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ABSTRACT

This paper presents the governing equations on the rectangular plate with the
variation of material stiffness through their thick using higher order shear
deformation theory (HSDT). The governing equations are obtained by using
Hamilton's principle with regard to variation of Young's modulus in through their
thick with regard sinusoidal variation of the displacement field across the
thickness. In addition, the effects of the substances in FG-porous plate are
investigated. © 2018 IAU, Arak Branch. All rights reserved.
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1 INTRODUCTION

O NE of the deep understanding consequences of mechanical behavior existing material in nature such as bone

and sea plate is using it to form the different material. Functionally graded materials (FGMs) are the material,
which produces by using developed technology and forming process. One of the functions is effect tension
concentration and its continuation in surface regard to monotonous changes of synthesis volume deduction [1].
Nowadays, FGMs have substituted by material in biomechanics, navel, machinery industry, and other functions.
Although, FGM material are very heterogeneous but material function change is very monotonous [2]. The material,
which their structure has constituted of two solid phase and liquid phase called porous material. Mineral, solid
levels, stones, plants wooden structure and etc. are the porous material, which exists richly in the ambience.
Nowadays, using the porous material in reason of low weight, high flexibility resistance against hairy cracks, heat
insufficiently and vocal insufficiently have gained high popularity in different industries has been developed. In the
present study, one FG plate response under influence of monetary load is analyzed. Also, different mathematical
volume fraction for example in exponent rule of some of the scholarly uses exponential rule and same others use
power distribution rules [3-6]. More solution methods in shear deformation based on classic theory which could be
resulted in appropriated outputs. This theory has been used by some researchers [7-9]. Several studies have been
carried out using FSDT [10-14]. For eluding the use of shear correction factors, several HSDT, such as, the third-
order shear deformation theory (TSDT) [15-18], the sinusoidal shear deformation theory (SSDT) [19-21] and the
hyperbolic shear deformation theory [22-23] have been proposed. In addition, all two-dimensional plate theories
ignore the thickness stretching effect. Indeed, a constant transverse displacement through the thickness was
considered [24-26].
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In this theory the extension effect in the line of thickness slight is ignored, and rather than the use of ordinate
removal constant. In this paper, the higher order theory with elasticity extension effect in the line of thickness has
been used, and also sinusoidal shear deformation and extension across the thickness removal layers include bending,
shear and thickness stretching, and resulted in the motion equations of Hamilton principle and been attained stress
and removal formulas for bending.

2 SOLUTION METHOD

One rectangular FG plate is shown in Fig. 1, where the porous material is considered as thickness #, length a, and
width b. The coordinate origin is on the middle surface and considered elasticity and heterogencous plate by
changing the elasticity model in the thickness axis. One plate volume fraction distribution follows of exponent
distribution law and ordered in follow method.

v (z):[%gjp (1)

which p is the parameter, which depends on features changes in the thickness axis. Poisson effect changes remained
constant and considered young module changes for porous FG plate as follow [20].

E(z)=(E, —EC)(%+%] +E,~(E, —Ec)% @)

which in this relation E_ is ceramic elasticity module, and E is metal elasticity module, and o is porous biot
coefficient.

Fig. 1
Schematic representation of the geometry of the plate.

3 FIELD EQUATIONS

Removing field is being based on following theories by Belabed and coworker [21]. (1) Ordinate removal divides
into three section: bending, shear, and stretching components. (2) The shear component in plane removal is sinus
consequences of traction process. In the basis of these theories removal field relation attained as:

wa(xﬂ’)

u(x,y,z)=u,(x,y)-z . -&(z)y,
ow, (x,
v(x,y,z):vo(x,y)—z%—5(2)02 3)

w(x,py,z)=w,(x,y)+w, (x,y)+{(z)o(x.y)

In this equation, u,(x,y)and v,(x,y) are the displacement functions of the middle surface of the plate.
w,(x,y), w,(x,y) are the bending and shear components of the transverse displacement, respectively. In
addition, the additional displacement ¢(x,y ) accounts for the stretching effect, and v,,v, are rotations of yz and xz
planes [22]. The sinusoidal features described as the following model:
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h .
cf(z):;sm(%zj (4)
And
g’(z):l—f(z):l—cos(%zj )

which # is the thickness of the plate. Displacements and rotations are assumed to be small and obey Hooke's law.
The linear strains associated with the above displacement field are:

0 0 il &

gx :a“(xayaz):§”o_z ?Wb_é(z)ywi' (63)
0 il &
g)' =§v ()C,y,Z):&VO—Z ?Wb_g(z)wa (6b)

