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ABSTRACT

A two dimensional generalized thermoelastic problem of a thick circular plate of
finite thickness and infinite extent subjected to continuous axisymmetric heat supply
and an internal heat generation is studied within the context of generalized
thermoelasticity. Unified system of equations for classical coupled thermoelasticity,
Lord-Shulman and Green-Lindsay theory is considered. An exact solution of the
problem is obtained in the transform domain. Inversion of Laplace transforms is
done by employing numerical scheme. Mathematical model is prepared for Copper
material plate and the numerical results are discussed and represented graphically.
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1 INTRODUCTION

HE last few decades has seen a rapid development of generalized thermoelasticity, so as to overcome the

shortcomings in the classical uncoupled and classical coupled thermoelasticity (CCTE) theories [1,2]. The
CCTE predicts infinite speed of propagation of thermal disturbances which is contrary to the observed phenomena.
It also gives unsatisfactory description of thermoelastic behavior of materials at low temperatures, inaccurate in
studying the response of short laser pulse. Thus, the first modification to CCTE was put forth by Lord and Shulman
[3] also known as extended thermoelasticity (ETE), wherein one relaxation time was introduced in the Fourier’s law
of heat conduction to obtain a hyperbolic heat conduction equation. The second modification was made by Green
and Lindsay [4] also known as temperature rate dependent thermoelasticity (TRDTE), by the introduction of two
different relaxation times into the constitutive relations of stress tensor and entropy equation. In TRDTE, Fourier's
law of heat conduction is not violated if the body under consideration has a centre of symmetry. A detailed
discussion on dynamic problems of thermoelasticity and theory of thermal stresses in generalized thermoelasticity
can be found in [5,6]. Chandrasekariah [7] has referred to the wave like thermal disturbance as “The Second sound”.
Hetnarski and Ignaczak [8] examined five generalizations to the coupled theory and obtained many of important
analytical results. Tripathi et al. [9] discussed a dynamic problem of generalized thermoelasticity in Lord-Shulman
theory for a semi-infinite cylinder with heat sources. Maghraby and Abdel Halim [10] studied a problem of
generalized thermoelasticity in Lord-Shulman theory for a half space subjected to a known axisymmetric
temperature distribution. Aouadi [11] studied the discontinuities in an axisymmetric problem of thermoelasticity
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without heat source in the context of generalized thermoelasticity. Tripathi et al. [12] studied a problem of
generalized thermoelastic diffusion interactions in a thick circular plate. Youssef [13] discussed a two dimensional
generalized thermoelastic problem for a half space subjected to ramp type heating. Recently, Tripathi et al. [14, 15]
discussed problems on generalized thermoelastic diffusion in a half space due to thermal and mechanical sources
under axisymmetric distributions.

In the present paper, the work of Tripathi et al. [12] has been modified by considering a continuous
axisymmetric heat supply with internal heat generation to a thick circular plate of infinite extent and finite thickness
within the context of unified system of equations in classical coupled, Lord-Shulman and Green-Lindsay theory. The
exact solutions for temperature distribution, displacement and the stress components are obtained in the Laplace
transform domain. Numerical inversion of Laplace transform is performed based on Gaver-Stehfast [16-18]
algorithm which is considerably more stable and computationally efficient than inversion using the discrete Fourier
transform. All the integrals were calculated using Romberg’s integration technique [19] with variable step size. The
application of an internal heat generation is of particular interest in many engineering problems like thick-walled
pressure vessels, such as a nuclear containment vessel, a cylindrical roller, etc.

2 FORMULATION OF THE PROBLEM

Consider a thick circular plate of thickness 2b occupying the space D defined by 0 <r <o, -h<z<bh. Let the

plate be subjected to a continuous axisymmetric temperature field dependent on the radial and axial directions of the
cylindrical co-ordinate system. For time ¢ > 0, heat is generated within the plate at the rate O(7,z,¢) . Under these

conditions, the thermoelastic quantities in a semi-infinite thick circular plate are required to be determined.

