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ABSTRACT
In this paper, a new three dimensional brick finite element based on the strain
approach is presented with the purpose of identifying the most effective to analyze
linear thick and thin plate bending problems. The developed element which has the
three essential external degrees of freedom (U, V and W) at each of the eight corner
nodes, is used with a modified elasticity matrix in order to satisfy the basic
hypotheses of the theory of plates. The displacements field of the developed
element is based on assumed functions for the various strains satisfying the
compatibility and the equilibrium equations. New and efficient formulations of this
element is discussed in detail, and the results of several examples related to thick
and thin plate bending in linear analysis are used to demonstrate the effectiveness
of the proposed element. The linear analyses using this developed element exhibit
an excellent performance over a set of problems.
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1 INTRODUCTION

HE plate elements are of such common occurrence in engineering practice, these have attracted a considerable

amount of attention over a very long period, providing much valuable information. The formulation of a simple
and efficient plate element, which has a good accuracy in numerical analysis, is highly desirable. There have been
developed many finite elements for plate bending analysis based on the classical Kirchhoff -Love theory, transverse
shear deformation is neglected, the accuracy decreases and its truthfulness is lost with growing thickness. To
improve this situation, a considerable interest to develop the plate elements based on the Reissner/Mindlin theory
[32, 30], which takes into account the shear effect, and very effective locking-free procedures have been provided.
Most engineering problems in solids and structures are naturally in three dimensions. Many research works have
been oriented to the three-dimensional elements, [20, 47] for the thick plates in bending. However, when solving
these problems with standard Galerkin finite element methods, some bad behaviours may occur such as the locking
phenomenon due to over constraining when dealing with thin plates. By using higher order elements, these locking
phenomena are reduced, but the computational effort becomes larger. To overcome this difficulty, the reduced
integration technique was introduced as one of the simplest and the most effective ways [46]. Other formulations
have been established to develop robust three-dimensional elements, [14, 44, 4, 26, 28, 39, 15, 31, 19, 42 and 43]
which allow preventing shear locking when dealing with thin structures. Despite their high number of degrees of
freedom, they have many advantages: faster formulation for the stiffness matrixes can easily be taken into account
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variations in thickness of thin structures. In addition, they can be connected without any changes to three-
dimensional structures. The main quality of these elements, in addition to its volumetric aspect, is that it relies solely
on the degrees of freedom of translation. No degree of freedom of rotation is introduced. Therefore, what is needed
is a formulation that allows the development of 3D high order elements with the minimum required degrees of
freedom that are simple to implement but efficient to use. The finite element method has been extensively developed
applied to many problems; several different approaches for finite element analysis have been applied with success.
In this aspect, the strain based approach was found to lead to high order elements with the minimum nodes and
degrees of freedom. Many have investigated strain based finite element approach for structural analysis [2, 33, 34,
35, 36, 13, 7, 16, 18, 9, 10, 21, 22, 23 and 24]. With the continued development of the strain approach, many
elements were developed by other Researchers, three dimensional elasticity elements [8 and 12], Reissner/Mindlin
plate elements [11].

In this paper we present a new brick finite element based on the strain approach and with a modified elasticity
matrix [8, 14, 1, and 42] for the linear analysis of either thin or thick plate bending. This new element named
SBBEE (Strain Based Brick Equilibrium Element) possesses eight corner nodes with the three essential external
degrees of freedom (u, v and w) at each node. In developing, the present element satisfies equilibrium equations as
additional condition as many elements [35, 10]. This element is examined and compared with other elements
through a deep numerical evaluation which confirms its good performance.

2 FORMULATION OF THE DEVELOPED ELEMENT

For three dimensional linear analysis problems, the strain in terms of the displacements are given by:
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where U, V and W are the displacement in the (x, y, z )axes , (&x &, &) are the normal strains and (%, %, %) are the
shear strains.

