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ABSTRACT
Nonlinear free vibration analysis of double-walled carbon nanotubes (DWCNTSs) embedded in an
elastic medium is studied in this paper based on classical (local) Euler-Bernoulli beam theory.
Using the averaging method, the nonlinear free vibration responses of DWCNTs are obtained. The
result is compared with the obtained results from the harmonic balance method for single-walled
carbon nanotubes (SWCNTs) and DWCNTSs. The effects of the surrounding elastic medium, van
der waals (vdW) forces and aspect ratio of SWCNTs and DWCNTs on the vibration amplitude are
discussed. The error percentage of the nonlinear free vibration frequencies between two theories
decreases with increasing the spring constant of elastic medium. Results are also shown that if the
value of the spring constant is lower than 10'N /m’ (k<10"N/m*), the nonlinear free vibration
frequencies are increased. In this case, the effect of the spring constant on frequency responses is
significant, while if the value of the spring constant is higher than 10°N /m* (k>10°N /m®), the
curve of frequency responses has a constant value near to 1 and therefore the effect of the spring
constant on frequency responses is negligible.
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1 INTRODUCTION

ARBON nanotubes (CNTs), which were discovered by Iijima [1], have widespread applications in different

fields such as chemistry, physics, engineering, material science, and reinforced composite structures. The
discovery of CNTs has been a very significant breakthrough that has accelerated further developments in the field
of nanotechnology. They are among the most promising new materials and are expected to play an important role in
the nanotechnology. Because of difficulties in experimental characterization of nanotubes, mechanical responses of
CNTs are mainly investigated through numerical simulations using either atomistic or continuum models. Yoon et
al. [2] investigated the resonant frequencies and the associated vibration modes of multi-walled carbon nanotubes
(MWCNTSs) embedded in an elastic medium based on the Winkler model. Fu et al. [3] studied the nonlinear free
vibration of embedded MWCNTs considering intertube radial displacement and the related internal degrees of
freedom by using the continuum mechanics. They obtained the amplitude frequency response curves for the
nonlinear free vibration of SWCNTs and DWCNTs. Moreover, they investigated the effects of the surrounding
elastic medium, the vdW forces and the aspect ratio of the MWCNTs on the amplitude frequency response
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characteristics. The small scale effect has a significant role on buckling analysis of CNTs and hence should be
considered in the formulation. They also showed that the internal pressure increased the critical load, while the
external pressure tended to decrease it. Using the Timoshenko beam model, Wang et al. [4] studied a free vibration
analysis of MWCNTs. Moreover, they solved the Timoshenko governing equations for CNTs for different length-to-
diameter ratio and boundary conditions using the differential quadrature method. Using the generalized shear
deformation-beam theory, Aydogdu [5] presented the free vibration of simply supported MWCNTSs. Unlike the
Timoshenko beam theory, Aydogdu’s theory satisfied the zero traction boundary conditions on the upper and lower
surfaces of the structures. Therefore, there was no need to use a shear correction factor. Because of the importance
of the shear deformation effect especially at higher modes, their predictions were slightly higher than those of the
Timoshenko beam theory. Ke et al. [6] investigated nonlinear free vibration of DWCNTs embedded in an elastic
medium based on Eringen’s nonlocal elasticity theory and von- Karman geometric nonlinearity. They considered the
effects of the transverse shear deformation and rotary inertia in Timoshenko beam theory. Moreover, using the
Hamilton’s principle, they derived the governing equations and boundary conditions and the differential quadrature
(DQ) method is employed to discrete the nonlinear governing equations. Using the Euler-Bernoulli beam theory,
Zhang et al. [7] developed transverse vibration of DWCNTSs under compressive axial load. They obtained explicit
expressions for natural frequencies and associated amplitude ratios of the inner to the outer tubes. Moreover, they
showed that the effects of compressive axial load of the natural frequencies of DWCNTSs are sensitive to the
vibration modes and aspect ratios. Using the nonlinear Euler-Bernoulli microbeams theory, Xia et al. [8]
investigated the static bending, post buckling and free vibration with an energy formulation. They considered the
nonlinearity associated with the mean axial extension of the beam and the internal material length scale constant.
Kuang et al. [9] presented the effect of the geometric nonlinearity and the nonlinearity of vdW force on the
transverse vibration of the DWCNTs conveying fluid and the interaction between two types of nonlinearities. Using
the Hamilton’s principle, they deduced the nonlinear governing equations of the DWCNTSs conveying fluid and
discussed the effects of two types of nonlinearities on the coaxial and noncoaxial vibrations of the DWCNTs
conveying fluid in numerical examples. Their results showed that the effect of geometric nonlinearity on the
amplitude—frequency properties can be neglected if two types of nonlinearities are simultaneously considered.
Natsuki et al. [10] used a theoretical analysis of the resonant vibration of DWCNTs embedded in an elastic medium
based on Euler—Bernoulli beam model and Winkler spring model. Their results showed that the vibration modes of
DWCNTs are quite different from those of SWCNTs and moreover found the resonant vibrations of DWCNTs to
have inphase and anti-phase modes, in which the deflections of the inner and outer nanotubes occur in the same and
opposite directions, respectively. It is seen from their results that for the vibration of DWCNTs with the same
harmonic numbers, the resonant frequencies of anti-phase mode are larger than the ones of in-phase mode. Based on
the Euler—Bernoulli beam model, Natsuki et al. [11] investigated to analyze the resonant vibration of DWCNTSs with
inner and outer nanotubes of different lengths. Also, they found that the resonant vibration is significantly affected
by the vibrational modes of the DWCNTs, and by the lengths of the inner and outer nanotubes and for an inner or
outer nanotube of constant length, the vibrational frequencies of the DWCNTs increase initially and then decrease as
the length of another nanotube increases. Simsek [12] studied forced vibration of a simply supported SWCNT
subjected to a moving harmonic load using nonlocal Euler—Bernoulli beam theory. They obtained the time-domain
responses using both the modal analysis method and the direct integration method and also the effects of nonlocal
parameter, aspect ratio, velocity and the excitation frequency of the moving load on the dynamic responses of
SWCNT are discussed.