We take the axis of symmetry as the z axis and the origin of the system of co-ordinates is at the middle plane
between the upper and lower faces of the plate. The problem is studied using the cylindrical polar co-
ordinates (7,¢,z) . Due to the rotational symmetry about the z axis, all quantities are independent of the co-

ordinate ¢ .

The unified field equations governing the displacement, the thermal fields and the stress-strain-temperature
relations in the context of TRDTE, ETE and CCTE for a homogeneous and isotropic medium are given by [11]
Equation of motion

. 0 .
(r, paiiy g +( A+ ) ujd.i—;/(lJrrlajT,i:pui )

Equation of heat conduction

2

0 0 ). 0 .
KT, = pC, (5”0 yJTﬁ{H%% 5)(%7%,/‘ ~p0) 2
The constitutive relations

oy :,u(ul.,j+uj3[)+[/lui’i—;/(T+11T)J 51.1. 3)
where A and u are Lamé’s constants,z, and 7, are relaxation times, y is a material constant given
by y =(BA+2u)e,,c, is the coefficient of linear thermal expansion, 7 is the reference temperature chosen such
that|(T—T;)/ T| <<1.

The use of symbol 77, in Eq.(2) makes these fundamental equations possible for three different theories of
thermoelasticity. For classical coupled thermoelasticity (CCTE) theory, 77, =1,7, =7, =0; for the Lord-Shulman
(ETE) theory, 7, =1, 7, =0,7, > 0; for Green-Lindsay (TRDTE) theory, 7, =0, 7, > 7, >0.

The dilatation e is given by
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1
€; = E(ui’j +u;,) and e=g, (4)

The displacement vector, thus, has the form # = (u,0,w) . The equations of motion can be written as:

Oe o\or 0’u
Viu-Lur+ Ly 140 L |2 08
aVu— Gur (A 7( l@t]@r P or (5)
Oe o\or *w
Vw+A+u)——y| 147, = |—=p—
uViw+( ,U)az 7[ latjaz % ©)

The generalized equation of heat conduction has the form

0 o 0 o 0
KV’T=pC, [5+r0 67JT+TO;/(5+77010 yjeﬂo(lﬂh% EJQ (7

where 7 is the absolute temperature and e is the dilatation given by the relation

W w10 ow
r or 0z ror oz ®)
. o , o 10 &
where the Laplacian operator is givenby V' =—+-—+—
or- ror oz
The following constitutive relations supplement the above equations

u or
Oy :2y;+ﬂe—y(T—7;) +7, 5] 9)
ou or
O'rr:2ﬂ§+ﬂ€—]/(T—]:)+T1§) (10)
ow or
O'ZZ=2/JE+16—}/(T—]E) +7, Ej (11)
" (12)
0,s=0,=0 (13)

We shall use the following non-dimensional variables

o,
t'=n,r,z2 =n,z,u'=pu,w=nw,t'=cnt, 7, =017, ,0'4./.:7’,
V(T_T) ' ’ p}/Q
O=——">" 17/ =cn1, ,0'=—F55——
(A+2p) Ke"ny" (A+2p)
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C. . . . . f/1+2 . .
where 77, = pc}( L is the dimensionless characteristic length, ¢, = £ s the speed of propagation of
P

longitudinal wave.
Using the above non-dimensional variables, the governing Eqs. (5)-(13) take the form,
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2
where §2=(l+2ﬂ),6‘= Lo .
u pPC(A+2p)

Using Helmholtz decomposition theorem, we seek the displacement components u and w in the form,

o¢ 62l//
=4 —
! or 0Oroz 20
o¢p azy/ 1oy
= — + ——
v Oz ( o ror (22)

where the potential functions ¢ and y are the Lame’s potentials representing irrotational and rotational parts of the
displacement vector u respectively.

