coefficients of left hand one, so substituting boundary conditions (6) into Eq. (13) yields:

TE
_ _ 1 _;
(mn“ﬁ"1 “"7112[3nl“ﬁ”1 1)-in +(mllaB"2 +leBnZaBn2 1)~an :% I fi(®)e 040
-n

. (14)
(B2t 418,65 .0, 4+ (my b2 + 1y B,,6P2 7.0, = 5 j f>(0)e a0
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By using the Cramer’s method to solve the system of algebraic Eqs. (14), the constants Q. and Qn2 is expressed

as:
1 r - - —in
0n=5- j R WA C B N I WA G Rl VICAE Y
- (15)
Q=75 j [ O @ 4 m1aBu a1 £ (0) = Oy b 4B, 6P 7). £,0) | €0 a0 1 (L - )
where

- 4
Ly = (myy a4y, @ ™). myy b7 -y, 0727 (16)
- 1

L, :(mnaﬁ"z +m12Bn2aB"2 1)~(m21bﬁ"1 +m22[3n1bﬁ"‘ )

4 SOLUTION OF THE PROBLEM

To solve the Eq.(4) consider the complex Fourier series for displacements u(r, 8) and v(r, 0) and electric potential
o(r, 0) as:

u(r,0) = z un(r)eme , v(7,0) = Z v, (r)e™ , ¢o(r,0) = Z 0, (r)e™® (17)
where un (r), va (r) and @ (r) are the coefficients of the complex Fourier series of ua(r, 8), vu(r, 0) and @u(r, 0)

respectively, and are:

T T Iy
u,(r) = 1 I u(r,0)e ™ do , v, (r)= L J v(r,0)e ™ do , ¢, = 1 .[ o(r,0)e " q0 (18)
2n 2n 2n
- —T -

Substituting Eq. (17) into Eq. (4) and using Eq. (7) one obtains:

!
u w w w w W w w
" n 1.2 2 3. 1 4 . " 6 2 T4 ' 9
Uy + === NUy, + U, I, i, W@y —— T, + ¢, =wg T +—T (19)
r r r r r r r r
1 w \ % w w w w w.
” ’ 10 2 11 12 .1 13 - 14 . 17 15 - 16 -
v, +—v —n’ v, +——v_ +——1nu, +——1nu, +——in +—=1n =—=>inT
n’ o n 2 n 2 n , n B n r (I)n 2 ¢n ’ (20)
1 w w w w w, w. w
" ’ 17 2 ” 19 1 20 2 21 . 1 22 - _ V23 - ' 24
by =0, — 170, +wig, +——u, ——=n"u, +—=inv, +—==inv, = —=inT +wy, T"'+—=T 21)
r T r r r r r r

Eqgs. (19) to (21) are a system of ordinary differential equations with non-constant coefficients that have the
general and particular solutions. The general solution of the this system are assumed as:

us(r)= ArS, vi(r) = Brt, Q8 (r) = crt (22)
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Substituting Egs. (22) into Egs. (19), (20) and (21) and neglecting the right hand sides of equations for general
solution lead to:

[E(E—1)+E—wn® +wy JA +[w& +w, JinB + [ws&(E —1) —wen® + wyE]C = 0

[Wya&+ w3 linA +[E(E —1) + E—wyon® +w, 1B +[w &+ w,5]inC =0 (23)

[WsE(E = D)+ W& —wagn> 1A +[wy &+ Wy linB+[E(E ~1) + & —w;;n1C =0

For obtaining the nontrivial solution of the system of algebraic Egs. (23), the determinant of coefficients should
be equal to zero. So six roots, &, to &,, for system of equations are achieved and the general solutions are

expressed as:

6 6 6
us(r) = z Anjrg”’ , vi(r) = Z MnjAnjré”/ ) of(r) = Z NnjAnermj (24)
j=1 j=1 j=1

where Mnj is the relation between constant Anj and B

obtained from Eq. (23):

i 0 and N, is the relation between constants A, and C,

B (€, —D+E, — Wl”2 +wy L Iwiy€,; +wislin—[wsE,; (€, -1 — W6”2 + w8, L Iw&, +wislin

