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ABSTRACT

The paper deals with the mechanical behavior of a micro-beam bonded with two
piezoelectric layers. The micro-beam is suspended over a fixed substrate and undergoes the
both piezoelectric and electrostatic actuation. The piezoelectric layers are poled through the
thickness and equipped with surface electrodes. The equation governing the micro-beam
deflection under electrostatic pressure is derived according to Euler-Bernoulli beam theory
and considering the voltage applied to the piezoelectric layers and Maxwell’s equations for
the two dimensional electric potential distribution. The obtained nonlinear equation solved
by step by step linearization method and Galerkin weighted residual method. The effects of
the electric potential distribution and the ratio of the piezoelectric layer thickness respect to
the elastic layer thickness on the mechanical behavior of the micro-beam are investigated.
The obtained results are compared with the results of a model in which electric potential
distribution is not considered. © 2012 IAU, Arak Branch. All rights
reserved.
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1 INTRODUCTION

OWANDAYS, capacitive based micro-structures like micro-switches, micro-accelerometer, micro-phone and

micro-pump are becoming more interesting. In Micro electro-mechanical systems (MEMS) structures,
capacitors act as both sensor and actuator. Capacitive sensors, high sensitivity have been proved, and also their
stabilities reliabilities [1] have been considered. Recent progresses in micro-machining technology have made
production of low cost and reliable micro capacitors possible. There are some challenges with Nano and Micro
scaled electromechanical structures, one of them is high driving voltage in RF-MEMS switches, in use applications
of wireless system like mobile phones [2], where available DC supply voltages are limited to 3-5 V, while results
show driven voltage for used beam in RF-MEMS switch is about 25V, that is unavailable. Some of the achieved
efforts to decrease pull-in voltage are like decreasing the gap between substrate and moving plate [3], decreasing the
spring constant of the beams [4-5]. Measurement of the surface stress distribution for design reliability assessment is
another challenge. Residual stress may cause detrimental effects like buckling of compressive stress, crack of tensile
stress [6]. Although compressive or tensile stresses, that are respectively softening and hardening structure stiffness,
may be attended as useful from other point of view [7]. Researchers have suggested different methods to measure
structure residual stresses. Residual stresses measurement include mechanic, diffraction, ultrasonic a magnetic
method [8-9]. Residual stress also affects the microstructure of materials; for example, the developed diffraction
strategy from pseudo-grazing incident X-ray diffraction [10], surface stress effect on mechanical behavior in, Nano-
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scaled thin film [11-12] and in Nano-composite [13] solids or structures have been studied. Furthermore, fabrication
sequence of actuators and mismatch of both thermal expansion coefficient and crystal lattice period between
substrate and thin film in surface micromachining techniques are the examples of the residual stress in MEMS
structures. As it is clear, controlling and decreasing these restrictive effects may help designers to have high
accuracy in their designs.

Recently, some piezoelectric materials as smart materials play key role in intelligent and modern mechanical,
aerospace and civil devices. Piezoelectric materials due to electromechanical interaction properties are considered to
be used widely as sensors or actuators. Piezoelectric sensors are mostly made of polymers, PVDF — piezoelectric
vinylidene fluoride [10], to make complex geometric shapes produce possible. Mostly ceramics, PZT — piezoelectric
zircon ate titan ate lead, due to their high stiffness are used for actuators production. Piezoelectric sensors and
actuators importance in active vibration control of the elastic structures [14] are not ignorable. Piezoelectric bonded
or embedded sensors and actuators are widely becoming in use, in the MEMS structures. Piezoelectric sensors are
used to measure the stiffness of the material [15], as a pressure and temperature sensor [16] or as force sensor [17].
Researchers have attended piezoelectric materials to be used in capacitive based micro-scale sensors and actuators
structures. Using of piezoelectric actuation to control the pull-in voltage of a fixed—fixed and cantilever MEM
actuators [18], investigation of the natural frequency and the deflection of a micro-beam subjected to combined
electrostatic and piezoelectric actuations [19], studying the electromechanical behavior of a micro-beams subjected
to piezoelectric and electrostatic actuations [20], studying of static and dynamic stabilities of a micro-beam actuated
by a piezoelectric voltage [21], studying of Parametric excitation of a piezoelectrically actuated system near Hopf
bifurcation [22].