From Egs. (4), (21) and (22), we obtain

e=V’¢ (23)

Using Egs. (21)-(23) into Egs. (14)-(16), we get,

A PO R P
[V 8t2J¢ [1+r, afj@ 0 (24)
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62
(Vz =i ij =0 (25)

0 & d o 0
[Vz —E—TO yJﬁ—g[aﬂhm ij%ﬁ - 52 (1“7070 EJQ (26)

Eq.(25) for the function y represents a wave equation with wave velocity v=1/¢ . This represents a transverse
wave and it has no effect on temperature. Eq.(26) represents a longitudinal thermal wave moving with velocity
v, =174z, .

We shall assume that the initial state of the medium is quiescent. The boundary conditions of the problem are
taken as:

o0

=+ =+

. g, F(r,z), z=%b 27)
and the traction free surface stress functions,

o, =0,=0, z=1b (28)

3 ANALYTICAL SOLUTION

Applying the Laplace transform defined by the relation,

fo.z.p)=L{f(r.z.0)] = [e " f(r.z,0)dt

0

and the Hankel transform of order zero with respect to 7 of a function f(r,z, p) defined by the relation,

[ (a,z,p)=H[ [(r,2,p) | = [ (.2, p)r Jy (@r)dr

0

where J is the Bessel function of the first kind of order zero. The inverse Hankel transform is given by the relation

fozp)=H"[f(@,zp) ]| =[] (@zp) al@rda

0

Applying Laplace and Hankel transform to Eqgs. (24)-(26), we get,

(Dz_az_pz)a* —(1+rlp)§* =0 (29)
(D2 - —§2p2)1/7* =0 (30)
(D2 - —p—ropz)é* —¢9lz)(1+7701'0p)(D2 _az)a* =—(l+1,7, p)O G

where D=0/&z. On eliminating @ between Egs. (29) and (31), we get,
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(Dz_klz)(Dz_kzz)g* == (1+Tlp)(1+’70Top)Q (32)

where +k, and +k, are the roots of the characteristic equation given by,

K =(f(p)+20”) K+ (f(p)+a’)+ p'(1+7, p)=0 (33)

where f(p)=p®+ p(l+ 7, P) +& pA+17,7,p)L+7,p)- The solution of Eq. (32) can be written in the form,
e & -
¢ = ;eﬁ,«* +4, (34)
where 5,* is a general solution of the homogeneous differential equation given by
(D -a) 4 =0 ,i=1,2. (35)
The solution of Eq. (35) can be written in the form
q;,.* =C,(a,p)cosh(kz) ,i=1,2 (36)

and ¢7p* is the particular integral satisfying the equation

(D -K)(D*-k) g, == (1+7,p) (1 + 157, PO (37)
We take the internal heat generation Q(r,z,¢) in the following form

_ 99(0)6(r)coshz

2xr

Q(V,Z,t) (38)

This is a cylindrical shell heat source releasing heat instantaneously at # =0 and situated at the centre » =0

varying in the axial direction where ¢, denotes the strength of the internal heat generation. Let O, = ;]—0 .

On applying the Laplace and Hankel transform to Eq. (38), we get,
0 =0, coshz (39)
The solution of the Eq. (37) can be represented as,

_ 1 1
' ——QO( +ap) +770T0p)coshz (40)

T ) (k)

The complete solution ofEq. (32) is given by,

g LAl

On using Eq. (41) into Eq. (29), we get,

coshz (41)
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2 7.2 | o
Zkt S Ci(a, p)cosh(kz)_QO( +my,p)(1-a” = p’)

)
Z Tiop (l—klz)(l—kzz) cosh z (42)

On solving Eq. (30), we get,

W =D(a,p)sinh(az) (43)

wherea® =a’ +&°p*. In Eqgs. (41)-(43), the constants C,(«, p),C,(a,p) and D(a,p) depend on both « and p.
Using Eqgs. (21) and (22) in Egs. (19) and (20), the stress components o_'; , &:z take the form,

—%

5§z=(§2p2+2a2)5*+2a266—"[; (44)
. O = 1y o
U,<Z=H{5[2D¢ +(20*-&p )l//]} (45)

where H represents the Hankel transform.
Now applying the Laplace and Hankel transform to the boundary conditions (27) and (28), we get,

