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ABSTRACT
In this paper, the generalized coupled thermoporoelasticity model of hollow and solid spheres
under radial symmetric loading condition (r, f) is considered. A full analytical method is used and
an exact unique solution of the generalized coupled equations is presented. The thermal,
mechanical and pressure boundary conditions, the body force, the heat source and the injected
volume rate per unit volume of a distribute water source are considered in the most general forms
and where no limiting assumption is used. This generality allows simulate varieties of applicable
problems. At the end, numerical results are presented and compared with classic theory of
thermoporoelasticity.
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1 INTRODUCTION

HE classical theory of thermoelasticity is based on the conventional heat conduction equation. The conventional

heat conduction theory assumes that the thermal disturbances propagate at infinite speeds. This prediction is
unrealistic from a physical point of view, particularly in simulations like those involving very short transient
duration, sudden high heat flux situations, and/or for very low temperatures near the absolute zero [1]. Thus, some
modified dynamic thermoelastic models are proposed to analyze the problems with the second sound effects, such as
the Lord-Shulman (LS) [2], the Green-Lindsay [3], and the Green-Naghdi [4] theories. These nonclassical theories
are referred to as the generalized thermoelasticity theories with finite thermal wave speed, or thermoelasticity with
the second sound effect. For the generalized thermoporoelasticity problems, coupled thermal and poro-mechanical
processes play an important role in a number of problems of interest in the geomechanics such as stability of
boreholes and permeability enhancement in geothermal reservoirs. A thermoporoelastic approach combines the
theory of heat conduction with poroelastic constitutive equations and coupling the temperature field with the stresses
and pore pressure.

There are a limited numbers of papers that present the closed-form or analytical solution for the coupled
porothermoelasticity problems. Youssef [5] derived the governing equations, which describe the behavior of
thermoelastic porous medium in the context of the theory of generalized thermoelasticity with one relaxation time
(Lord-Shulman). Bai [6] investigated the response of saturated porous media subjected to local thermal loading on
the surface of semi-infinite space. He used the numerical integral methods for calculating the unsteady temperature,
pore pressure and displacement fields. This author also studied the fluctuation responses of saturated porous media
subjected to cyclic thermal loading [7]. In the mentioned paper, an analytical solution was deduced which was
proposed by using the Laplace transform and the Gauss-Legendre method and Laplace transform inversion.
Droujinine [8] investigated dispersion and attenuation of body waves in a wide range of materials representing
realistic rock structures. He used the time-domain asymptotic ray theory to a new generalized coordinate-free wave
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equation with an arbitrary tensor relaxation function. Using Laplace transform and numerical Laplace transform
inversion, Bai and Li [9] found a solution for cylindrical cavity in saturated thermoporoelastic medium.a

The number of papers that present the closed-form or analytical solution for the coupled thermoelasticity
problems is also limited. Hetnarski [10] found the solution of the coupled thermoelasticity in the form of a series
function. Hetnarski and Ignaczak presented a study of the one-dimensional thermoelastic waves produced by an
instantaneous plane source of heat in homogeneous isotropic infinite and semi-infinite bodies of the Green-Lindsay
type [11]. Also, these authors presented an analysis for laser-induced waves propagating in an absorbing
thermoelastic semi-space of the Green-Lindsay theory [12]. Georgiadis and Lykotrafitis obtained a three-
dimensional transient thermoelastic solution for Rayleigh-type disturbances propagating on the surface of a half-
space [13]. Wagner [14] presented the fundamental matrix of a system of partial differential operators that governs
the diffusion of heat and the strains in elastic media. This method can be used to predict the temperature distribution
and the strains by an instantaneous point heat, point source of heat, or by a suddenly applied delta force.

A full analytical method is used here to obtain the response of the governing equations and an exact solution is
presented. The method of solution is based on the Fourier’s expansion and eigenfunction methods, which are
traditional and routine methods in solving the partial differential equations. Since the coefficients of equations are
not functions of the time variable (), an exponential form is considered for the general solution matched with the
physical wave properties of thermal and mechanical waves. For the particular solution, that is the response to
mechanical and thermal shocks, the eigenfuncion method and Laplace transformation is used. This work is
following the previous works for coupled problems [15-18].