Therefore, in this paper the suggested method by Rezazadeh et al. [18] for pull-in voltage controlling in
electrostatic MEM actuators and estimating residual stress is developed. In the current model, unlike the suggested
model by Rezazadeh et al. [18], in which the electric potential distribution is considered one dimensional and linear
across the piezoelectric layer thickness, here the electric potential distribution is considered two dimensional as a
combination of a half-cosine and linear in the transverse direction and variable along the micro-beam length. In fact
the novelty of this paper is considering the effect of the induced electric potential through the piezoelectric layer due
to electromechanical interaction effects or piezoelectric direct effects. In this study the micro-beam deflection is
modeled based on Euler-Bernoulli beam theory, and the electric potential distribution is modeled based on satisfying
the electrostatic Maxwell’s equations [23]. The effect of voltages applied to the two bonded upper and lower
piezoelectric layers on the micro-beam stiffness and consequently on the pull-in voltage are investigated and
compared with those obtained using one dimensional electric potential distribution.

2 MODELING AND FORMULATION

As shown in Fig.1 a clamped-clamped Micro-beam (MEM actuator), bonded with piezoelectric layers from the
upper and lower sides, is considered. The micro-beam is with length L , thickness h, width b, gap from the fixed

substrate g,, piezoelectric layers with thickness h,, with electrostatic actuation voltage V and piezoelectric

actuation voltage V.
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Schematic of clamped-clamped MEM actuator with
piezoelectric layers.

To derive governing equations of the problem, based on the Euler-Bernoulli Beam theory, longitudinal
displacement, strain and stress of the beam are defined as [18]:

© 2012 IAU, Arak Branch



50 Effect of Electric Potential Distribution on Electromechanical Behavior ...
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where w is the deflection of the beam, and | = bh%z is the moment of inertia. E is the elastic layer modulus of
elasticity, where for a wide beam, where b>5h, the effective modulus of elasticity can approximated by plate

modulus (E = E /(1—02)). According to constitutive Egs. (2) and (3) of a piezoelectric material, mechanical stress

strain, respectively o and & relation with electric field E and electric displacement D are defined as following
[24]:

(o} =[C]{e} ~[e] {E} @
(D} =[e]{e} +[* ]{E) ©)

where e is the matrix of piezoelectric coefficient factor, £° is the component of the dielectric coefficient factor
matrix and C is the matrix of modulus of elasticity. In the case of the beam with Xx directed stress where the length
of the beam is significantly larger than its thickness and width, o, , o, and all shear stresses can be assumed to be

zero. So Eq. (2) and Eq.(3) will be reduced into Eq. (4) and Eqg. (5). In deed in this case the mechanical stress in
terms of mechanical strain and electrical field as indirect effect of piezoelectric effect can be written as Eq. (4) and
the electric displacement D, along the piezoelectric layer thickness in terms of the mechanical strain and electrical

field as the direct of piezoelectric effect can be expressed as Eqg. (5) as following [24]:
Oy =Ci12 péx ~€312 pE3 (4)

&
D; =€310 péx +€32-pEs (5)

where ¢;, p, €3, pand &3, p are the material modified coefficients, and they for plane stress state are obtained
as [25]:

2
G
C2p=Cn -2 (6)
C33
G
€315-p = €31 —€g3 @
3
&9 p =8 +_e332 (8)
' C33

The electric potential distribution in the piezoelectric layer’s proposed in the form suggested by Quek and Wang
[23], as the combination of a half-cosine and linear variation as following:

— _cos| FA 4a
d(x.z,t)= cos[ . J¢p(x,t)+ n, ¢ (1) ©

where z; is the local coordinate measured from the center of the piezoelectric layer center. The first term of Eq. (9)
shows direct piezoelectric layer effect, famed as eigen potential, induced due to mechanical strain of the beam, and
&, (t) = -V, is the external applied potential difference along the piezoelectric layer thickness. The relation between

the electric field and electric potential along the Z direction is obtained as [26]:
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£, =~ " sin {”_Zl};p &l (10)
p