To obtain the rigid body components of the displacement field, all the strains, as given by Eq. (1), are set to zero
and the resulting partial differential equations are integrated. The resulting equations for U, V, and W are given by:

U=atayy +agz , V=ay-agpx-aszz , W =a3+agy -agx 2)

The rigid body components of the displacement fields are expressed in terms of the six independent constants a;,
o2 .. as. Since the SBBEE element is a parallelepiped with eight nodes and three degrees of freedom
(U, V and W) at each of the eight corner nodes as shown in Fig. 1. The final displacement fields should be in terms
of twenty four constants. Having used six for the representation of the rigid body modes, the remaining 18 constants
are available for expressing the straining deformation of the element. These are apportioned among the strains as
follow:
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The strain functions given above of the present element satisfies both the compatibility Eq. (4) and the terms in
brackets are added to satisfy the equilibrium Eq. (5), where v is the Poisson’s ratio.
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Eq. (3) are equated to the corresponding expression in terms of U, V' and W from Eq. (1) and the resulting
equations are integrated to obtain
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The complete displacement functions are the sums of corresponding expressions from Egs. (6) and (2). These
can be written as:

1 1 1 1 1 1 1 1
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Fig.1
Brick element with U, V, and W degrees of freedom at each of
the eight nodes.

x(u)

The displacement functions of the developed element SBBEE given by Eq. (7) can be written in matrix form as:

(o} =[o(x.y.2)){a} ®
The coordinates of each node are then substituted to give:
{o.)=[Clia} ©)

where {é’e }and {a} are respectively the nodal displacement vector and the constant parameters vector. The

transformation matrix [C] is given in appendix. The constants {a} can be obtained as:

{a}=[C]" {5} (10)
So

{6y =[p(x.v.2)JlcT" {5} (1
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The present brick element SBBEE has eight nodes and 24 degrees of freedom, and since the matrix [C] of the
developed element, which relates the 24 nodal displacements to the 24 constants a; to a2« is not singular, its inverse
exists. Following the well-known procedure for displacement type finite elements [47], the stiffness matrix [K¢] for
the 3D element can be given by:

[K¢1=[[8]" [D][B]a¥

(12)
The strain matrix [B] is given as follow:
[8]=[e]lc] (13)
where
[[[dv=]][detlrpcdnds (14)

-1-1-1

Hence the stiffness matrix [K¢] for the present element is given by:

[T ([0t )T 1010 (- stpstnac fe] a5

—1-1-1

where [Q], [J] and [D] are the strain, the Jacobian and the elasticity matrices respectively, the matrix [K*] given by
Eq. (15) is numerically evaluated and the matrices [C] and [Q] are given in the appendix.

The 3D elasticity matrix [D] is modified. The modification of the constants of the elasticity matrix aims to soften
the element stiffness matrix in order to represent the reel behavior of plates in bending, either thick or thin (plane
stress formulation with constant transverse shear).

oy 1 v 0 0 &y
oy v 1 0 0 0 &y
o | g |00y 0 00 |
Txy _(l_vz) 00 0 dyy 0 0 Yy (16)
Ty 00 0 0 kdy 0 |,
o 00 0 0 0 kdgy |y

lo }=[p]iz
where ox, 0y and o: are the normal stresses and 7, 7. and z. are the shear stresses. The constants are defined as:

2
(l—v) u’ k =5/6 - Where k is the shear factor.

14
d33 12 44 ="

3 LINEAR NUMERICAL VALIDATION
3.1 Square plate bending with various conditions

Rectangular plates of length L and thickness ratios (L/A=10 and 100) under various loading and support conditions
(simply supported or clamped plate under uniform or concentrated loading) have been analysed. Only one quarter of
the plate is modelled with symmetric boundary conditions imposed on the symmetry lines Fig. 2.