2 GOVERNING EQUATIONS

A hollow porous sphere with inner and outer radius ri and ro, respectively, made of isotropic material subjected to
radial-symmetric mechanical, thermal and pressure shocks is considered.
The Navier coupled thermoelastic equation in spherical coordinate is [16]

2 2 1+v)1-2v) 1+v)A-2v)
u’rr+_u’r —Su-a p’r _ﬂ or
r r? (1-v)E (1-v)E |
1+v)A-2v) .. 1+v)A-2v) M
- i=- F(r,t)
(1-v)E (1-v)E
Heat conduction equation based on LS theory is obtained as [4]
T . .. T
T,, +ET,, ~Z=(T+t,T)+Y—=p
r K K
(2)

T, 2 2 1
— Bty | iy, + i |+ 11, +210) = ——O(r,t
ﬂK(O( " ] r ) KQ( )

According to Darcy’s law and continuity condition of seepage, the equation of mass conservation can be written
as [16]

2 Vi . Vo
Dorr +7p,r —a, P p-yiw

. Vw o 2. Y
T-a—, +—u)=——"W(,t 3
b : G, + i) ==L W () 3)

where (,) denotes partial derivative, u is the displacement component in the radial direction, p is the pore pressure,
p is bulk mass density, o =1-C,/C is the Biot’s coefficient,?, is relaxation time,C; =3(1-2v,)E, is the

coefficient of volumetric compression of the solid grains, with E; and v, being the elastic modulus and Poisson’s
ratio of solid grains and C =3(1 -2v)E is the coefficient of volumetric compression of solid skeleton, with £ and
v being the elastic modulus and Poisson’s ratio of solid skeleton, 7, is initial reference temperature, § =3a, / C is
the thermal expansion factor,o, is the coefficient of linear thermal expansion of solid grains,

Y =3(na,, + (a—n)a,) and a, = n(C,, —C,)+aC are coupling parameters,c, and C, are the coefficients of
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linear thermal expansion and volumetric compression of pure water, n is the porosity, K is the hydraulic

conductivity, y,, is the unit of pore water and 7 = (A=mpsc, +np,c.)
T

-3pa, is coupling parameter, p,, and p; are

the densities of pore water and solid grains and c,, and ¢, are the heat capacities of pore water and solid grains and

K is the coefficient of heat conductivity. Here, F(r, t), Q(r, t) and W(r, t) are the body force, heat generation and the
injected volume rate per unit volume of a distribute water source, respectively. The mechanical, thermal and
pressure boundary conditions are

Cyyu(r, 1)+ Cpytt, (1:,1) + C3 T (1, 1) + Cpy p(ri 1) = £, (1)
Cou(r, 1)+ Cogt . (1, 1) + C3T(r,,, 1) + Coy p(r,, 1) = f5 (1)
Cy T (1. 0) + C3, T, (17.1) = f5(1)

CyT(r,,1)+Cyy T, (1,,0) = f4(1)

Cs p(r;,0) = f5(2)

Ce10(r,,1) = fo ()

“)

where C; are the mechanical, thermal and pressure coefficients, and by assigning different values for them,

different types of mechanical, thermal, and pressure boundary conditions may be obtained. These boundary
conditions include the displacement, strain, stress(for the first and second boundary conditions), specified
temperature, convection, heat flux condition (for the third and forth boundary conditions), and pressure (for the fifth
and sixth boundary conditions). f;(r) to f,(r) are arbitrary functions which show mechanical, thermal and pressure

shocks, respectively. The initial boundary conditions are assumed in the following general form

u(r,0) = f5(r) u,(r,0)= f(r)
I'(r,0)= fy(r) T,(r.0)= f,,(r) (&)
p(r,0) = f,,(r)

where f,(r) to f,,(r) are arbitrary function which show initial distributions of displacement, temperature and
pressure, respectively.

3 SOLUTION

The Egs. (1)-(3) are the system of non-homogeneous partial differential equations with non-constant coefficients
(functions of radius variable r only) has general and particular solutions.

3.1 General solution with homogeneous boundary conditions

Since the coefficients of these equations are independent of time variable (t), the exponential function form of time
variable may be assumed for the general solution as

ur,) =[U (Nl Tr,n=10"(Nle"  pr,)=[P ()" (6)

Substituting Eq. (6) into homogeneous parts of Egs. (1) to (3), yields
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U+ 207 - 20 d P d0 a2 =0
r r

! 2 « 2 * * 2 « 2 *

0 +—0 +d,(A+t,1°)0 +d; AP +dg(A+t,A7)U +=U")=0 7
r r

P +2P*l +d, AP +dg 10" + dgﬂ(U*, +%U*) =0
r r

Egs. (7) are system of ordinary differential equations, where the prime symbol () shows differentiation with
respect to the radius variable (r) and d, to d, are constant parameters given in the appendix.