= (25)
Y [ws€,; (€, =D — w6n2 Fwr8, LIE, (€, —D+E,; — W10"2 +wy]=[wsE,; +wylinw, &, +wslin
_ [w3&,; +wylin[wy &, +wislin—[§,;(§,; —D+E,; - Wl”2 +wy L[, (§,; —D+E,; — W10n2 +wyy 26)
Y [ws&,; (€, —1) = wen” + W78, 118, (& —D+E, - wion® +wy 1- (w3, +wylin[w&,; +wish
j=1,2,345,6
The particular solution of Egs. (19), (20) and (21) are assumed as:
“5(”) = Pner“l-'—1 + PanB“z+l > Vrlzy(r) = Rnlrpuﬁ—l + Ranan-H > (pg(r) = Sn[rﬁnl*—l +Sn2rﬁ”2+l (27)

Using Eq. (12), substituting Eq.(27) into Egs. (19) to (21), and equating the coefficients of identical powers, the

following systems for power 1 and PP are obtained:

X,.P,+X,.R,+X5.5,=Y.0,
X;. P, +Xg.R, +Xy.5,, =Y;.0,

(28)
Xi3-By + X4 Ry + X455, =Y5.0

nl

Xy Py +Xs.Rpp +X6.5,, =Y,.0,,
Xiog-Poo + X1 Ry + X15.8,, =Y,.0,
Xi6-Poo + X17.Rp + X13.5,, =Y6.0,,

(29)

where, the constants X; to X;s and Y7 to Ys are given in the appendix. Egs. (28) and (29) are a system of algebraic
equations and using the Cramer’s method, the solutions for unknown constants Pus, Pn2, Rui, Ru2, Snr and Sn2 can be
obtained.

Summation of the general and particular solution for ux(r), va(r) and @u(r), leads to the complete solutions:
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u, (r) =uf (r)+uy (r) = ZA V"’+ZP ot

j=1 j=1

6
\mm=ﬁm+ﬁm=§h%AuW+Zmev (30)

i+1
©, (1) = @5 () + ¢} (r) = ZN,,] " +Z:Snj.rﬁ"f+
i=1

j=1

If n = 0, since Eq. (20) is independent of Eqs. (19) and (21), the coefficients M nj and N,; are not defined. Thus,
Egs. (19) to (21) are reduced to:

’

" 0 Wy n W7 _ Wy
Uy +—+—2M0 + W59 +—(I)O _WgT +—T (31)
r r r r
w
" ’ 11
Vo+—vy+—V,=0
0 0 0
S (32)
" +l ! + " +m A T'+MT
g + =y + wygitg Uy =Wy (33)
r r r

where zero subscript denoted for n=0. Eqgs. (31) and (33) are a system of ordinary differential equations and have
general and particular solutions. The general solution is assumed as:

o () = Agr, 9y (r) = Cr®. (34
Substituting Eq. (34) into Egs. (31) and (33) yield:

[Eg(Ep —D+Ey +wy 1Ay +[wsEy (& —D+w,E,1C, =0
[w1s8o (B — 1)+ Wyo€o 14y + 180 (&g =) +41Co =0 (3

To obtain the nontrivial solution of Eq. (35), the determinant of coefficients should be equal to zero. So the four
roots, &g, to &, , are achieved and the general solutions are:

4 4
W)= A" 95() = 2 Nos g™
j=1 j=1 (36)
where Ny is the relation between constants Ao and Co and is obtained from the first Eq. (35) as:
& (&, D+, +w,]
0j = (37)

[ws€o;(So; =D+ w8, ]

Forn =0, Eq. (32) is a decoupled ordinary differential equation and the solution of this equation is considered in
the form of:

%_¢ﬂ+§6 (38)

The particular solution of Eqgs. (31) and (33) are assumed as:
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ué” r) = P01r501+1 + pozrﬁm“ , (Pg (r) = SOerOH + Sozrﬁm“ 39)

For n =0 in Eq. (12), substituting Eq. (39) into Egs. (31) and (33), and equating the coefficients of the identical

Bnl +1

powers, the following systems for power r and 2" are obtained:

{X19-P01 +X50-S01 = Y7001

(40)
Xo3-Fo1 + X04 801 = Y900
{X21-P02 + X0 S0, = X390, @)
Xps5-Fip + X56-S00 = Y10-O2

where the constants X9 to X26 and Y7 to Yio are given in the appendix. Egs. (40) and (41) are a system of algebraic
equations and using the Cramer’s method, the solutions for unknown constants Pos, Poz, Sor and Soz can be obtained.