Ghorbanpour Arani et al. [13] studied the transverse vibrations of SWCNT and DWCNTs under axial load by
applying the Euler-Bernoulli and Timoshenko beam models, as well as the Donnell shell model. They concluded
that predictions from the Euler—Bernoulli beam model and the Donnell shell model have the lowest and highest
accuracies, respectively. In order to predict the vibration behavior of the CNT more accurately, the current classical
models were modified using the nonlocal theory. Moreover, they obtained the natural frequencies and amplitude
coefficient for the simple supported boundary conditions.

To the best acknowledgement authors, the nonlinear free vibration analysis of embedded SWCNTs and
DWCNTs using Euler-Bernoulli beam theory by averaging method has not been done in literatures.

Motivated by these considerations, the need for the development of a nonlinear free vibration analysis of
SWCNTs and DWCNTSs embedded in an elastic medium using averaging method is very much felt. Moreover, the
effects of the surrounding elastic medium, van der waals (vdW) forces and aspect ratio of SWCNTs and DWCNTs
on the vibration amplitude are discussed.
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2 NONLINEAR FREE VIBRATION ANALYSIS FOR DWCNTs

The nonlinear free vibration of the SWCNTs, DWCNTs and MWCNTs were investigated by the averaging method
[14]. The analysis of DWCNTSs was conducted by the Euler-Bernoulli's beam model

2.1 Euler-Bernoulli-Beam model

As mentioned before, the Euler-Bernoulli' beam model was applied to the analysis the nonlinear free vibrations of
CNTs [15]. It is assumed that the beam aspect ratio (diameter to the length of nanotubes) is smaller than
one (d /I <<1). For example, in this study, the aspect ratio of nanotubes is considered as (0.02 <d /[ <0.1).

Using the Euler-Bernoulli beam model, we obtain a second degree equation of motion leads to a well-known
Duffing equation solving by the averaging method.