3.2 Change in dependent variables

To obtain a solution for Eq. (7), the dependent variables are changed as
1 1

U'(r)=r 2U(r) 0" (r)=r 20(r) P'(r)=r2P(r) ®)

Substituting Eq. (8) into Eq. (7) gives

U"+1U'—2%U+d3,12U—d2llmdza’—dl11P+dlp'=o
r 4r 2r 2r
" 1 ! 1 1 2 2 31 2 '
o +;6 —Zr—26+d4(/l+to/l O +d,(A+tA )E;U+d6(/1+to/1 W' +d, AP =0 9)
, 1, 11 31 ,
P'"+=P'———P+d,AP+d A0 +d,A—-—U+d,AU" =0
r 4r 2r
3.3 Solution

The first solutions of U, ,6, and P, are considered as

U (r)=AJ;(pr) 0,(r)=B,J, (pr) P(r)=CJ,(fr) (10)
2 2 2
Substituting Egs. (10) into Egs. (9) yields
{(-B*+2A°d,)A —d,BB, —d,fC, W (pr)=0
2
{(A+1.A)d A + (= +(A+1.27)d,)B, + Ad,C} () =0 an
2
{Ad,BA, + AdB, + (- + Ad,)C, M, (Br)=0
2
Eqgs. (11) show that U, , 6, and P, can be the solutions of Eqgs. (9), if and only if
-p* +27ds ~d, —d\f A 0
A+t 20 dgff —p* +(A+1,2%)d, Ads B ;=40 (12)
Ady 8 Ady -p*+2d, |(C) |0

The non-trivial solution of Eq. (12) is obtained by equating the determinant of this equation to zero as
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dydydy (A +1, 247 —dydsdA* = Brdyd, (A +1,A7) A% = fdyd, AP
— Brdyd, A+t M)A+ Brdsdg A’ + Brdydydy (A + 1,02 A~ BPd dgdg (A +1,07)A
+ Brdydgd, A+t A1) A~ Brdydsdg A’ + Brd A% + prd,(A+ 1.7 + Brds A
~prdyd A+t 2P - prdidgA—B° =0

13)

Eq. (13) is the first characteristic equation. Thus, it is concluded that U; ,6, and P, satisfy the system of

equations (9) and they are the first solution of the system. The second solutions of U, ,#, and P, are considered as

Uy (1) =4y 5 (Br)+ Ayt 5 (Br]
2 2

0,(r) = [B,J | (Br)+ ByrJ 3 (Br)] (14)
2 2

Py(r) =[G (Br)+Csrd 3 ()]
2 2

Substituting Egs. (14) to Egs. (9) yield

{(ﬂz _d3ﬁ*2)A3 +C3d1ﬂ+B3d2:B} rJl(ﬂr)

2

+{—A3ﬂ+A2d3/12 -A, B -Cd -Bd,-B,d,f—C,d B+ AdA° %}g (Br)=0
2

(=B, +2B,B+B,d,(A+1.1°)+ Ad B(A+1.47) + Cyds A} T, (Br)
2

5)
+ {A3d6ﬂ(/1 +t )+ (= +d,(A+1.1°)B, + C3d5/1} rJ,(pr)=0
2
{2C,8+C,d, A+ B,d A+ Ad, 2B~ C, B} T, (Br)
2
+{+Ad,AB+Bd A+ (= +d, A)C, | 1T (Br) =0
2
The expressions for U, ,#, and P, can be the solutions of Egs. (9), if and only if
-B +27d, —-d,p —-d,f A, 0
A+t A0)d,p —B +(A+t.A°)d, Ad, B, =40 (16)
Ad,p Ad, -p*+ad, ||C, 0
3
(d3/12 _ﬂ2)A2 +(d3/12 E‘ﬂ]Ax _dzﬁBz _d2B3 _dlﬁc2 _d1C3 =0 (17)
d,(A+t A7) BA, + (= +d,(A+1.A*)B, +2 BB, +d,AC, =0 (18)
d,ABA, +dAB, +(d,A— °)C, +25C, =0 19)
The non-trivial solution of Eqs. (16) is obtained by equating the determinant to zero as
dyd,d,(A+t A —d,d,d A - pPdd,(A+t.A)A° - fdd, A
-pd,d,( A+t A+ Brdd A + Bdd,dy(A+t27)A - Bddd,(A+1.27)A 20)