Considering the addition of general and particular solutions for every value of “n” and using Eq.(17), the
complete solution for u(r, 0), v(r, 0) and ¢(r, 0) are expressed as:

u(r,0) = iAoer"‘” +22:P0j.rﬁ°-f+l + i {ZA"JF g +ZP P ] i (42)
j=1 j=1

n=—ow, n#0| j=1
v(r,0) = AOS r+_+ Z ZM A " S +ZR r Byt in (43)
n=-0w0, n#0| j=1
4 2 | o '
Qr0)= D Noj.Agyr™ + > 8o+ ZN Ayt +ZSn, AR (44)
Jj=l Jj=1 n=—o0, n£0| j=1

Substituting Egs. (42), (43) and (44) into Eq. (1), the strains are obtained as:

4
gr,=ZA0j§0jrio_r +ZPOJ (Bo,+1)r '+ z {ZA,U njr - z (anJrl).rﬁn,]eine 45)
=

n=—o, n#0| j=1
4
- Boj A
€gp = ZA()]'IE"U +ZP0] ro o+ z I:Z(ln M +1)Al‘l_} r & +Z(ln R +Pj).}’ﬁ"’ ] eme (46)
=1 n=—w, n#0| j=1
0 6 )
: ; - i B | in®
€9 =5 Z [Z(m+Mnj.E_,n] M,y) A, r +Z(ln‘Pnj +an-an)J’ T } e 47)
n=-—0w, n#0| j=1 =

Substituting Eqs.(45), (46) and (47) into Eq.(2) and utilizing Eq.(13) and (44), the stress components are
obtained as:

4 2l c-Py; B, +D)+cpp By +
&1 11-70j oj 12-70j Bo
=D (e, +Cpp+811-Nyi & i)Ay; r™ N
; ? S =) 811-50;-(Bo; +D
6 -
. Z(cn.&nj e My intcpy + 8N, &)Ayr™ o (s
i=1 . ) .
n Z J ) .eme _ dll Z [Z an .an; ].eme (48)
=—0, n#0 . =0\ j=I
N e Py By 1)+ e Ry + i Py + 818, (By + 1) ™ n=—o\J
j=1
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4 2 ¢y Py: (B, +D+cyy Py
;-1 2170/ \Woj 22707 | By

Gy = E (c1.Epi +Cop +821-Ny; &) Ay ™ +E Y
00 < 21&_, 22 T 821V éo_, j & +g21'S0j'(B0j+1)

U 1
Z(CZI &y tCnM,in+cyy + 8N, & )A, ™

© (49)
j=1
+ Z 5 € —d21 Z [ZQ,U r J
TN [ on BBy + D+ Ry + 0 Py gZISni.(Bni+l)]rﬁ”’ reel =
j=1

2(6‘31 in.+cy .M, &, —cy .M, + g5,.N,;.in).A,; o

_ Jj=1 in@
G, = Z e (50)
+Z(C31 pi AN+ Ca Ry B+ 8318, 0n).r Pu

And electrical displacement components in radial and circumferential directions are:

4
3
D, = Z(gu.goj + 851 = Iy Ny Lo )-Agjr™

J=1 j=l

4 +ZZ: gll'POj'(Buj +1)+8y.Fy, Ky
—hy1So;-Bo; +1)

-1
Z(gn Ly + 81 -M,yjin+ gy —hy N, .E A, ey

) o 2 (51)
n Z Jj=1 .einG +b11 Z [anj J.Bui ]'eine

2
=-o0, n#0 i =—0\ j=1
TS 11 Py By + D+ a1 Ry + 8y Py — 1y S, (By +1) | n=e\ g
=1
. é/x'_l
. Z:(ggl in.+g3.M,; E_,nj 8y -M,; —hy.N, m).Anj.r d o
j=1 in® By ind
n- 3 |7 o 3T, e
=—00, n#0 B, =—o0\ j=1
e +Z(g31. in+ 831 Ry By =y, S, i) ! !