2.2 Van der Waals force between the nanotubes

Fig. 1 illustrates a DWCNT embedded in an elastic medium. This figure shows a DWCNT of the outer radius r,, the
inner radius ry, length L, and thickness A. Using the Leonard-Jones model, the vdW force between two atoms is
estimated [16]. It is generally known that the interaction forces between the inner and outer tubes are equal in
magnitude and are opposite in sign; therefore, this can be illustrated by the following [16]:

ps (x,0)r, = —p/ (x,0) (1)

where r; and r, is radii of the inner and outer tubes, plv and p;/ are the vdW pressures on the inner and outer tubes,

respectively. Subscripts “1” and “2” refer to the inner and outer tubes, respectively. In analyzing of the extremely
small lateral vibrations, the interaction pressure due to vdW forces between two adjacent tubes is expressed as
Dy (x,0) thatis the linear function of space in that point[17].

dg(9)
ds

2
P, (x,6) :{ ] + c(Aw), c= d’g
S=t

= )
do”|,_,

where g(6) is a nonlinear function of the intertube spacing ¢. In Eq. (2), (t) the inter layer distance is before the

vibration and it is very close or equal to the thickness of SWCNTs. Aw is the difference of the radial displacement

between two layers and c is the vdW interaction coefficient. Since the interlayer space is small (0.34 nm), thus

dg(d)/do = 0. The vdW interaction coefficient is assumed as follows [16]

FElastic medinm

The puter tube
i) The ydW force

M The fnner tube
1

The vdW force T

Elastic medinm

Fig. 1
zw L A DWCNT embedded in an elastic medium.

© 2011 IAU, Arak Branch



261 A. Ghorbanpour Arani et al.

32010 j/m’

L6 =9.918667x10" N/m?, d=142x10"m 3)

Therefore, the interaction pressure on the outer tubes after the vibration is calculated as follows:
B} =B +c(w, —w,) &

where P, is the vdW pressure before vibration. Using Eq. (1), the value of vdW pressure on the inner tube is

obtained by the following equation:

i
R = *r—Z[PoV +e(w, —w,) )
1

2. 3 Pressure of elastic medium

The Winkler model is applied to measure the effects of the surrounding elastic medium on the external
nanotubes in this model [18]. The initial pressure between the outer tube and the elastic medium is obtained as:

P =Ff (6)
where, the POE is as the linear function of axial strain[16]

P()E =C&y 7

In Eq. (7), c is depended on the kind of external nanotubes material and the elastic medium. If the difference of
nanotubes Poisson’s ratio and the elastic medium is neglected, the axial strain will be uniform. In this case, there is
no initial pressure between the external nanotube and the elastic medium.

PE—0 @®)

After the vibration, the normal pressure in any point between the external nanotube and the elastic medium
depends on the displacement of external nanotube in each point according to the Winkler model. Therefore:

PzE:PoE_sz 9

k is the elastic medium constant based on the Winkler model [18]. The Whitney Riley's model was applied to
determine the elastic constant. The elastic constant is obtained as [19, 20]

Ey

Tt mpa "

where k is the elastic medium constant, £,, and g, are the Young’s modulus and Poisson’s ratio in an elastic

medium, respectively.

2.4 Free vibration analysis of DWCNTs

The couple equations for free vibration analysis of DWCNTSs are expressed as [3]:
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d’w | 7*El ‘E
e o W W W, =0,
' UpS,  pS, al’p PS,
(11)
a’w, |(z*EI k ‘E
s o t s |t o W0
t U'pS, pS, pS, al'p pS,

in which 7, and I, are inertias of the inner and outer nanotubes, respectively, S; and S, are the cross-section of

the inner and outer nanotubes, respectively, E is Young’s modulus for CNTs and p is the density of CNTs. The
dimensionless parameters are defined as

r=41/8S, a =W r, a,=W,/r, o, =\k/pS,, =,

12
o, =1 IPJELpS,, @ =\clpS, o =0 +a (12)
Substituting Eq. (12) into Eq. (11) yields:

2

+

2

c

dr? @

t t

d’a, N [ﬂ

2
1 ; ,
@+ X [—] a, =0,
), +a)k

13)

2

+

a)(‘

@,

2 1 2 S 2
, , [0
k a2+_>< 1 a;_ l[ c] 611:0,

_|_

2
d2C122 _’_i I_ZX ﬂ
dr S, |1,

[2)

t t

Eq. (13) can be simplified to solve the problem by the averaging method.
i, +aa, = ¢f, (al,éz,,z',g)Jra,az, i, + wha, =& f, (az,dz,r,8)+a2a1 ,

2 2
> _ S| |9
-, wp, =L x|+
S, |\@

t

2

+

2

+

2
[0)

c

@,

Y

@,

> 2 2
! ; @, S, | @,
:—Xﬁ<l, a = R o, =—
4 o +o, o, S, | o,

If ¢ is equal to zero, thus Eq. (14) can be written as

(14)