+ B d,dd,(A+tA)A- B d,dd A + Brd A+ Brd,(A+t A7)+ Brd,A
-pd,d(A+1t.A*) - p'dd,A-p° =0
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Egs. (17) to (19) give the relations between A,,A,,B,,B;,C, and C, and they play as the balancing ratios that

make Eq. (14) to be the second solution of the system of Egs. (9). The third solution of the system of the ordinary
differential equations with non-constant coefficients (9) must be considered as

U,(r) =[AJ, (Br)+ A {(Br)+ AT ()]

2 2 2

493(r):[B4Jlﬁr)+BSrJ§(,Br)+Bﬁr2J§(ﬂr)] (1)

2 2 2
P,(r)=[C,J,(Br)+Cr,(Br)+C’J (Br)]

2 2 2

Substituting Egs. (21) into Eq. (9) yield

(B +dA)A, +( ﬂ+d3/12%JA5+(—3+d3/121—52JA6
1 3 3 Ln=0
deﬂ—dzBs—szBé—qp’dl —ECSdl—Cﬁzdl ?
(B —d,27)A +C pd, +Bd, BT, (ﬁ’r) 0

(B —d, A7) A, +(ﬂ—;d3,12jA6 +B.d,+d,B, +C,pd, +C6%d1 —%C()d,}rJl(ﬁr) =0
2

{dy(A+1.2°)BA, +(=B +d,(A+1.2")B, +2 B, +d,AC, | ], (Br) =0

—d (A+122)BA, +(B* —d,(A+1,A*)B, —d,AC }rz.ll(ﬁr)=0
(22)

rJ,(fr)=0(2)

dg (/1+t/1 VBA, +3d, A+t A° VA, +(d, A+t -5 )B,
(/1+t/12)+,[3]B +d AC, +d ﬁ/IC6 3

{+d, A, B+d B, + (P’ +d,A)C, +2C, B} ], (Br) =0
2

{(~d, 2+ B)C, —d 2B, ~d,AABY T, (Br) =0

{(—ﬂz +d,2)C, +( B+ d7ﬂ%j C, +d,AB, +d, %,136 +d,ABA, +3d9/1A6}rJ3(ﬁr) =0

2

The expressions for U, , 6, and P, can be solutions of Eq. (9), if and only if

—B* + A, ~d, -dp (A [0
A+12)d, B —F+(A+1.2)d,  Ad, |{B, =40
Ad,f3 Ad, ~p>+id, ||C,] |0 23)

(B +d A7)A, J{ ,B+d/12/33jA +( 3+d/12;5j .

1 3 3
-B,d,p - d,B; -3d, EBs -C,pd, _ECSdl -G Edl =0 (24)
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5 3 1
(,82 —d3/12)A5 +(ﬂ_zd3/12}46 +B.d,+d,B, +C,fd, +C, Ed] _5C6d1 =0 (25)
d,(A+t ) BA, + (=B +d,(A+1.A*)B, +2 8B, +d ,AC, =0 (26)

d,(A+tA°)BAS+3d,(A+1t A)A, +(d,(A+1. A7) - B°)B, 4{414%(/1+t0/12)+ﬂ]B6 +d AC, +d, %ﬂcﬁ =0

@27)
d,AA,B+dAB, + (- +d,A)C, +2C,3=0 (28)
(=B +d,A)Cy + (ﬂ + d/l%] C, +d,AB, +d %ﬂBﬁ +dyAfA; +3dyAA, =0 (29)

The non-trivial solution of Eq. (23) is obtained by equating the determinant of this equation to zero as
dyd,d,(A+t A —dd,d At - BPdd,(A+1.A7)° - Bdd, A = pPd,d,(A+1. A7) A+ BPdd A
+pdd,d,(A+t A)A—-pddd A+t A4+ Bd,dd,(A+t 1) - B d,d,d, A+ Brd A’ (30)
+BYd,(A+t A0+ Brd A~ prd,d (A +t. A7) - Brdd, A - B° =0