It is recalled that Egs. (42) - (52) contain six unknown constants A, (j=1..,6) and therefore to evaluate these

constants, six boundary conditions from displacements, stresses, or combinations are required. Expanding the given
boundary conditions in complex fourier series gives:

Z,(0) = Z Z,(ne"™ j=1..6 (53)
where

Z ()= nz 0)e 040 i=1,..6 54

j(n)_ﬂ j( )e ]_ geeey ( )

Using Eqgs. (53) and (54) and substituting the six boundary conditions into Egs. (42) to (52), all unknown
constants A, are calculated.
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5 FUNCTIONALLY GRADED MATERIAL FORMULATION

Consider that the functionally graded material proposed in here are radially graded and the material properties are
the function of r:

X, =X0rP, (G,j=1,2,3) (55)

where the superscript zero denotes the corresponding value at the outer surface of the functionally graded
piezoelectric material hollow cylinder, and B is the power-law indices of the material in-homogeneity. “X” is the
material property such as elastic coefficient, electric constant etc. Considering the presented above solution, the
stresses along the radial and circumferential direction are:

4
£y,
D Ao+ e
1 - N
c, =c\rP +c P Z (ZNnjAnjrgfm)e'”e]

o0 6 ¢
=1y in0 n=—owo,n#0 j=1
ny

Z (ZAW' w " )e

n=-o0,n#0 j=1

4 . 4 - (56)
o; oim
D Ay + D RojAojéor™
0 p-1|J=1 0 Bl J=l
+cppr Y 6 +8nr 6
€, ind® &1 ,ind
D, QA D QoM e
n=—oo,n#0 j=1 n=-0o,n#0 j=1
4 -
Ay ir™  +
Zl 01%0] o0 6 :
0 Jj= 0 _p-1 N
Goo = Coyr” . ] +erP z (ZN,UAnjr Vin)e™ ]
E,i—1\ in® n=—0,n#0 j=1
2 QA e
n=-0wo,n#0 j=1 (57)
: g S Eo; -1
0j 0j
D Ay 4 D" RojAg Go;r™ " +
0 p-1 Jj=1 0o pi|J=l
+Cpyt . . + 851" Y .
&j  ,in0 Gy =1y ind
D QA" D My e
n=-—0o,n#0 j=1 n=-0wo,n#0 j=1
6 -
0~
e Zﬁoj‘@o]‘” Tt
_ 0 p-1 . Gy ind 0 p|J=5
G,9 =C3;F z (ZAnjmr e |+ . .
n=-—0o,n#0 j=1 &,i—1\ ind
2 QNyAE, e
n=—owo,n#0 j=1 (58)
: §
0j
RN
ZSBOJ o 6 .
0 p-1|J= 0 p-1 - Eajy ,ind
—c31rB . +g3lrB z (ZMnjAnjmr e

6
&\ ind =—oo,nz0 j=1
z (ZNnjAnjr ’ )em " S

n=-—0o,n#0 j=1
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And the relations for electrical displacements along the radial and circumferential direction in cylinder are presented
as:

4
g1
2 Aojor ™+ .
J=1 - nj ind
D, = g?l"ﬁ +g31rﬁ 1 Z (anjAnjréjm)e”