For the model, a micro-beam with two piezoelectric layers bonded through the entire of its upper and lower
surfaces, total moment M., will be in the following form:

M =M piezo T Mgastic (12)

where M relates to the bonded piezoelectric layers moment and M. relates to the elastic layer moment and

piezo
can be obtained as following respectively:

h
7+hs azw a
M piezo = J.DZ Z(_chl,Z—D yJF €312-D a—fJ bdz
2
12)
, ) i (
> o°w o¢ o°w  4bey; ;5 phy
+J‘—E2—hs z (—2011,20 P €31,2-0 5] bdz =-E,l, ¥+T¢p (x.t)
h 2
2 o“w
Metastic = JLZE_EeZZ @(_zbdz (13)

2

The same (same value and same polarization) external voltages applied to the piezoelectric layers cause to
induce an axial tensile or compressive force along the length of the beam as following Eq. (14).

h
oth, *w o¢
Tp = J-zz (_Z("_Ll,Z—D _6)(2 + 831'2_[) E bdz
h 2 (14)

Y o°w 0
+I hz ) [_chl,Z—D 8X_2+ €312-D 6—(5J bdz = 2ey, ,_pbd, (t) =263, phV,

s

According to Euler-Bernoulli beam theory and Egs. (11) and (14), the nonlinear equation governing the micro-
beam dynamic motion [18] will be as:

o*w(x,t) 4bey, ph. 6%4, (x.t ow(x,t o%w(x,t
( )_ 31,2-D"'p P( )_(Tp +Tr) ( )+(,0bh)eq ( )

a ox* r ox? ox? ot? )
2
i aN(X,t):P(V, - £obV :
ot 2(go—w)

where s1=E,l,+Cy,5pl,, (,obh)eq :(ppbphp)+(pebehe). T, is the axial residual stress of the beam. P(V,w) is
the electrostatic pressure, &, is the dielectric coefficient of air, C is the micro-beam damping. 1,and I, are

respectively, moment of inertia of the piezoelectric layers and elastic layer. Ee is the effective modulus of elasticity
of the elastic layer. As the free charge density p; inside the piezoelectric layer is zero, the electrostatic Maxwell’s
charge equilibrium equation can be written as following [27]:
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=3 =0
o Pt (16)

With substitution of D;, ¢, and E; from Eq. (5), Eq. (1) and Eq. (10) into Eq. (16) respectively, Eq. (17) and
consequently Eq. (18) are obtained.

&
a(931,2—D &t ‘93,2—DE3)

=0 17
oz ()
2
o’w(x,t) r rz
€o n———24&f, | — | cos| —% x,t)=0 18
3207 €37 D[hp h, , (xt) (18)

Applying Galerkin based weighted residual method and integrating the Maxwell electricity equation (Eq. (18))
through the thickness of the piezoelectric layers in Eq. (19) leads to Eq. (20):

hp 2 2
= “w(x,t) P i
2 cos| T4 || e B S = | cos| =% x,t) [dz; =0
J.,hi {hp 31,2-D o2 €32-D hp hp ¢p( ) 1 (29)
2
2hye315 p O*W(X,1) 2
p€312-D ) ‘ z _
o rogy Hx1)=0 (20)

For convenience Eq. (20) can be rewritten as following:

o°, (x1) B 4h,%es1, o 0*w(x.t)

x> gg‘iz,Dﬁs ox? (21)

Substituting Eq. (21) into Eq. (15) the governing equation of the beam motion can be written in the following
form:

2
’ —(T,+T bt
a &5, pr’ ox ( Pt r) x> +(pbt) ot
(22)
Lo W(xt) e,V :
o 2(go-w)

As shown the coupled equations of the beam dynamic motion and Maxwell electricity distribution are reduced to
Eq. (22) and the effects of the applied voltage and piezoelectric layers is seen in the equivalent beam rigidity and
tension.
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3 SOLUTION

As clear, due to the existence of the strong nonlinear electrostatic force in the governing equation suggesting an
analytical solution is impractical. Some researchers suggested linearization methods. But as the value of W with
respect to the initial gap is considerable linearizing the electrostatic force about un-deflected position of the micro-
beam will cause a significant error. To reduce this error here step by step linearizing the strong nonlinear
electrostatic force is used to change the non-linear governing equation into a linear one [28]. This logic causes to
solve some linearized equations sequentially instead of solving the non-linear equation.