The characteristic equation (30) is the same as the characteristic equations (13) and (20). This equality is
interesting as it prevents mathematical dilemma and complexity and a single value for the eigenvalue f

simultaneously satisfies three characteristic equations (13), (20) and (30). Equations (24) to (29) gives the relations
between A,,A,, A, B,,B;,B,,C,,Csand C,. These relations play as the balancing ratios that help Eq. (21) to be the

third solution of the system of Egs. (9). The complete general solutions for the solid sphere are
U*(r) = A (Br)+ A[E0(Br)+ 1 (Bl + AT (Br)+ Erd S(Br)+ 720, ()]
0°(r) = Alcjf,wr) + A3[c_jfl (Br)+ 26r13 (Br)]+ A, Eafl(ﬂr) + 28r13<ﬂr) . £l (B a1
P0)= Aol (B + AL (B Lol (B AGd B+ G (B + 6™ ()]

and for hollow sphere are
Us(r)= Aljé(ﬁr) + A3[§ljé(ﬁr) + rJé(ﬂr)] + A6[§2Jé(ﬂr)+ é’3rJ§(ﬂr) +r2JZ(,b’r)]

+AY, (Br)+ A Y (Br)+ 1Y (Br]+ ALY, (Br)+SorYs (Br) + 7Y, (Br)]
2 2 2 2

2 2
0%(r) = AL, (Br)+ AL (Br)+ Card (B + AJE, T (Br)+ Curd (B + o d ()
) 2 ) 2 2 ) 2 2 22 32)
FALY, B+ ALEY, (B + Ca¥y (Brl+ A ST, (B + CaYy (B + £ Y (Br)
Pi(r) = Alé/lo*,l(ﬂr)+A3[§11]1(ﬂr)+512rjg(ﬂr)]+As[§13Ji(ﬂr)+§147J§(ﬁ7)+§1sr2']§(ﬂr)]
2 2 2 2 2 2

+ ALY, (Br)+ ALELY, (B + EarYy (Brl+ AS, Y, (Br)+ Y, (Br) + &Y (Br)]

where ¢, to {5 are ratios obtained from Eqgs. (23) to (29),(16) to (19) and(12) and are given in the appendix.

SubstitutingU* ,6* and P* in the homogeneous form of the boundary conditions (4), three linear algebraic
equations are obtained. They are the coefficients depending on 4 and /. Setting the determinant of the coefficients

equal to zero, the second characteristic equation is obtained. Simultaneous solution of this equation and Eq. (11),
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results into infinite number of two eigenvalues B, and A, . A, are eigenvalues in time domain and are mechanical-
thermal-pressure natural frequencies and f, are eigenvalues in space and determine mode shapes. Therefore, U*

,0% and P* for solid sphere are rewritten as
Ut(r) = A {J;(ﬂr) + /;m[QJ%(ﬂr) + rlg (Bl+ %[QJ% (pr)+ Cgﬂg(ﬂr) + rzlg(ﬂr)]}
0% (r)= A, {éﬂfi(ﬂr) + é“m[é“sfé(ﬂr) + Cﬁrfg(ﬂr)] + 517[4"71%(&) + Cng% (Br)+ §9r2‘]§(ﬁr)]:| (33)
Pi(r) = A {é’lofé(ﬂr) + é},[(llg(ﬂr) + QJJ%(ﬂr)] + 4’17[513@ (pr)+ QJJ%(ﬂr) + QJZJ% (ﬂr)]}

where {, and ¢, are presented in the appendix. Let us show the functions in the brackets of Eq. (33) by functions
H,,H, and H, as

Hy =15 (Br)+ §l ST (B + 1T (B + EglEod s (Br)+ & S (Bry+ 10 ()]

H1 = ;AJl(ﬂr)"_;lﬁ[gsji(ﬂr)+§6rJ§(ﬂr)]+§17[§7Ji(ﬂr)+§ng§(ﬂr)+§9rQJ§(ﬁr)] (34)
2 2 2 2 2 2

H,y = Cood  (Br)+ LT (Br)+ St s (B + Eal&isd | (Br)+ Ty (Br)+ &5 T ()]

According to the Sturm-Liouville theorem, these functions are orthogonal with respect to the weight function
p(r)=r such as

n o b q 0 n=m
S HBHB rdr= o o (35)
where ||H ( ﬂnr)" is norm of the H function and equals
1
|HB,|= [ [T arf (36)

Due to the orthogonality of function H, every piece-wise continuous function, such as f{r), can be expanded in
terms of the function H (either H ,H, or H, ), and is called the H-Fourier series as