Tables 1. to 4 show the numerical results predicted by the SBBEE element, obtained with different meshes and
thickness ratios. As well as by DBBS8 element based on the displacement approach, and compared with the reference
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solution, given in ref [40] for thin plates, in ref [25] for the thick plates under the uniform load and in ref [45] for the
thick plates under the concentrated load.

sym

ym

Fig.2
\ Rectangular plate bending with Various Conditions (£=10.92,
L v=0.3 and the shear factor k&=5/6).

The study shows a good convergence rate for the presented element to the reference solutions for thick and thin
plates and is in good agreement with other numerical results. The developed element does not suffer from any shear
locking phenomena since it converges to the Kirchhoff solutions for thin plates, contrarily for the displacement brick
element DBBS, which suffer from some shear locking for the thin plate case, but they still converge to the correct
result competitively fast for tick plate case.

Table 1
Non-dimensional central deflection of a simply supported plate with a uniform load (WD/ql*) x 100).
Mesh I/h=10 I/h=100
DBB38 SBBEE DBB38 SBBEE
2x2 0.2316 0.3526 0.0045 0.0664
4x4 0.3650 0.4289 0.0171 0.3090
6x6 0.4112 0.4452 0.0358 0.3790
8x8 0.4312 0.4518 0.0574 0.3955
10x10 0.4414 0.4551 0.0780 0.4011
12x12 0.4473 0.4571 0.0867 0.4037
16x16 0.4504 0.4589 0.0950 0.4058
Reference solution 0.46169 0.4062
Table 2
Non-dimensional central deflection of a simply supported plate with a concentrated load (WD/pl?) x 100).
I/h=10 I/h=100
Mesh
DBB38 SBBEE DBB8 SBBEE
2x2 0.7358 1.0410 0.0134 0.0388
4x4 1.130 1.2900 0.0479 1.0870
6x6 1.277 1.3620 0.0972 1.1240
8§x8 1.346 1.3960 0.1594 1.1400
10x10 1.385 1.4180 0.2175 1.1480
12x12 1.405 1.4290 0.2318 1.1420
16x16 1.435 1.4480 0.2850 1.1520
Reference solution 1.44267 1.16
Table 3
Non-dimensional central deflection of a clamped plate with a uniform load (WD/ql*) x 100).
Mesh I/h=10 I/h=100
DBBS SBBEE DBBS8 SBBEE
2x2 0.0698 0.0831 0.0010 0.0021
4x4 0.1150 0.1367 0.0037 0.0507
6x6 0.1320 0.1445 0.0078 0.1009
8x8 0.1394 0.1470 0.0132 0.1168
10x10 0.1431 0.1482 0.0191 0.1220
12x12 0.1452 0.1489 0.0246 0.1241
16x16 0.1465 0.1486 0.0346 0.1247
Reference solution 0.15046 0.126
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Table 4

Non-dimensional central deflection of a clamped plate with a concentrated load ((WD/pl?) x 100).
Mesh I/h=10 I/h=100

DBBS SBBEE DBBS SBBEE

2x2 0.3295 0.3639 0.0046 0.0083
4x4 0.5710 0.6448 0.0169 0.2196
6x6 0.6680 0.7097 0.0359 0.4369
8x8 0.7150 0.7401 0.0602 0.5072
10x10 0.7423 0.7586 0.0875 0.5326
12x12 0.7604 0.7718 0.1132 0.5441
16x16 0.7818 0.7830 0.1624 0.5518
Reference solution 0.77775 0.56

3.2 The effect of L/h ratio on the central deflection of square plates

Plates with various conditions (loading and boundary conditions) are studied for several values of (L/h) ratio. The
results presented in Tables 5. and 6 are given for 10x10 meshes in terms of the central deflection to the reference
Kirchhoff solution [40]. The SBBEE element should not lock in thin plate, it is free from any shear locking
contrarily for the displacement element DBBS.