0 6
E_,njfl ind n=-—0o,n#0 j=1
D QL AE e

n=-wo,n#0 j=1

4 4 %59)
€oj €1
ZAOjr 07 4 ZROjAojﬁojr 07 ¢
0 p-1| J=1 0 Jj=1
+g21rﬁ " 6 _h41”B " 6
o 1
z (Z Anjrénj )eme z (Z MnjAnjanjré”j )eme
n=-oo,n#0 j=1 n=—o0o,n#0 j=1
6 -
. ] ZBOJ@OJ'V Yo+
_ LB =5
Dy =g ! Z (ZAnjmré”f )e "e]+gg1rB ! . .
e Z (anjAnj nj’j;njil)eine
n=—owo,n#0 j=1
6 (60)
4
ZBOjr Yt 0 6
= - i
—gglrﬁ Y © _hglrB : [ z (ZM11jAtljlnr&nj Je "

6
&\ ind =—o,n#0 j=1
z (z NnjAnjr ’ )em " S

n=-0o,n#0 j=1

where the unknown constant A,; (j =1,...,6) are specified from boundary conditions.

6 RESULTS AND DISCUSSION

To examine the proposed solution, three different examples are considered. In the first example, to validate our
solutions, a thick piezoelectric hollow cylinder under electro thermo mechanical load is considered. The inner and
outer radiuses of cylinder are a=0.25m and b=1 m respectively and the material is considered to be PZT-4. Also the
boundary conditions are considered similar to those proposed in reference [21] and are obtained as:

o, @®)=-1 ©,10)=0, T(@p)=0, T®O)=100, o@d)=1L b6 =0. (61)

In reference [21], an analytical solution for electro thermo piezoelectric hollow cylinder is presented. All fields
are considered to be symmetric along the circumference of the cylinder and the stresses, temperature and electric
field are varied across the thickness. The results in that paper are presented for two materials, PZT-4 and Batio3.
Also the results are presented for three ratio of outer and inner radius of cylinder as R=0.25, 0.5, 0.75.

Fig.2 shows the stresses and electric field across the thickness of the piezoelectric hollow cylinder with the
material and boundary conditions proposed in [21]. Fig. 3 shows the results reported in reference [21]. From these
two figures, by considering the red line in Fig. 3 and for R=0.25 (0.25<R<1), it can be seen that the boundary
conditions are satisfied in Fig. 2. Considering the boundary conditions and material properties, in addition, the
curves in Figs. 2 and 3 also show very good agreement between stress and electric field with those reported in [21].
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Fig. 2
Stresses and electric field distributions due to electro thermo mechanical load.
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Fig. 3
Stresses and electric field distributions due to electro thermo mechanical load [21].

In the second example, the behavior of hollow cylinder subjected to two dimensional electro mechanical loads is
considered. The results from analytical method are compared to the results from FEM software. The mechanical and
electrical boundary conditions are shown in Fig. 4 and considered as:

G,,(a,0) =1 cos 20 MPa, u(b,0) =0,
5,0(a,0) =0 v(b,0) =0, (62)
0(a,0) = 10 sin 20 W/ A, o(b,0) = 0.

The material chosen for this example is PZT-4 and the material constants are [22]:
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€1 =Cy =115GPa, ¢, =c, =74 GPa, ¢y =25.6 GPa, g, =15.1C/m?,
g =-52C/m*, g, =127C/m?*, hy =hy =65x10" C*/Nm?, (63)
d;; =2.65x10° N/m*K, d,, =1.97x10° N/m*K, b, =b,; =5.4x10° C/m’K.

Fig. 4
Piezoelectric hollow cylinder subjected to two-
dimensional electro mechanical fields.

Fig.5 shows the radial and shear stress in the thickness of piezoelectric hollow cylinder due to the given
boundary conditions. To compare the results, Fig.6 shows the results in the radius in midpoint of the thickness of

cylinder (R= 1.1 m) for various degrees. It can be seen that the results show good agreement between the analytical
and FEM results.