6. =P (ray.2)=C (=)o

ax (6¢)
0 i o 0 & s
A :5ll(x,y,z)+av (x,y,z):avﬁ-auo—ka &Vwb—Zg(z)Mm (6d)
0 0 0 0
Vi —g”(xay,zﬁgw (an’yZ)—C(Z)(gWS +a¢) (66)
0 0 0 0
c= vy )rw vy .z ) =L (z)| ot
7, aZv(xyz) ayw(xyz) {(z)[éyw‘ &)}(/JJ (69)
To simple relations writing way consider derivational operators as well as follow:
0 0 0’ o o
d=—,d,=—.d, = sy = NS 7
ox oy ox ox oy dy ox Oy (7)

4 STRUCTURAL EQUATIONS

Young model mentioned in relation (2), so the structural equations for FG-porous plate can be written as follow:

O _Qn O, 0O 0 0 0 ]|%
g, On On Oy O 0 0
o | _ O; Oy Q5 0 0 0 |je (8)
Ty 0 0 9, O 0 117,
xz 0 0 0 0 95 O Ve
7, | O 0 0 0 0 O | Va

which the elastic constants is determined with regard to relation (2):
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1—o
O, =05, =0;; =mE ()

O, =0, =0,; = E (Z)

(l+u)(1—2u) 9)

Q44=QSS:Q66:m (Z)

The axial forces, shear forces, bending momentum and shear momentum are determined by integrating stresses
along the thickness of the FG plate as follows:

B
N, :J:zﬁdxdz =A,du,+A,dy,~B,d\w, ~B,d,w, ~Bld\w ~Bid,w +L'¢
2

A
N, = J._ng'y dz =A,duy+A,dy,—Bd,w, —Bdw, —B\dw, —B,dw, +L'g
2

(10a)
h
N, =[30,5(Z)dz =L'duy+dy )~ L*(d\w, +d,w ) =L @d,w, +dow )+ L'p
2
h
N, =[5 ! 7, dz = Ady+Agdy —2Bd\w, —2Bid,w
3
M :IZhZO'de =B, duy+B,dy,~D,dw,~D.dw,~Ddw, ~Ddw, +L¢
2
3
s s 2
Mﬁ :J-_Zﬁzaydz =B duy+Bpd v o =Dyyd,w, —=Dyydw, —=Dyd,w  —Dyd,w  +L7°¢ (10b)
2

h

M)iv = J.Eh z Txydz =Bdu,+Bdy,—2Dd\w, =2Dgd,w,

2

3
s s s s s s K 3

Mx :J.ig(z )O-xdz :Blldluo +Blzdzvo _Dlldllwb _Dlzdzzwb _Hlldnws _ledzzws +Lp
2
3

K K s K s s 3
ZJ.if(Z )O-ydz =Bydu,+Bydy,—Dpd\w, —=Dydw, —Hpd\w, —Hyd,w +L¢  (10c)

2

h
M;y = _[_255(2 )Txde = Bgédzuo +B656d1\/0 - ZDgédlzwb - 2Hg6dlzw s
2

h
S :jirﬂg(z Ydz =AZdw  +ASd @ (10d)
2

_[h yzé’(Z )dZ _A44d2W +A44d2¢ (10e)

The coefficients are calculated as follow:
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h h
2 2
J-Q szZ,D;: = J- Uzé"(z )dz
Zn Zn
2 2

AU:TQUdZ,By:fQUde,B;' ?Qlf(z)dz D, i
Hj =:[,QU§2(Z )dz L' = J;QBQ’ (Z )dz LZ—:[QBZ{'(Z )dZ,L3—:[Q13§(Z)é' (Z )dz (11)

4 GOVERNING EQUATIONS
Governing equations in considered theory derived from Hamilton's principle which its relation is as well as follow
"(8U + —SK Yit =0

J.o (6U + Y = (12)

In this relation o6U,0V ,0K are the variations of the strain energy, the potential energy, and the kinetic energy,

respectively.
0,06, +0,08, +0,06, +7,, 5}/”
- ) (13a)

h
U=l Aj A0y, 41,07,
(13b)

2

1924 =—Lq§(wh +w, +w, YA =0

In this relation, the kinetic Energy is ignored duo to the 5K =0, Substituting the expressions for stresses and
strains from Egs. (6) and (8) into Egs. (12) and (13) integral then adding efficiency odu,,dév,,ow,,ow ,dp attain

dominate equation on the plate.