Table 5
Influence of (L/h) on the central deflection (W/W,) of simply supported plates.
h Concentrated load Distributed load
DBB8 SBBEE DBB8 SBBEE
5 1.8159 1.8158 1.3406 1,3471
10 1.1940 1.2224 1.0866 1,1204
20 0.9273 1.0533 0.9093 1,0358
40 0.6258 1.0023 0.6324 1,0040
50 0.5058 0.9944 0.5142 0,9987
100 01875 0.9784 0.1918 0,9874
Wrer 1.16 x 10”2 pI’/D 0.4062 x 102 ql*/D
Table 6
Influence of (L/h) on the central deflection (Wc/W,er) of Clamped plates.
Uh Concentrated load Distributed load
DBBS SBBEE DBBS SBBEE
5 2.4886 1.6883 1.6857 1.6883
10 1.3255 1.1762 1.1357 1.1762
20 0.9120 1.03472 0.86607 1.03472
40 0.5533 0.99566 0.5390 0.99566
50 0.4327 0.98921 0.4217 0.98921
100 0.1562 0.96825 0.1517 0.96825
Wrer 0.56 x 102 pl’/D 0.126 x 102 g/*/D

3.3 Single element aspect ratio sensitivity test

The geometrical of this test, the mesh discretization and material parameters are also shown in Fig. 3. This proposed
test is used to assess the sensitivity of an element for locking when the aspect ratio (length to depth) is high as 16,
the bending moment is applied in the free end of the element. The results in terms of the vertical displacements
presented in Table 7. show that the developed element does not lock even for high aspect ratios and these results are
exactly equal to theoretical value for all the aspect ratios.
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.................. Fig.3
T Single element aspect ratio sensitivity test (E =207 x 10° N/m?,
p < Y v=025h=e=0,12m, P=6900 N and L/h=1-16).
Table 7
Normalized tip deflection for Single element aspect ratio sensitivity test.
Aspect ratio SBBEE PN5x I° FCCSA/NASTRAN? PN340? Theory x (10°%)?
1 1.0 1.0 0.938 1.0 3.333
2 1.0 1.0 0.937 1.0 13.33
4 1.0 1.0 0.937 1.0 53.33
8 1.0 1.0 0.937 1.0 2133
16 1.0 1.0 0.937 - 853.3

*Source: Bassayya, bhattacharya and Shriniva [5].
®Source: Bassayya and Shriniva [4].

3.4 MacNeal'’s elongated beam

The problem of the straight cantilever beam is modelled by three different meshes shown in Fig. 4, treated by
MacNeal and Harder [29] and by many researches [4, 5].

e e e e e
4(p/4) ég 4Ei4)
| | | [ I I t
Regular elements - A a /
45°
(\ A 450 @MQ) -

| (® (c

AN

Trapezoidal elements
/ '1 45°

Parallelepiped elements

AN\

Fig.4
MacNeal’s elongated beam (P=1, M=10, L=6, b=0.2, E =107 v=0.3 and 4=0.1).

The results of the normalized deflection at the free end presented in Table 8. show that all elements perform well
for the rectangular mesh. However, for meshes which contain the distortion, the strain based element SBBEE and
PN5 x 1 element have excellent performance which indicates there is insensitivity of these elements to the mesh
distortion, contrary for other elements (Ansys, PN 340 and PN34) given in reference [5].
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Table 8
Normalized deflection for MacNeal's elongated beam.