Fig. 5
Radial (a) and shear (b) stresses in the thickness of piezoelectric hollow cylinder.
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Fig. 6
Radial and shear stresses from FEM and analytical solution in R=1.1.
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In the third example, the same thick-walled cylinder is subjected to two-dimensional three phase electric
potential, thermal and mechanical loads. To investigate the effects of combining the in-phase and opposite-phase of
electro thermo mechanical loads to control the electrical and mechanical parameters, four various boundary
conditions are considered as:

Case 1: All boundary conditions are in-phase

T(a,0)=cos26 °C, ®(a,0)=50cos20 W/A,
T(b,0)=0, b,0)=0,
(0,0) ¢(b,0) (64)
G,,(a,0) =10 cos 20 MPa, u(b,0) =0,
G,5(a,0)=0 v(b,0) =0.
Case 2: Electric potential is in opposite-phase
T(a,0)=cos26 °C, ¢(a,0) =50 sin 20 W/ A,
T(b,0)=0, b,0)=0,
(0,0) ¢(b,0) 65)
G,,(a,0) =10 cos 20 MPa, u(b,0) =0,
G,5(a,0)=0 v(b,0) =0.
Case 3: Pressure is in opposite-phase
T(a,0)=cos26 °C, ¢(a,0) =50 cos 20 W/ A,
T(b,0)=0, b,0) =0,
(0,0) ‘ ¢(b,0) 66)
c,,(a,0) =10 sin 20 MPa, u(b,0) =0,
G,5(a,0)=0 v(b,0) =0.
Case 4: Temperature is in opposite-phase
T(a,0) =sin26 °C, ¢(a,0)=50cos20 W/ A,
T(b,6)=0, ¢(b,6) =0, 67
6,,(a,0) =10 cos 20 MPa, u(b,0) =0,
G,5(a,0)=0 v(b,0) =0.

Fig.7 shows the temperature distribution across the wall thickness of cylinder along the radius and
circumferential directions for the proposed cases. The temperature at the inner and outer radius of cylinder satisfies
the given thermal boundary conditions. Since the thermal equation is solved separately, the electro mechanical loads
have no effect on temperature distributions across the thickness of cylinder and only in case 4, due to different
thermal boundary conditions from other cases, the temperature has different shape from the others.
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Fig. 7

Temperature distributions due to electro thermo mechanical load.
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Fig.8

Electric potential distributions due to electro thermo mechanical load.
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Fig.8 shows the electric potential distribution across the cylinder wall thickness. It can be seen that, due to the
given boundary conditions, the electric potential follow the pattern of the electric potential distribution at the internal
surface of the cylinder. It is also perceived that the variation between the phases of electro thermo mechanical loads
effectively alters the electric potential along the radial and circumferential direction. From figure 5 one can see that
if the electric potential at inner boundary be in opposite-phase with the other boundary loads, the maximum value of
electric potential occurs in the middle of thickness. If the mechanical loads be in opposite phase with other boundary
conditions, the electric potential vary sharply along the circumferential direction but the values of pick points have
inconsiderable difference from the values of pick point in other cases. The radial, shear and circumferential stresses
are shown in Figs. 9 to 11 respectively. Obviously the stresses in these figures satisfy the proposed boundary
conditions for each case. It can be seen from Figs. 9 and 11 that the various phases of loads have inconsiderable
effects on values of radial and circumferential stresses. But in case 3 from Figs. 9 and 11, we can find that the shape
of radial and circumferential stresses across the thickness of cylinder are different from other cases due to different
boundary conditions. As one can see in Fig. 10, if the pressure be in opposite-phase with other conditions, the shape
and values of shear stress changes.