4, +wglal = a4, a, +a);zaz =4 (15a)
1 0f|q N a| |0
i, a, “lo (15b)

0 1
The following harmonic motion equations can be written as

2
Dy —

2
—a, Oy

a,(7) = A, cos(w7 + @)
a,(r) = A, cos(wt + ¢) (16)

where A; and A, are two real constants, ¢ is the phase angle. Substituting Eq. (16) into Eq. (15b) yields:
1 O||A o, —ollA 0
—w? 1 4| "o 1 H_

0 1A, Al o an

2
0, @y
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Therefore,

2 2
Wy — W —Q,
2

it

The values of natural frequencies of the DWCNTs can be obtained by solving Eq. (18)

2
—a, Wy, — @

@)z = Y@ + i) = (@], — ) + e, (19

If = w,, the amplitude ratios for first natural frequency is obtained as:

A _ wgl -]
A 2 (20)
o=
Hence, as the frequency of system is @, then the equations of motion can be simplified as:
o}, — o)
a,(r) = A, cos(o,7 + @), a,(r) = %Al cos(wz+¢) D
1
If = w,, the amplitude ratios for second natural frequency is expressed as:
AZ aZ
22 =2 22
1) oy 0)32 - w22 (22)
Therefore, when the frequency of the system is @,, the equations of motion can be simplified as:
a
a,(r) = A, cos(o, 7+ ¢,), a,(1) = ——— A, cos(0,7 + ¢,) (23)
02~ “2
So the final answer can be obtained by:
a,(r) = A, cos(w,7 + @) + A, cos(w,7 + ¢,)
2 2
W, — O, a
a, (1) = —"——— A, cos(0,7 + @) + ——— A, cos(@,T + ¢,) (24)
@ 02 — @,

Therefore, if ¢ =0, then the values of the amplitude and phase angle become constant, then the solution of Eq. (14)
expressed as Eq. (24), while if ¢ = 0, in this case, using the averaging method and with differentiation of «,(r) and

a,(r) withrespectto = (Eq. (24)) , the following equations are obtained:

a,(r) = —Aw, sin(w,t + ¢) — A, 0, sin(w,7 + ¢,)

2 2
Yo — & A sin(o7+¢)— %Aza)2 sin(@, 7+ ¢,) (25)

a, 2 — W,

i, (r) = —

v, and v, parameters are defined as:
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a)(?l - wlz a, a, a’él - wzz
b = ) 20 L,=— 2 (26a)
Q Wy, — Oy Wy — Oy a,

Using Eqgs. (24) and (26a), the following nonlinear equations are obtained as:

a,(t) = A|(7)cos(o,7 + ¢,(7)) + A, (v) cos(w,7 + ¢, (7))

26b
a, (1) = v, A (1) cos(o,7 + ¢, (7)) + 0, A, (T) cos(w,T + ¢, (7)) (26b)
With differentiation of ¢,(7) and a,(r) with respect to 7, the following equation is obtained
a,(7) = A, cos(@,7 + @) + A, cos(a, 7 + ¢,) — A, sin(@y7 + @),
— Ay, sin(@, 7 + ¢y) — Ay sin(@, 7 + §,) — Ay, sin(w, 7 + )
) . . . 27
a, (1) = VA, cos(oy T + @) + 0, A, cos(, T + ¢,) — U Ay, sin(wy T + @), @7)
— 0, Ay, SIN(@,7 + ) — VA By SN0, 7 + ) — 0y Ay by SIN(@,T + b))
With differentiation of @, (z) and a,(r) with respect to 7 yields the following equation
i, (1) = —A,@, sin(o,7 + @) — Ay, sin(@,7 + ¢,) — (o, + §) A @, cos(@, 7 + @),
—(w, + ¢2 YA, @, cos(w,7 + ¢, ),
(28)

i, (1) = —ulAl o, sin(o 7t +¢,) — 02A2w2 sin(w,7 +¢,) — (o, + ¢1 YU, A o cos(ay T+ ¢y),
—(w, + ¢2 Y0, Ay @, cos(@,T + &,).