Normalized deflection at the free end (W)

Element shape  Load type SBBEE _ HEX8®  HEX20°  ANSYS®  PN340° _ PN34*  PN5xI°

Load type (a) 0.980 0.981 0.970 0.982 0.982 0981  0.998
Rogular Load type (b) 0.991 ; ; - ; ; 0.999
Load type (C)  0.980 0.981 0.961 0.980 0.980 0981  1.000

Load type (d) 0.995 : 0.994 - - - 0.985

Load type (a) 0.980 0.069 0.886 0.065 0.065 0982 0999

. Load type (b) 0.991 - - - - - 1.000
trapezoidal Load type (C) 0.980 0.051 0.920 0.370 0.370 0.051  0.996
Load type (d) 0.998 - 0.994 - - - 0.988

Load type (a) 0.980 0.080 0.967 0.620 0.620 0980 0997

arallelepined Load type (b) 0.991 - - - - - 1.000
p pIp Load type (C) 0.980 0.055 0.941 0.547 0.547 0.055  0.998
Load type (d) 1.013 - 0.994 - - - 0.989

*Source: Bassayya, bhattacharya and Shriniva [5].
®Source: Bassayya and Shriniva [4].

3.5 Circular plate analysis

A circular plate with simply supported and clamped edges subjected to unit point and uniformly distributed loads is
analysed. From symmetry considerations, only a quarter of the plate is modeled indicated in Fig. 5 and meshed with
3, 12, 48 and 192 distorted elements. The thickness of the plate will be discretized by one element, the geometrical
and material parameters are also given in Fig. 5. The normalized center deflections are compared to the analytical
results, coming from [40].

Numerical results obtained by the SBBEE presented in Figs. 6, 7, 8 and 9 present an overall good convergence
behavior to the exact solutions for central displacement compared to analytical results.

a) 3 elements b) 12 elements c) 48 elements d) 192 elements

I LLLL)

|

Fig.5
Circular plate problem - Finite elements’ meshes employed (Radius R=5 E =1 0.92; v= 0.3; Uniform loading: g=1; concentrated
load p=1).

104 Ak & a
/.,i _
= —+— DEE3
) ——Analtizzl

Mormalized deflection at center

] Fig.6
. / The normalized defection at center for simply supported thin

circular plate under a uniform load.
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3.6 Thick-walled cylinder
A Thick-walled cylinder subjected to internal pressure is analysed, the dimensions, mesh discretization (The

thickness of the cylinder will be discretized by one element) and material parameters are also shown in Fig. 10. In
contrary to other tests, the 3D elasticity matrix used in this problem is not modified.
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Fig.10
Thick cylinder .thickness = 1, E=1 x 10?; mesh: 8 x 5; v=
33542 52 675 90 0:03; P=1.

The cylinder is of internal radius a= 3, outer radius b= 9, loading: unit pressure at inner radius units. The
analytical solutions [41], can be written as:

_a?(l+v)b2+r2(1-2v)
o 713 E[b2 az)

2 2

_ a _b~ (17)
O =P 7 az{l ,2}
2 b2
1+
il

The computed results of displacement and stress in Fig. 11 show that the accuracy of this element is quite high.
Stress were plotted at the center of the element.

Fadial dgpacaren
Radalstrass

—— Analy tical

Hoop dress

Fig.11
Stress and displacement distribution along the boundary line (y = 0).
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3.7 Long cantilever mesh discretization

The cantilever shown in Fig. 12 is subjected to a tip load P=100. The regular and two highly distorted elements in
thin and very thin plate are used to represent the cantilever (The thickness is discretized by one element). The
analytical displacement is solved by: 0 = (p*/3EI) + (pL/AG), this problem is analysed in reference [6]

P/2
Y
0.95
E=2.0x106 Fig.12
v=0.0 :
Thickness—0.36 and 0.036 Long cantilever under type load.
P=100

The results for both thickness ratios listed in Table 9. show the convergence of the SBBEE element and the non-
sensitivity in the effect of element distortions.