£ = e, H(B) @37

where e, equals

1 Y
e, :m‘[& f(r) H(r)rdr (38)

Using Eqgs. (6), (33) and (34) the displacement and temperature distributions due to the general solution become
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222 An Exact Solution for Lord-Shulman Generalized Coupled Thermoporoelasticity in Spherical Coordinates

0 5
u®(r,t) :Z {Z a, e VH,(B,r)
n=1 m=1
00 5
Tg (r t) - Z Z Nnmanmeinmt }Hl (ﬂnr) (39)
n=1 m=1

2

piry=> . M,a,e""\H,(Br)

n=1 m=1

where N, and M, are ratios obtained by substituting Eqs. (39) into Eq. (1) to (3). Using the initial conditions (5)
and with the help of Egs. (36), (37) and (38), four unknown constants are obtained.

3.4 Particular solution with non-homogeneous boundary conditions

The general solutions may be used as proper functions for guessing the particular solution adapted to the non-
homogeneous parts of the Egs. (1) to (3) and the non-homogeneous boundary conditions (4) as

u(r,t)=r 22{ Gln(t)J (Br) + Gy, (Or] s (Brr) + Gy, ()T, (Bur) | +7°G,, (1))
n=1 2 2

T’ (r,f)=r ? f: {lGS" O (Pur) + G, ()T, Bur) + G, (O T {(Bur) |+ 177G, (1)} (40)
n=1 2 2 2

prrty=r 22{

00 (0], (Bir) + Gy, (O (Bar) + G, (07T s Bur)

2 2 2

+1°Gy, (1)

For the solid sphere, the second type of Bessel function Y is excluded. It is necessary and suitable to expand the
1 1 1

body force r? F(r, ), heat source r? O(r, 1) and porosity function r? W(r, t) in H-Fourier expansion form as

r2F(r,t) = Z F,(0H,(B,r)

n=1

r2Q(r,t) = Z Q,(H,(B,r)

(41)
riP(r,t) = i P.(OH,(B,r)
where F,(t) , Q,(t) and P,(¢) are
1 A 3

Ft)y=— F(r,t)H,(B,r)r* dr

b2 i

t HH 2 d

Q0= ” T [ 0CnH (B dr 42)
PH)=— " [ P(r.0H, (B, dr

LEAVRS I

Substituting Egs. (40) and (41) into non-homogeneous form of equations (1) into (3) yield
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5 .. . 3 . 15 3 15
-G,(H B +d,G, (1) -G, (1) B+d,G,(1)= 3G, (1) +d,G,(t)— +{C, +C, =+ C, — t d, G, (1)
/ p B s { s B }
+{c L 2ic ls}d G,()-G.(d,p—d,G (1) 3dG(t)l+{C rC2ic ls}d G, (1) 0 (432
2 =2 _ _ _ = = = — a
0 lﬂ Zﬂz 194 5 2 26 27 ﬂ 0 ﬁ Zﬁ 1778

1 315 315
—d,Gg(t)ﬂ—lem(t)—3d1G”(t)E+{CO +C, E+C2 F}d,gau(t)—{co +C, E+C2 F}dmdmﬂ(t)