*

00 —
— =t P , z=th (46)
6.=6.=0 , z=+b (47)

Here, we consider the function F(r,z) which falls off exponentially as one moves away from the centre of the
plate in the radial direction and increases symmetrically along the axial direction given by, F(r,z)=z’¢“" , ©>0
On applying Laplace and Hankel transforms to the above function, we get,
o

F(a,2) = (48)

p(a)2 +a? )3/2

Making use of the values of 7] ,0,_ and &, in the boundary conditions (46)-(47) and with the aid of Eq. (48), we

get,
$ Gl - Jhsinh k) O (Lm0 1) L gpto (49)
(1+7,p) (1-67)(1-%) p(@* +a?)
2 2 2\ | < _Qo (1+71p)(1+77070p) 2 _ 50
(&P +2a ){ZC cosh (k.b) (k7] (1-42) cosh(b) + +2a’a D cosh(ab) = 0 (50)
20, (1 +T1p)(1 +77()Top) sinh(b)+(2a2 —§2p2)Dsinh(ab) -0 (51)

2
23 k,C, sinh (k,b) -
i=1

(1-)(1-k)
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On solving Eqs.(49)-(51) which is a system of linear equations with C,(«, p),C, (e, p) and D(e, p) as unknown
parameters, we get the complete solution of the problem in the Laplace transform domain.

3.1 Inversion of Hankel transform

On applying inversion of Hankel transform to equation (42), we obtain,

w | 2 k.2_
i

B 2 2 1 1-a*-p’
0r.z.p) = Z%ppci(a, p)cosh( k,.z)—Q"( 217?20%)((1—:2) 7)

coshz raJ (ar)da (52)

Using Eqgs.(41)-(43) in Egs. (21)-(22) and taking inverse Hankel transform, it yields the solution for
displacement components in Laplace transform domain,

(.2, p) = [0 | 32 (et pcoshi ) - 2P LE o)

53
N = (1-57)(1-%) coshz + D(a, p)cosh(az) |J, (ar)da  (53)

#02.) = | 33 C (et pysinh(lz) - 20PN o)

A= (1-%7)(1-k)

Applying Laplace transform to Eqgs. (17)-(19) and using the solutions given in Egs. (52)-(54), we obtain the
stress components in the Laplace transform domain,

sinhz+D(a, p)a’ sinh(az) |aJ, (ar)da  (54)

o, (1 +T1p)(1 +77070P)

al, (ar)iz:(fzpz +2a’ fzk,-z)C,-(a,p)cosh(k[.z)+(2720:2 fé‘zpz) (l—klz)(l—k22) coshz
G, (r,zp) = | C.(a,p)coshk.z+ D(a, p)a cosh(az) da (55)
0 S 1 2
2a [arjl (ar)-J,(ar) ;_ 0, (1+7,p)(1+m7,p) coshs
T (1-K)(1-K)
al, (a r)[i(ﬁzpz +2a* -2k)Ci(a, p) coshi(kiz)+(2 —2a° =& p? ) % ((11+ Zf))((ll +ZOZT)O‘D) coshz
G, (2, p) =T N ! 2 Nya (56)

coshz |a?J, (ar)

0 2
r

= (1-%7)(1-%)

{ZZ: C.(a, p)cosh(k,z)+ D(at, p)a cosh(az) - % (1 * Tlp)(l i UOTO‘D)

2 1 1 1—a? - p?
_ T 2 Zci(a,P)Cosh(kiZ)—QO( +ar) +77070P)( ap )coshz
G.(rnzp)=[(&p +2a")| 5 (1-k2)(1-%2) aJ,(ar)da (57)

20’ D(a, p)cosh(az)

Egs. (52)-(57) present the complete solution of the problem in the Laplace transform domain.
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4 INVERSION OF DOUBLE TRANSFORMS