pif2 H-» ’ B _...--—*'1"1'5" 12

o v E o (rad) V2 1es v/a

0 e -
g (rad) -Fi/2 “P‘I-ri 105 Wa P

Case No. 2
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-
Pif2 e

0 B
0 (rad Pijz e
(rad) I -P?‘ 1 105 ra

Case No. 3

Case No. 4

Fig. 9
Radial stress distributions due to electro thermo mechanical load.
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Fig. 12
Radial displacement distributions due to electro thermo mechanical load.
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Fig.13
Circumferential displacement distributions due to electro thermo mechanical load.
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Fig.14
Radial electric displacements due to electro thermo mechanical load.
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Fig.15
Circumferential electric displacements due to electro thermo mechanical load.
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Fig. 12 and 13 show the radial and circumferential displacements across the thickness of cylinder respectively. It
can be seen that except case 3, that the pressure is in the opposite phase, the various phases have no great effect on
radial displacement but Fig. 13 shows that the opposite phase of pressure and thermal condition can increase the
values and changes the shapes of the circumferential displacement along the thickness of cylinder. Figs. 14 and 15
demonstrate the electric radial and circumferential displacements respectively. It can be seen from these figures that
in any cases, the electric radial displacements have no effective variations except in case 3, that due to presented
boundary conditions, the shape of electric radial displacements changes. Also changes in the phase of pressure can
change that value and shapes of electric circumferential displacements. From the above discussions, it can be
concluded that by considering the special boundary conditions and combination of them, the mechanical and
electrical displacements and stresses can be changed, controlled and optimized along the thickness of cylinder for
better design while using this kind of structures.

7 CONCLUSIONS

This paper presents the analytical solution for two-dimensional electro thermo mechanical behavior of a
piezoelectric hollow cylinder as a sensor or actuator. The method of solution is based on the direct method and by
using the complex Fourier series, the Navier equations were solved. The advantage of this method is its generality
and from mathematical point of view, any type of the thermo mechanical and electrical boundary conditions can be
considered without any restrictions. Three types of examples are considered to validate our solution and investigate
the effect of two-dimensional electro thermo mechanical behavior of cylinder under the effect of combination
boundary conditions in the in-phase and opposite-phase of electro thermo mechanical loads. The numerical
examples have revealed that by using this method and considering the special boundary conditions, the mechanical
and electrical displacements and stresses in a piezoelectric hollow cylinder can be controlled and optimized to
design and work efficiency under the various loads.

APPENDIX
C31 Cxn _Cpt6s C31 —C _ 81 _ 831 811~ 821
1= 5 h = 5 3 = s s W5 = s W = 5 7= s
1 1 1 1 1 1 1
_dy dy, +dy, _xn _ % _ Gty _Grtey
3 s 9 s = s 1= s Wi s = 5
‘1 ‘1 C31 31 C31 C31
831 T & dy, 1 1 811181
w ) = == W”:h_’ Wig =— > =T
C31 €31 C31 11 11 —hy
_ 8 811831 _ 831 by by
Wy =— > 21 h > — s Wp3 _h_’ Woy _h_
—hyy —yy 1 11 11
(A.1)
2 . .
X, =B, + DB, +B, +1=win” +w,, X, =wyin(B,, +D+wyin+w,(B,, +1)
2 2
Xy =wsB, + DB,y —wen”, Xy =B+ DBy B +1-win” +w,
. . 2
X5 =wyin(B,, + 1) +wyin+w;(B,, +1), Xo =ws(B,, +1).B,, —wen
. . 2
X; =wypin(B,; +1) +wysin, Xg =B + DBy +Buy +1=wyon” +wy
Xy =wyin(B,; +1)+wsin, Xio =wpin(B,, +1) +w5in
2 . .
X, =B + DB +B F1=won” +wyy, Xy = wiin(B,, +1) +wysin

Xi3 = WigBur + DBy +wig By +D = wygn®s Xy =wyin(B,y +1)+wpyin
Xi5 = By + DB,y +Byy +1-wypn’, Xi6 = Wig Bz + DBy +wio (B + 1) = wyon’

Xiz = wyin(B,, +1) +wyin, Xis = By + DBy +B,p +1-wypn’
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X9 =Boy + Doy +Boy +w, Xa0 = ws(Boy +1D-Boy +w7(Boy +1)
X51 = Boz +DPoy + By +1+w,, X5y = ws-(Boy + Doy + w7 By +1)
Xo3 = wig-(Boy +DBoy +wig-(Boy + D), X4 = Bor +DBoy +Bo; +1

Xss = wig-(Boz + 1By +wio-(Boa +1), Xa6 = (Boy + DB + By +1

Yy = wgB,,; +wo, Y, = wgP,; +wy, Y; =Y, = wgin,

Y5 =wysin+wy, (B, +1) +wyy, Yo = Wysin+wy, B,y + 1) +wyy

Y, =weBor +wy, Yo =weBp +wg, Yo =wyBo Fwags Yo =W +woy

(A2)
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