Table 9
Normalized Displacement for long cantilever under type load.
Normalsed Displacement

/b t/L =1/100 t/L=1/10

SBBEE DBBS Ref(6) SBBEE DBBS8 Ref(6)
1.0 0.99317 0.00857 0.9931 0.99726 0.46399 0.9931
5.0 0.97655 0.26988 0.9825 1.0881 0.3235 0.9842
58.0 0.97513 0.00342 0.9704 1.0998 0.00439 0.9743

4 CONCLUSIONS

This study presents an eight brick finite element (SBBEE) based on the strain approach. The developed element
containing three translations per node is used for thin and thick plates bending analysis with a change in the law of
behavior. The displacements field which contains higher order of polynomial terms satisfies the requirement of the
free rigid-body modes and the equilibrium equations as additional conditions. In all the tested problems the new
(SBBEE) element is shown to be of high degree of accuracy and can converge rapidly with relatively coarse meshes.
It has been found that the element is free from shear locking for plate bending analysis contrarily for the classical
element DBBS based on displacement approach.

APPENDIX
The nodal displacements are given in terms of the constants ¢, ........a,, as:
v,
8 - 1
w, “
U, “2
Vs “3

o
wo|=[c]| ™4

. a3

Ug o
24

Ve L

£
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The matrix [C] (24 x 24) for the SBBE element is:

[c]-

where

el

[C,]
[C5]
[C4]
[C5]
[Cs ]
[C7]
[Cs]]

2

)0 0siz) 0 052 0 05y zi2

2 xyz 00 058 057

0010y x 0 0 -O.5xi2 Sy 00 sy %(vxf) z xz Y
0.5y; 0.5yz; 0 -05y;z; 0.5z, 0.5y;z;
0.5x;  0.5x;z; 0.5z 0.5x;z 0 -0.5x;z
0 -0.5x;y; 0.5y; 0.5x;y; 0.5x;  0.5xy;

Z,  X\Y.Z
o i

And x; y: and z; are the coordinates of the eight corner nodes i (i = 1, 8).
The strain matrix [Q (x,y,z )] for the SBBE element is:

000O0O0O0T1 y z yz O 0 0 -vxz 0 0 000 0
0000000 0 0 —vyz 1 x z x2 00 0 0 00000
0000O0OO0OO 0 0 0 O 0 0 0 1 x vy xxy 00O 00
[Q]:OOOOOO —ZVXOOO—ZvyOOOOO—ZzleOOO
(1-v) (1-v)
0000O0O0OO 0 0 x* 0 0 0 0 0 0 1 x 0
0000000 0 0 0 0 0 0 -y? 0 00 y |
REFERENCES
[1] Ait-Ali L., 1984, Développement d’ Eléments Finis de Coque Pour le Calcul des Ouvrages d’Art, Thése de Doctorat,
Ecole Nationale Des Ponts Chaussées Paris Tech.
[2] Ashwell D.G., Sabir A.B., Roberts T.M., 1971, Further studies in the application of curved finite elements to circular
arches, International Journal of Mechanical Sciences 13(6): 507-517.
[3] Ayad R., Batoz J.L., Dhatt G., 1995, Un élément quadrilatéral de plaque basé sur une formulation mixte-hybride avec
projection en cisaillement, Revue Européenne des Eléments Finis 4(4): 415-440.
[4] Bassayya K., Shrinivasa U., 2000, A 14-node brick element, PN5X1, for plates and shells, Computers & Structures
74(2): 176 -178.
[5] Bassayya k., Bahattacharya K., Shrinivasa U., 2000, Eight —Node brick, PN340, represents constant stress fields
exactly, Computers & Structures 74(4): 441-460.
[6] Bathe K.J., Dvorkin E.N., 1985, A four-node plate bending element based on Mindlin/Reissner plate theory and a
mixed interpolation, International Journal for Numerical Methods in Engineering 21(2): 367-383.
[7] Belarbi M.T., Charif A., 1998, Nouvel élément secteur basé sur le modele de déformation avec rotation Dans le plan,
Revue Européenne des Eléments Finis 7(4): 439-458.
[8] Belarbi M.T., Charif A., 1999, Développement d'un nouvel élément hexaédrique simple basé sur le modéle en

déformation pour I'étude des plaques minces et épaisses, Revue Européenne des Eléments Finis 8(2): 135-157.