Consider W' is the deflection due to the applied voltage V' . With increasing the applied voltage at (i +1)th step
as oV with respect to (i)th step; the deflection will be increased as Sw =y like following:

Vi oviisv swl=w rsw=w +y (23)

So for step (i) we substitute Viand W into the governing statically actuated beam we have:

N 16b(e31,2—D )2 hp3 o*w! B

& 4 4
£32-D7 ox

?w gbv?
T, +T =2
( p I’) aXZ 2(90 —W)Z (24)

U

Then at step (i+1) we have:

2
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£39 D7 ox"  ox X~ X
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In right side of Eq. (25) electrostatic loading is expanded by means of Taylor series to make analytical possible.
In order to obtain governing equation to find at the subsequent steps; with comparison of (i +1)th step and (i)th step

equations we have:

10000 0 oty

%y e,bViev . £,V 2y
&, pr’ ox*

T,+T =
(p+ r)axz (gO—W)2 (gO—W)3 (26)

7

Obtained linear equation, presents the micro-beam deflection due to increasing the applied voltage as 6V . The
micro-beam deflection can be assumed as a combination of a complete set of linearly independent shape functions as
following [29]:

v=>a0(x) (27)
i=1

where @; is the shape function, and & is the unknown coefficients of shape function, n shows the number of shape
functions used to find y with an acceptable accuracy. By substituting Eq. (27) into the Eqg. (26), micro-beam
deflection equation will be as:
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s 16b<e312—D 2 gVip  gbVeV
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where R(X) is some residuals, due to the finite number of used shape functions. The obtained equation can be
solved by using Galerkin based weighted residual method [21], thus:

[[oR@0=0  j=1..n -

Then by substituting Eq. (28) into Eq. (29) as:

z“ L 16b(e;; 5 “h 2 ot %o
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This equation can be reduced into following form:

(K" =KT-K] Ta] ., =[F°] (31)

Finally the elements of the stiffness and force matrices can be written in the following form:

2
L 16b(e31,2,D) hp3 o*o Tt %o
Kij =IO Qi | HH— G K =I0 (To+ T )o; e ¥

(32)

4 NUMERICAL RESULTS

Consider, PZT-4 as the piezoelectric layers, which are bonded to the upper and lower side of the silicon micro-beam
with original mechanical and electrical properties, and geometrical dimensions as listed in Table 1. [30].
Let us to control the pull-in voltage; which is occurred due to the application of the electrostatic voltage, by

applying different piezoelectric voltages to the piezoelectric layers. Here thickness ratio r, is defined as the ratio of

the piezoelectric layer thickness respect to the elastic layer thickness. The proposed model numerical results of pull-
in voltage for different thickness ratios are investigated, and compared with the results of the model expressed by
Crawley and Lius et al. [31]. As shown in Table 2 . applying positive piezoelectric voltage decreases pull-in voltage.
In fact the positive piezoelectric voltage causes a compressive stress and reduces the equivalent mechanical stiffness
of the micro-beam. And inversely applying negative piezoelectric voltage causes a tensile stress in the micro-beam
and stiffens the micro-beam and consequently increases the Pull-in voltage. Importance of the pull-in voltage control
becomes significant, where the pull-in voltage is a design restriction. For example in MEMS switches the value of
the supplied voltage is restricted to3—5 (volt), where for the micro-beams used in MEMS switches the pull-in
voltage usually is about 25 (volt) that is undesirable. One of the methods to overcome this problem is, use of
piezoelectric layers bonded to the upper and lower sides of the micro-beam surfaces. By applying a proper voltage to
the piezoelectric layers the pull-in voltage can be decreased down to an acceptable value.
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Table 1
Geometrical and material properties of the silicon micro-beam and piezoelectric layers [30]
Micro-beam Piezoelectric Layer