5MO:M_X+MZO
- Py (14a)
ON ONxy
Vyi——+——=0
0 = (14b)
> b 82Mb aZMb
5Wb:51\/1;+ > +2 +q=0 14
ox oy Ox Oy (4o
s M oMY s os®
o, :aM; 42— +6Si+—"‘z+q =0 (14d)
ox dy oxdy ox  Oy
5(0'85;2 +%+ g(z)—N =0
2 .~ q ; (14e)

By substituting Eq. (11) in (14), relations can be stated balance equations in the basis of removal filed terms as

follow:
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dA,du,+A4,d u,+dA,dy,+A,dy,+A.d»y,+Agd ity =0
Ad iy +Asd oy +d Agdy o+ Aged v o +d Agd uty +Agd ity =0

d,Ddw,-2dDdw,—Dd,w,—d,D.,d,w,—2dD. d. w,—D.d w,—
d, D’ dw, —=2dD'd, W, —D““zdlmws _anlzst —leszde D v+
d, L’¢p+2d L’d g+ Ld, p—D,d, W, —D,d,w, —Did, W, —Dndw, +
L’d,,o—4d,Dd v, —4Dd,,w, —4d,D;d w ., —4D>d v +q =0

s s A A s s s
an“dnwb _2d1D“d111Wb _D“dllllwb _anlzdzsz _Zd]Dlzdlzzwb _D]zdnzzwb _dl]Hl]dllws -

2d|H1x1d1111Ws _H;Zdllllws _dnH,SzdzzW s _Zlefzdlzzws _Hlszdnzzw s +d11L3(/’+2d1L3d1(/7+
L3d11(/7_D2d1122Wh _D;dzzzzwb _Hlxzdnzzw s _ngdzzzzw s +L3d22(p—4d1D:6d122Wh -

4D;dnzzwb —4d \H d W _4ngdnzzws +dAsdw  +Asd\w +d Asd\p+Asd, o+
Ayd,w, +Aud,e+q =0

dAsdw  +Asd\w, +d Asd o+ Asd, o+ Ayd,w +Ai4d22(ﬂ+Lz(d11Wb +d22Wh)+L3(d11Ws +dzzwx)_L4§0:0

320

(15a)

(15b)

(15¢)

(15d)

(15¢)

In considering porous FG plate with length ordinate respectively a, b, h determine removal field as well as

following with the Navier type solution.

u,., cos(ﬂ)x sin (MJy
a b
u, Vo sin[ﬂjx cos(ﬂjy
a b
VO o w0
w, :Zz W, sin[m—ﬂ)x sin(ﬂjy (16)
w, m=1n=1 a b
. m7mw . nrw
w.,.,sin| — [x sin| —
b1 b an{m e 22)s
. mrnw . nrw
®,,sin| — |x sin| — |y
(5 el
And
N . (mrm) . (nrx
= sin| — |sin| —
= 230w [ Jon[ 7] an
which O, to distribute monotonous extensive load is as follow:
164,
———m.,n =1,3,5...
0,., =1 7’mn (18)

Om,n=2,4,6

By substitution (16), (17) relations in relation (14) result one group of algebra equation which can be arranged
them as follow:
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0

o Jn Jis Je s [|{U 0

I I Iy T s [V 16¢

T Jn Jyn T Jas (W = 2 . (19)
°mn

Ju Jo T Ju s [V 164,

Isi I I T Iss || @, ’mn
0

where the coefficients of the above matrix are given as follows:

2 2
mi nrw mi nix ¥ mi

Jllz_( j Au_( ) Aes’lez_( )( ]Alz_( j( )Aes’Jls =J,,=J5=0 (20a)
a b a b b a

2 2 2 2
_ s mox s n mi s nrw B
T =k (7 -f (7] ‘(7) A ‘(7] A (20¢)
. nrw

5 CONCLUSIONS AND DISCUSSIONS

A rectangle porous FG plate of metal and ceramic with size of a=b=>5h, p=3, the ratio of a=b=1, and the thickness
h=0.2 that are given in Table 1, is considered. Moreover, the various structural technique for FGM is considered so
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that is depend on the applied programs such as (a) porous drive, (b) chemical synthesis of one phase materials, (c)
the volume fraction exponent of the material phases.