© 2018 IAU, Arak Branch


http://www.sciencedirect.com/science/journal/00207403
http://www.sciencedirect.com/science/journal/00457949
http://www.sciencedirect.com/science/journal/00457949

198

(9]
[10]
(1]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]

(20]
(21]

(22]
(23]
(24]
[25]
[26]
(27]
(28]
[29]
(30]
(31]
(32]
(33]
[34]
[35]
[36]
[37]
[38]
[39]

[40]
[41]

A New Eight Nodes Brick Finite Element Based ....

Belarbi M.T., Maalem T., 2005, On improved rectangular finite element for plane linear elasticity analysis, Revue
Européenne des Elements Finis 14(8): 985-997.

Belarbi M.T., Bourezane M., 2005, On improved Sabir triangular element with drilling rotation, Revue Européenne de
Génie Civil 9(9-10): 1151-117.

Belounar L., Guenfoud M., 2005, A new rectangular finite element based on the strain approach for plate bending,
Thin-Walled Structures 43(1): 47-63.

Belounar L., Guerraiche K., 2014, A new strain based brick element for plate bending, Alexandria Engineering Journal
53(1): 95-105.

Bull J.W., 1984, The Strain approach to the development of thin cylindrical shell finite element, Thin-Walled Structures
2(3): 195-205.

Charhabi A., 1990, Calcul des Plaques Minces et Epaisses a L'aide des Eléments Finis Tridimensionnels, Annales de
I'ITBTP.

Chen Y.I, Wu G.Y., 2004, A mixed 8-node hexahedral element based on the Hu-Washizu principle and the field
extrapolation technique, Structural Engineering and Mechanics 17(1): 113-140.

Djoudi M.S., Bahai H., 2003, A shallow shell finite element for the linear and non-linear analysis of cylindrical shells,
Engineering Structures 25(6): 769-778.

De Rosa M.A., Franciosi C., 1990, Plate bending analysis by the cell method: numerical comparisons with finite
element methods, Computers & Structures 37(5): 731-735.

Djoudi M. S., Bahai H., 2004, Strain based finite element for the vibration of cylindrical panels with opening, Thin-
Walled Structures 42(4): 575-588.

Fredriksson M., Ottosen N.S., 2007, Accurate eight-node hexahedral element, International Journal for Numerical
Methods and Engineering 72(6): 631-657.

Gallagher R.H., 1976, Introduction aux Eléments Finis, Edition Pluralise.

Himeur M., Guenfoud M., 2011, Bending triangular finite element with a fictitious fourth node based on the strain
approach, European Journal of Computational Mechanics 20(7-8): 455-485.

Himeur M., Benmarce A., Guenfoud M., 2014, A new finite element based on the strain approach with transverse shear
effect, Structural Engineering and Mechanics 49(6): 793-810.

Himeur M., Zergua A., Guenfoud M., 2015, A Finite Element Based on the Strain Approach Using Airy’s Function,
Arabian Journal for Science and Engineering 40(3): 719-733.

Hamadi D., Ayoub A., Toufik M., 2016, A new strain-based finite element for plane elasticity problems, Engineering
Computations 33(2): 562-579.

Jirousek J., Wroblewski A., Qin Q., He X., 1995, A family of quadrilateral hybrid —Trefftz p-elements for thick plate
analysis, Computer Methods in Applied Mechanics Engineering 127(1-4): 315-344.

Lemosse D., 2000, Eléments Finis Isoparamétriques Tridimensionnels Pour L étude des Structures Minces, Thése de
Doctorat, Ecole Doctorale SPMI/INSA-Rouen.

Li H.G., Cen S., Cen Z.Z., 2008, Hexahedral volume coordinate method (HVCM) and improvements on 3D Wilson
hexahedral element, Computer Methods in Applied Mechanics and Engineering 197(51-52): 4531-4548.