Assuming v, =@t +4¢, v, =w,7+¢, and substituting Eq. (28) into Eq. (14), the following relations is
obtained as

—A o, siny, — Ao, siny, — ¢ Ao, cosy, —d,A,m, cosy, = s f(a,q,,7,€)

Lo P ; - : (29)
—U A @ SINY| — 0y Ay, SINYy — oA @) cosy — 0, Ay, COSY, = £ (ay, 05,7, 6)
Egs. (26b) and (29) can be written as the following matrix form:
cosy, —siny, Al n cosy, —siny, Az B 0
—w siny;  —w cosy, || A —w, siny, —,cosy, || Ayp efiay,a,t,8)
. : . . (30)
v, cosy, —usiny; || A . L, COSY/, —U, siny, A | 0
—vo siny;  —vo cosy, || A —0,@, SiNY, —U,w, cOsY, || Ayd, efy(ay,a,,7,8)
where
Al B 1 —@, cosy, siny, { 0 }
A1¢1 o (U, —vy) | @siny, cosy, | |e(f, =0y f))
. 31
Ay | 1 —w, cosy, siny, 0 3D
A2¢2 o, (U —0y) | Wy siny,  cosy, | |&(f, —ufp)

Extracting Al , A2,¢51 , ¢52 parameters of Eq. (31) and defining the 4 and g functions yield
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. sin
A ——%g(fz_szl)5581(A1’¢1’A2’¢2’T’5)2381(‘/’1"//2’5)
(v, —vy)
. 1 cosy, (32)
¢1 :_X—g(fZ _Uz‘fl)Eghl(A1’¢1»A23¢2»T"9):ghl(l//l’wzﬂg)
A o, —yy)
and
siny.
= a(fy — U f) =8y (AL B, Ay by, T, 8) = €8, (W1, W, €)
@, (U —0y)
; 1 cosy, (33)
¢2 :_X—g(f2_U].fi)E8h2(A]’¢19A2’¢29T’8):th((//l’l/lz’g)

A, o,(b—v,)

Using the binary-integration of g;,8,,%,,5, in the period of y, [0, 27z] , W, [0, 27[] to obtain the average value.

Wz
j(; o & (. wo)dydy,

Vi V2
f dy,dy,
0 0

8o1 = an{gl(l//lsW2’g)}:a{g1}:

Vi V2 o
fo fo Iy (W vy dy,
hOl Eavg{hl(WI,W2’g)}:a{h1}: 73] v
[} [
o Jo
and
Vi V2
L o & (‘//1 W )d‘/lldl//2
8p = avg{gz(llfl,‘//z’g)}:a{gZ}: 21z
j:) . dydy,
Vi Y2 .
j; j; hy (w.9)dy, dy,
h02 Eavg{hz(‘//l,l//z’g)}:a{lfb}: v, 1723
f dydy,
0o Jo
Therefore,
A1 :53{81}25801’ ¢1 :ga{hl}:ghm 0
and also
Ay = 811{32}:567027 b = ga{hz}:ghm Gr

Choosing f, (a;,a;,7,¢)=—a;, f,(a,,d,,7,6)=—a; and substituting f, and f, into Egs. (32) and (33), the

following equations can be written as

sin 1 cos
—l//l(_a:z;—’_uza?)’ hl(l/llyl//Zag):_X l//l

O Ll tod)
(v, —vy) A a(0,—y) 2 o (38)

gl(l//lyl//z,g) =
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and

sin 1 cos
#(—agﬂﬁaf), hz('//l,l//z,é‘)=—><—wz

3 3
—a, +0a
20 —0y) A, a)z(ux—uz)( S o) (39)

& W Wy, 8) =

Substituting a; = A, cosy, and q; = A, cosy, into Egs. (38) and (39) yield

1 . 3 1 1. 1.
&y, 8) =—— _A; siny/ (—cosy, +_COS3‘//2)+02A?(_51112‘//1 +_51n4‘//1)]
@ (L, —Uy) 4 4 4 8
hy ( 5)—Lx; —A3 cos (gcos —|—lcos3 )+o A3(§+10052 +lcos4 ) “
W%, A o0, —0) 2 COSY 4 L $) 4 Wa) T4 D) ¥ ] ¥
and
1 3.1 . 1. 3. 3 1
& W ,Wy,8) = ——————|—A;(—sin 2y, +—sindy, )+, A{ siny, (—cosy,; +—cos3y,)
@, (U —U,) 4 8 4 4
(41)