Table 1

The plate materials.
Ti —6Al —4v ( metal) Al / ZrOz (ceramic)
E, =662Gpa E_=117Gpa
v=0.33 v=0.33

In Fig. 2, the mid-plate digression is in slight of plate length with regard to the maximum digression in plate
center. By comparing the result with implemented research by Amirpoor [23], it can be shown that the Young’s
modulus is changed in slight of the thickness. In addition, the material volume fraction is varied along the thickness
caused the maximum digression in the plate core while the time of Young’s modulus is changed along the length
maximum digression dose not occurs in the plate core but occur in right side, which the materials concentrations are
fallen [23].

x 10"

wih

Fig. 2
Deflection of the FG plate with variation of the material

K I T B stiffness through the thickness.
x/a

Fig. 3 shows Young’s modulus changes in direction of the plate thicknss. It can be seen that in the mideal plane
for p=3, the more Young’s modulus changes changes changes is occurred. In latter determin contraction and
consider their changing process along the thickness.

Fig. 4 shows the strain changes in direction of thickness. It should be noted that in Fig. 4, the natural plate of the
porous FG plate is in the mideal plate.

77‘p=3 ] P
of T g:g e Y i
s

8 / 4
- e
&7 7 ]
fin] ; e

s -
sf - - ) Fig. 3
s T , Variation of Young's modulus (£(x)) through the length
with different power-law indices.

Fig. 4
The strain ¢, at the center of the FG plate with variation of

D T T — : ; : ; 7 material stiffness through the thickness.

zih

Fig.5 shows the resulted responses of analytic soulotion for porous FG plate from relation (8). Here, it must be
mentioned that the effect of the sinusoid function &(z),{'(z) in relation(6) in o, response to comparing with
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bending, which is linear function of z mentioned little. In other words, sinusoid terms are shorter than the liner terms
because of this difraction is dominated issue.
In Fig. 6 we see that the effect of porous volume fraction (& ) in porous FG plate diffraction that inceased

maximum digression by increasing ¢ considerably, which shows that this amount decrease by increasing ¢ in
response to diffraction.

sx/qﬂ

Fig. S
The stressS  at the mid-plane of the FG plate with

e 3 w2z 99 0 o1 oz o3 or o5 variation of the material stiffness through the thickness.
zh
x40
0 . . . ‘
e
T pa
o P ,',
2t S o 1
N~ P
sk N - ]
B DN —
B R
4} - - l
—  &=001 Flg. 6
Foooeeanes o= 005 B . .
’ =007 Effect of porous volume fraction (« ) in porous FG plate
™ o7 02 03 04 95 06 07 08 08 1 diffraction.

xia

In Fig.7 stress changes o in middel porous FG plate is shown that results of porous volume fraction effect « ,

and it is shown that the traction and stressed strain maximum occurs in the plate low and high levels, which in it
stress becomes zero in z=0.

Fig. 7
Stress changes o, in mideal porous FG plate have show

"5 w04 03 02 01 0 01 02 03 04 05 that results of porous volum fraction effect & .

Fig. 8 show porous volum fraction effect « in resulted strain in slight of plate thickness. It shows that
coefficient increasing a occure maximum change in plate lowed high levels and occure &_ =0 in mideal level.

Fig. 8
Porous volum fraction effect & in resulted strain in slight
of plate thickness.
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In Fig.9 comparison among FG plate digression with young model changes in slight [23] of porous FG plate with
young model changes in slight of thickness. It is observed that in FG plate with young model changes in slight of
length maximum digression doesn 't occure in the mid-plate and on the rigth side.while in porous FG plate with
young modol changes occur maximum digression in plate core. and also porous coefficient decrease plate severity
and increase maximum digression.

10

=
// 1
-
N -7 |
NS e 1
N - -~ 1
~ - - 7
) 1 Fig. 9
i ] Comparison among FG plate digression with young model
] changes in slight of porous FG plate with young model
R TR T S T EE 1 changes in slight of thickness.

6 CONCLUSIONS

In this study, the sinusoidal change is investigated for rectangular thick FG plate by using of power distribution rule
of volume fraction along the thickness. The solution is achived using the simple boundary conditions and under
monotonous loading. Formulas investigation attained for tension and shear deformation without regard to corrected
efficiency which can summarize conclusions in comparison with completed research by amirpoor [23] as follow:

Maximum digression occurs in plate core.

Stress distribution o is linear because the sinusoid terms are small in comparing with linear terms.
General plate severity is more depends on constituent material changes and Young’s modol proportion
E_/E, and the volume porous feraction coefficient (& ).

More digression is not depended on the thickness and many digressions with indicator increasing (p) in
slight of thickness.
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