Lo S.H., Ling C., 2000, Improvement on the 10-node tetrahedral element for three-dimensional problems, Computer
Methods in Applied Mechanics and Engineering 189(3): 961-974.

MacNeal R.H., Harder R. L., 1985, A Proposed Standard Set of Problems to Test Finite Element Accuracy, Finite
Element in Analysis and Design 1(1): 3-20.

Mindlin R.D., 1951, Influence of rotary inertia and shear on flexural motions of isotropic elastic plates, Journal of
Applied Mechanics 18: 31-38.

Ooi E.T., Rajendran S., Yeo J.H., 2004, A 20-node hexahedron element with enhanced distortion tolerance,
International Journal for Numerical Methods in Engineering 60(15): 2501-2530.

Reissner E., 1945, The effect of transverse shear deformation on the bending of elastic plates, Journal of Applied
Mechanics ASME 12: 69-77.

Sabir A.B., Lock A.C., 1972, Curved Cylindrical Shell Finite element, International Journal of Mechanical Sciences
14(2): 125-135.

Sabir A.B., 1983, A new class of finite elements for plane elasticity problems, CAFEM?7, 7th International Conference
on Structural Mechanics in Reactor Technology, Chicago.

Sabir A.B., Sfendji A., 1995, Triangular and rectangular plane elasticity finite elements, Thin-Walled Structures 21(3):
225-232.

Sabir A.B., Moussa A.l, 1997, Analysis of fluted conical shell roofs using the finite element method, Computers &
Structures 64(1-4): 239-251.

Smith IL.M., Griffith D.V., 1988, Programming the Finite Element Method, John Wiley & Sons, UK.

Smith [.M., Griffith D.V., 2004, Programming the Finite Element Method, John Wiley & Sons, UK.

Sze K.Y., Chan W.K., 2001, A six-node pentagonal assumed natural strain solid-shell element, Finite Elements in
Analysis and Design 37(8): 639-655.

Timoshenko S., Woinowsky-Krieger S., 1959, Theory of Plates and Shells, London, McGraw-Hill.

Timoshenko S., Goodier J. N., 1951, Theory of Elasticity, McGraw-Hill.

© 2018 IAU, Arak Branch


http://www.sciencedirect.com/science/journal/00457949
http://www.sciencedirect.com/science/journal/00207403
http://www.sciencedirect.com/science/journal/00457949
http://www.sciencedirect.com/science/journal/00457949

[42]

[43]
[44]
[45]
[46]

[47]
(48]

Kh.Guerraiche et.al. 199

Trinh V.D., 2009, Formulation, Développement et Validation d’Eléments Finis de Type Coques Volumiques Sous
Intégrés Stabilisés Utilisables Pour des Problémes a Cinématique et Comportement Non Linéaires, Thése de Doctorat,
Ecole Doctorale, ENSAM-Paris.

Trinh V.D., Abed-Meraim F., A. Combescure, 2011, Assumed strain solid—shell formulation “SHB6” for the six-node
prismatic, Journal of Mechanical Science and Technology 25(9): 2345-2364.

Venkatesh D.N., Shrinivasa U., 1996, Plate bending with hexahedral with PN elements, Computers & Structures 60(4):
635-641.

Yuan F., Miller R.E., 1988, A rectangular finite element for moderately thick flat plates, Computers & Structures
30(6): 1375-1387.

Zienkiewicz O.C., Taylor R.L., 1977, The Finite Element Method, McGraw-Hill.

Zienkiewicz O.C., Taylor R.L., 1989, The Finite Element Method, McGraw—Hill.

Zienkiewicz O.C., Taylor R.L., 2000, The Finite Element Method, Butterworth-Heinemann.

© 2018 IAU, Arak Branch


http://www.sciencedirect.com/science/journal/00457949
http://www.sciencedirect.com/science/journal/00457949
http://www.sciencedirect.com/science/journal/00457949/30/6