1 1
hy(W,v,,8) = —X

3 1 1 3 1
- |—A(=+—cos2y, +—cos4 +0,A? cos —cosy, +—cos3
A, o0, —0y) 2(8 > 4 ] Vo) +0 A ‘/’2(4 L4 4 v1)

Substituting Eqs. (40) and (41) into Eqgs. (34) and (35), respectively and averaging in this interval
{[O,27rHO, 27[}}, the following equations can be obtained as:

3 v
=0, by mox— Y g
8o1 o=y 0,0y —0,) 1 (42)
3 1 2
=0, hy, = —X
802 2= o, —0) (43)
Substituting Egs. (42) and (43) into Egs. (38) and (39), respectively, yield:
. . 3 L.
A = O, = — X—2€A2
! # 8 @, —v) (44)
1 2
A, =0, =—x——¢€A
? . 8 w(v,—v) (45)
Solving Egs. (44) and (45), amplitude and phase angle for DWCNTs is obtained as
A@=A —cte, $D)=ox— A4 g
: S 8 ww,—v) (46)
3 1 2
A, (r)= A, =cte, ¢ (1) ==X AT+ Py 47)

8 w,(v,—v)

Substituting Egs. (46) and (47) into Eq. (26b) yield the vibration response for DWCNTSs
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3 v 3 1
W, (1) = Arcos[(@, +=x——2——gAD) w1 + gy, 1+ Ayr cos[(@, +=x At + By )
(U, —v)) (0, —0y)
@y @

3w 3 | (48)
W, (1) = 0, Ayrcos[(@) +=x———2——gAD)at + gy, 1+ 0y Ayrcos[(@, +=x At + By )

8 (v, —v) 8 w,(v,—v)

@ D

Eq. (48) shows that in nonlinear vibration, nanotubes vibration frequencies are not constant and depends on A}, 4,,

but in the linear vibration the vibration frequencies are constant and depend on the geometrical and physical data
and the elastic medium of the carbon nanotubes (see Eq. (26)). Finally, substituting the values of v}, v,, «;, a,,

@y, @y, into Eqs. (19) and (48), respectively, yield vibration frequencies for DWCNTs:

w; :1+3 L, 8A12, &:14_3 1

PN FAE YN
@, 0, 8 (2 (02_1)1) @, @, 8 (02(02_01)

2
g4, (49)

where w0, and w,w, are the linear frequencies.

3 NUMERICAL RESULTS AND DISCUSSION

The following data for geometry and material properties are used for DWCNTS [3, 21, and 22]:

E =1.1Tpa, p=13x10" Kg/m’, [=45nm,  h=0.34nm,
S, =2.115x10""®*m?*, S, =2.841x10"m*, I, =1.067x10**m*, (50)
1,=2554x10"m*  ,c=03x10"N/m’

Using Eq. (49) and defining min (@,0,,®,®,) = w,,, the nonlinear free vibration frequencies for DWCNTSs is
obtained as

s 3 L, wy; 3 1

=l4+x—2— A}, I gA] 51
Wy, 8 (v, —vy) Wy, 8 w3, —v) D

Substituting values of 1,,1,,S;,S,, p,a into Eq. (22), the values of a)g1 and a)g2 are obtained in terms of k.

@, =1.014x10% +1.091x10%°

52
@, =1.806x107 +0.812x10%° +2.708x 10" x k (52)
Using Eq. (19), the values of nonlinear natural frequencies for DWCNTS are obtained as follows:
(@), = ~[2.82x107 +1903x10% +2.708x10" &
o (53)

+1(0.279%10% —0.792x 102 —2.708x10* k)% +3.544x10%2 |

Substituting Eq. (53) into Eq. (51), Table 1. shows the nonlinear natural frequencies for the various values of k
for the second layer of nanotubes.
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%Eelz) lIfo:llinear free frequencies of DWCNTs for the different values of spring constant &

k (N/m?) @, (THz) w, (THz) @y;, = minfoy, o, } oy [y, = func.(Ay)
0 13.795 0.095 0.095 1+1.455x10'7 A2