Due to the complexity of the solution in the Laplace transform domain, the inverse of the Laplace transform is
obtained using the Gaver-Stehfast algorithm. Gaver [16] and Stehfast [17,18] derived the formula given below. By

this method the inverse f(¢) of the Laplace transform f(p) is approximated by,

In2 & X In2
f(z)=n7;D(1,K)F[j“7) (58)

with

mtyn ™ e
DK = 2 =G —mi@n—)

(59)

where K is an even integer, whose value depends on the word length of the computer used. M =K /2and m is the
integer part of the (j+1)/2 . The optimal value of K was chosen as described in Gaver-Stehfast algorithm, for the

fast convergence of results with the desired accuracy. The Romberg numerical integration technique [19] with
variable step size was used to evaluate the integrals involved. All the programs were made in mathematical software
Matlab.

5 NUMERICAL RESULTS AND DISCUSSION

Mathematical model is prepared with Copper material for purposes of numerical computations. The material
constants of the problem are given below [11]

K=386N/Ks,a =1.78x10°K", C, =383.1m* /K, b=1, 7 =8886.73m.s”
1=3.86x10"Nm™, 1=7.76x10"Nm™>, p=8954 kgm™, c, =4.158x10° m.s™"
7,=002,7,=0.08,7, =293 K, £=0.0168, * =4, 0=5,0=1

The numerical values for temperature 6, the radial displacement component u, the axial stress component o
have been calculated at the middle of the plane (z=0) for different time instants #=0.1,1.2 along the radial
direction and are displayed graphically for CCTE, ETE and TRDTE theories of thermoelasticity as shown in Figs. 1,
2 and 3 respectively. The displacement component w vanishes at the middle plane of the plate and the differences
among the different models for the other stress components are similar to those for the axial stress component o_ .

From Figs. 1, 2, and 3, it is observed that at time ¢ =0.1, the CCTE, ETE and TRDTE theories show different
results and for time# = 1.2, the ETE and TRDTE models are in somewhat agreement. This is due to the arrival of the
elastic wave at the middle plane at this time. From Fig. 1, it is clearly seen that the non-dimensional temperature
@ drops gradually along the radial direction. It is also observed that at time ¢ =0.1 the non-dimensional temperature
Oand axial stresso_exhibit non-zero values for all the three models of thermoelasticity. In addition,
temperature § and radial displacement u do not become identically zero due to presence of the continuous
axisymmetric heat supply and internal heat generation within it. It is further observed from Fig.3 that at time# =0.1,
the axial stress o__ is initially tensile in nature and becomes compressive near » = 5. For time # =1.2, the axial stress

zz

o, is compressive in nature and becomes tensile after» = 5.
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Fig.1
Temperature distribution 8 in the middle plane.

6 .

e CCTE
5 t=1.2 ‘»\

-.\ ......... ETE
4 .
N,
N - = TRDTE
3 "\
u ~,
2 ...
~.

1

t=0.1
0 T :WD Fig.2
1 : r Radial displacement u distribution in the middle plane.

Fig.3
Axial stress component o, in the middle plane.

6 CONCLUSIONS

In this study we have used the generalized theories of thermoelasticity i.e. ETE and TRDTE models to solve the
problem for thick circular plate of infinite extent with continuous axisymmetric heat supply and internal heat
generation within it and compared the models with CCTE. The generalized theories ETE and TRDTE models
involve a hyperbolic wave equation, thus predicting finite speeds of heat propagation whereas the CCTE model
involves a parabolic heat equation, thus predicting infinite speeds of heat wave propagation. Thus for small time the
differences in results between the three theories are more visible as the heat wave takes time to reach the middle
plane in ETE and TRDTE models. Thus for studying realistic engineering problems ETE and TRDTE models of
generalized thermoelasticity must be studied instead of CCTE theory. As a special case, we have constructed a
mathematical model for copper plate with axisymmetric heat supply and internal heat generation. Note that our
numerical procedure successfully evaluated the solutions in the time domain. We may also conclude that the system
of equations in this paper may prove to be useful in studying the thermal characteristics of various bodies in
important engineering problems using the more realistic generalized models of thermoelasticity instead of CCTE.
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