{G3 O —d,G, (1)~ d,,C,G, (1)~ d,,C,G, (1) + G, (1)d, S — d,,C, G, (1) —dlschu(t)} o “3b)
+d1G11(t)ﬂ+dlod13C2Fn(t)
G,(1)B* —d,G, () + G (1) - d,G, (t)%-i— {—Cl -G, %} d G, (t)
+{—cl -G, %} dG, () +d,G,(t) B +d,G, (1)~ {cl +C, %} d.,G()+d,G,1)B+d,G, ()} =0 (43c)
—{c +C i}d G (t)+{C F()+C i}d dF (1)
1 2 ﬁ 1812 1% n 2 ﬂ 107137 n
+d, {G, (1) +1.G, (0} B+, E,G, ()~ Gs() B +d, {Gy () +1.G, (0} +2G (1) B +dyy E,Gy(1)| 0 W)
+d,,E,G,(t) + d,G,(t)d,E,G,,(t)—d, ,d,,E,Q, ()
~d (G, () +1.G, (0] B~ dy E,G, (1) + G, (1) B —d, { G, (1) +1.G, ()} = dyy ESGy (1) — do, E, G (1) = ds G, (1) | 0
-dE,G,(t)+d,,d E,Q, (1) (43e)
d{G,(0)+1.G,(0)} B+3d,Gy (1) + {El +E, %} dyG, ()-GO +d, {G, () +1.G (O} +G,()B
. .. 3 3 3 } ) . 3
+d, {G,(0)+1.G,(0)} =+ {El +E, —} dy, G, (1) + {El +E, —} dy,Gy (1) +d.G,, (1) +dG,, ()= +=0 (43f)
B B B B
3 : 3
+{El +E, E} d,,G, (1) — {El +E, E} d,d,0, )
+G,(1)dy f + DydysG, (1) + dsG (1) = Gy (1) B + d, Gy (1) + Dydy Gy (1) +2G, () B+ Dy, Gy (1) | 0 "
+D0d27012 (t)_dIZdISD()Wn (1) B ( g)
G0 =dy Gy, (1) = G, (1) = dyG; (1) = D, dys G, (1) = Doy Gy (1) = Dy, Gy (0| _ 0 “h)
_D2d27612 0+ dlZdISDZWn Q)
+G, (1) Bd, +3G,(t)d, + {Dl +D, %} d,.G, () +d,G, (1) +d,G, (t)%{Dl G,(t)+D, %} G, (t)d,,
-G,y () > +d, G,y () + G, () B +d,G,, (z)%+ {Dl +D, %}d27G12(t) + {Dl +D, %} d,,G,(t) =0 (43i)
- {+D1 +D, 2} d,d W (1)
B

where d,, to d,, are the coefficients of the H-expansion and constant parameters presented in the appendix. By

taking Laplace transform of Eq. (43) and using three boundary conditions of Eq. (4) (for solid sphere only second,
forth and sixth boundary conditions are applicable), a system of algebraic equations is obtained and solved by
Cramer’s methods in the Laplace domain, where by the inverse Laplace transform the functions are transformed into
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the real time domain and finally G,,(¢) to G,,,(t) are calculated. In this process it is necessary to consider the
following points:

1. The initial conditions (5) are considered only for the general solutions and the, initial conditions of G, (t) to
G,,, (t) for the particular solutions are considered equal to zero.

2. Laplace transform of Egs. (43) is in terms of polynomial function form of the Laplace parameter s (not the Bessel

functions form of s). Therefore, the exact inverse Laplace transform is possible and somehow simple.

3. For the hollow Sphere it is enough to include the second type of Bessel function Y(r) in a sequence of the
particular solution as

W (r =S \Gl,, (O, (Bir) + G\ (DOFT (Bar) + G, ()r T, (Bor)
n=1 2 2 2

+|G,, (l‘)YE (Bnr) + G, (l‘)rYi (pnr)+G,, (t)r2YZ (fnr)

2 2 2

+1G,, (1) +1°G,, (1)}

n=1

T (r,t) = i { \ng (0], (Bir)+ G, (O] Bur) + Gy, (00T 5 (Bar)

(44)

\Gm (O, (Bor) + Gy, (Y, Bor) + Gy (OF Y (Bur) |+ 1Gs, (1) + G, (1))
2 2 2

n=1

I’p(”at) = Z{\Gnn(t)-]l(ﬂ”r)+Glgn(t)rJ3(ﬂ”r)+G19n(t)r2J5ﬂ”r)

+

Gy, (t)Ji (Br)+G,,, (t)rJé (Brr)+G,,, (t)eréﬂnr)

2 2 2

+rG,,, () + r2G25n(t)}

By substituting Eq. (44) in Egs. (1) to (3), eighteen equations are obtained, where using the six boundary
conditions (4) twenty four functions G,,(¢) to G,,,(t) are obtained for the hollow sphere.

4 RESULTS AND DISCUSSIONS

As an example, a solid sphere with =0 , r =1m is considered. The material properties are listed in Table 1. To

give clear explanation, numerical results have been considered and the radial distributions of displacement,
temperature and pressure for two cases (Classic coupled theory and Lord-Shulman's theory) computed. An

instantaneous hot spot T'(1,£) =107 T &(t), where 5(¢) is unit dirac function, is considered and the outside radius of

the sphere is assumed to be fixed (u(1, 1)=0). For plotting the graphs a nondimensional time 7 = Vz/r is considered

where V = \/E(l -v)/ p(1+v)(1-2v) is the dilatational wave velocity.