107 13.795 0.103 0.103 1+0.855x10'7 A2

108 13.795 0.157 0.157 1+0.368x10'7 A2

10° 13.795 0.405 0.405 1+0.055x10'7 A2
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Fig. 2 indicates nonlinear free vibration frequency of DWCNTs versus the amplitude vibration for different
values of elastic medium constant. It is seen that the values of nonlinear free vibration frequencies for DWCNTSs
decrease with increasing the value of elastic medium constant. If the value of the spring constant of elastic medium
is higher than 10°N/m® ((k >10°N/m?)), the curve of natural frequency response has a constant value near to 1
and therefore, the effect of the spring constant on frequency response is insignificant. In this case, the difference
between the linear and nonlinear free frequency response is negligible. Fig. 3 illustrates the nonlinear natural
frequency ratios versus the nondimentional amplitude (a=A,/r) for different values of elastic medium

constantk . In this study, using the averaging method, the nonlinear free vibration of amplitude and natural
frequency response of SWCNTs are obtained. These results are compared with the obtained results from the
harmonic balance method for SWCNTs [3].

Table 2. shows the error percentage of the nonlinear natural frequency ratios between the averaging and
harmonic balance methods for SWCNTs. It is seen that the error percentage of the nonlinear free vibration
frequencies between two theories decreases with increasing the elastic medium constant. Fig. 4 shows the nonlinear
natural frequency ratios versus the non-dimensional amplitude (a = A, /r) for different values of elastic medium

constant k. In this study, using the averaging method, the nonlinear free vibration response of DWCNTs are
obtained. These results are compared with the obtained results from the harmonic balance method for DWCNTs [3].
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Table 2
Comparison of the nonlinear free vibration frequencies between the obtained results of averaging and harmonic balance methods
for SWCNTs

k 0 10’ 10° 10°

Averaging method @/ @, (present work) 1.829 1.717 1.332 1.050

Harmonic balance method @/ @, [3] 1.66 1.583 1.285 1.047

Error 10.2% + 8.5%-~+ 3.7%-+ 2.9%+

Table 3

Comparison of the nonlinear free vibration frequencies between the obtained results of averaging and harmonic balance methods
k 0 10’ 10° 10’

Averaging method @/ @, (present work) 1.659 1.388 1.167 1.025
Harmonic balance method @/ @, [3] 1.484 1.44 1.248 1.048

Error 11.7%+ -3.6% -6.5% 2.1%-

1.94

18] Harmonic Balance [3] — —  _ _

1.7 Averaging (present work)

1.64

faia

1.5
1]
1.3
.24

1.1

E Fig.4
17 . . . .
¥ L S Sy S o The nonlinear free vibration frequencies of DWCNTSs for
alnm} different values of elastic medium constant using averaging

and harmonic balance methods.

The error percentage of the natural frequency ratios between the averaging and harmonic balance methods for
DWCNTs is tabulated in Table 3. It is observed that the error percentage of the nonlinear free vibration frequencies
between two theories decreases with increasing the elastic medium constant .

4 CONCLUSIONS

Based on classical Euler-Bernoulli beam model, the nonlinear free vibration analysis of DWCNTSs embedded in an
elastic medium investigated in this study. Using the averaging method, the nonlinear free vibration responses of
SWCNTs and DWCNTSs obtained. Results compared with the obtained results from the harmonic balance method
for SWCNTs and DWCNTs [3]. Moreover, it is seen from the results that the error percentage of the nonlinear free
vibration frequencies between two theories decreases with increasing the spring constant of elastic medium. The
error percentage of the nonlinear free vibration frequencies between two theories for DWCNTSs, due to the vdW
force between the inner and outer tubes for DWCNTS, is also lower than those SWCNTSs.

The effects of the surrounding elastic medium, vdW forces and aspect ratio of the DWCNTSs on the vibration
amplitude discussed. It is seen from the obtained results that the spring constant of Winkler-type is noticeable on

the frequency response of CNTs. If the value of the spring constant is lower than 10’N/m’ (k <10"N/m”*), the
nonlinear free vibration frequencies are increased. Then, in this state, the effect of the spring constant on frequency
response is significant. If the value of the spring constant is higher than 10°N/m® (k <10°N/m?), the curve of

frequency response has a constant value near to 1 and in this case, the effect of the spring constant on the ratio the
nonlinear vibration frequency to the linear vibration frequency is negligible. Thus, the nonlinear and linear free
vibration solutions are near to each other for high values of spring constant.
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