Tablel

Material Parameters

Parameters Value Unit Parameters Value Unit
1, 1x107° - a 1.5x107° 1/°C
E 6x10° Pa a, 2x107* 1/°C
v 0.3 - Cq 0.8 Jig°C
T, 293 °K Cy 4.2 Jig°C
K, 2x10'° Pa Py 2.6x10° g/m?
K, 5x10° Pa Py 1x10° g/m?
K 5x10° W/m°C a 1 -
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Figs 1-3 show the wave-front for the displacement, temperature, and pressure (Classic coupled theory and Lord-
Shulman's theory). As a second example, mechanical shock wave is applied to the outside surface of the sphere

given as u(l,t) =107 u 6(¢) and the surface is assumed to be at zero temperature (7(1, 1)=0). Figs. 4-6 show the

wave fronts for the displacement and temperature distributions versus the nondimensional radius(Classic coupled
theory and Lord-Shulman's theory). The convergence of the solutions for these examples is achieved by
consideration of 1200 eigenvalues used for the H-Fourier expansion. By choosing more than this number for
eigenvalues, round-off and truncation errors increases and the quality of the graphs are affected. The convergence of
the solution is better for the displacement result in comparison with the temperature. The small oscillations in Figs.
3-5 are due to the convergence errors of solutions.

x 10
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L L Lord - Shudeman’s theory |
|
[
ER ...g’i;-‘_ 3 P sy
] g
8 H
B4 1
at ! 1 Fig. 1
Non-dimensional displacement distribution due to input T(1,
S v O e t)=10"7,5(¢) at non-dimensional time 7 =0.65.
I + Classc coupled theary
(18 Lot - Shimas's Beory
= 4r
E
£ 2t
g
E 0 fryerses viiivr e
5 b
H
-1
4
, |
B Il L i I I} Il [ Il Fig. 2
o0 02 83 04 05 66 07 08 09 1 Non-dimensional temperature distribution due to input T(1,
Non-dimensional radius ( rr,)

t) = 10’3T05(t) at non-dimensional time 7 = 0.65 .

[

T
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Losé - Shumass teary

i
nﬁ_‘\"ln-|||q'.|.n|,||..“j’!!;;qh.n-.-.u-*mu.-u...m.......m...--
i -

| 1

Hon-dimensions | prassune | Py mes)

.3 L L " L L N L . L Fig. 3
M oBe o . Non-dimensional Pressure distribution due to input T(1, t)

o4 0.6 .
Non-dimensional radius ( rr,)
= 10’37"05(0 at non-dimensional time 7 = 0.65 .
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5 CONCLUSIONS

In the present paper, an analytical solution for the generalized coupled thermoporoelasticity of thick spheres under
radial temperature is presented. Figs (1) to (6) show relaxation time effect on variation of displacement, temperature
and pressure. It is observed that the peak value of Lord-Shulman ‘theory for displacement, temperature and pressure
increases. The method is based on the eigenfunctions Fourier expansion, which is a classical and traditional method
of solution of the typical initial and boundary value problems. The non-competetive strength of this method is its
ability to reveal the fundamental mathematical and physical properties and interpretations of the problem under
studying. In the coupled thermoporoelastic problem of radial-symmetric sphere, the governing equations constitute a
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system of partial differential equations with two independent variables, radius (r) and time (7). The traditional
procedure to solve this class of problems is to eliminate the time variable using the Laplace transform. The resulting
system is a set of ordinary differential equations in terms of the radius variable, whose solution falls in the Bessel
functions family. This method of the analysis brings the Laplace parameter (s) in the argument of the Bessel
functions, causing hardship or difficulties in carrying out the exact inverse of the Laplace transformation. As a
result, the numerical inversion of the Laplace transformation is used in the papers dealing with this type of problems
in literature. In the present paper, to prevent this problem, when the Laplace transform is applied to the particular
solutions, it is postponed after eliminating the radius variable r by H-Fourier Expansion. Thus, the Laplace
parameter (s) appears in polynomial function forms and hence the exact Laplace inversion transformation is
possible.
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Ey =4+ 5816 +¢7617 E, =16 + 8517 E, ={yCy7,
Dy =&y +¢11616 + 415617+ Dy =&15816 +G145175 D, =¢5¢17s
Hy = CyJ3(Br)+Cyrds(Br)+Cor*J,(Br),  H, = EyJ, (Br)+E;rJy(fr)+ E;r*Js(Br),

2 2 2 2 2 2
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