Length 350um 350um
Width 50um 50um
Young’s modulus 169GPa
Poisson’s ratio 0.06 0.3
Mass density 2,231Kg /m® 7,500Kg / m®
€31 - -5.2
833 - 151
o - 13.9GPa
Ciz - 7.78GPa
C33 - 11.743GPa
Ci3 - 7.428GPa

& - 9F
&3 562x10°F/

& - -9 F
& 6.46x10°F/
9 lum
£ 12 F

0 8.85418710 2 F /0

In Table 2 . are given the values of the calculated pull-in voltages for the fixed-fixed electrostatic actuator for
different thickness ratios and different voltages applied to the piezoelectric layers and are compared to those
obtained by Crawley and Lius et al. model. As shown in Table 2 . for small thickness ratios like r, =0.1 the results

of the proposed model for all piezoelectric voltages are equal with the obtained results of Crawley and Lius et al.
[31] model, but by increasing the thickness ratio, the difference between the results of two models increases,
especially for the positive voltages applied to the piezoelectric layers.

Commonly, residual stresses play an important role in fixed-fixed micro-beams analysis, which may happen due
to thermal mismatch effects in micro-beams production process. Somehow, it can be as a controlling parameter to
change the micro-beam stiffness, consequently pull-in voltage, or frequency.

In Fig. 2 the obtained pull-in voltages for a clamped-clamped micro-beam with elastic layer thickness h=1um,

and thickness ratio r, =1.5 for different residual stresses are shown. Here as it appears in Fig. 2 by applying

different voltages to the bonded piezoelectric layers, desirable or undesirable effects of the residual stress can be
measured or controlled. As obvious from Fig. 2 different piezoelectric voltages can be applied to tune the micro-
beam stiffness by eliminating adverse effects of the existing residual stresses, and or successively intensify its
suitable effects.

Table 2
The values of the calculated pull-in voltages for the fixed-fixed electrostatic actuator for different piezoelectric voltage
Piezoelectric voltage -2.5 volt 0 volt 2.5 volt 5 volt 7.5 volt 15 volt
rp=.1 Proposed 28.24 23.74 18.05 9.07
h=3um Crawley & Lius 28.23 23.74 18.05 9.07
A 0.03 % 0% 0% 0%
rp=1 Proposed 31.84 27.93 23.3 17.38 7.51
Crawley & Lius 31.58 27.63 22.94 16.88 6.25
h=15um
A, 0.95% 1.1% 1.5% 2.96% 20.16 %
rp=25h=1um Proposed 4553 42.87 40.02 36.94 32.55 19.94
Crawley & Lius 44.66 41.95 39.04 35.87 32.36 17.84
A 1.9% 22% 2.5% 29% 3.67% 11.77 %
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different piezoelectric voltages.

As shown in the governing Eq. (23), electric potential distribution affects the stiffness of the micro-beam;
furthermore modulus of elasticity and moment of inertia. The electric potential distribution effect on the stiffness of
the micro-beam, by increasing the thickness ratio becomes considerable. In Fig. 3 the obtained results for the pull-in
voltage of the present model are compared to the results of the model expressed by Crawley and Lius et al. [31], for
different thickness ratios (r,) for the cases with and without voltage applied to the piezoelectric layers. As shown

the results of the both models for r, <1 approximately are same, but as r, increases, the difference between the

P
results of the models becomes visible.
In Fig.4 for different residual stresses, the effect of the thickness ratio r, on the micro-beam stiffness and pull-in

voltage is investigated. The effect of the electric potential distribution on the pull-in voltage becomes more

significant as r, increases, which causes to large difference between both models in the estimation of the pull-in

voltage. This fact requires the necessity of considering the proposed model for large piezoelectric thickness ratio.

50
LER
4n -
a5

30 4

I e crwe ley(VpieTo 25 (V)

20 -

Pull-in voltage

—tbProposed(Vpiero 2.5 (V)
— Proposed{Vpieza 0O (V))

— — vraw-ley(Vpicao=0 (W)}

Fig.3
° o o5 1 15 2 25 s The pull-in voltage versus the thickness ratio for different
Thickness ratio piezoelectric voltages.
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4 CONCLUSIONS

Mechanical behavior of a fixed-fixed micro-beam, bonded with two piezoelectric layers through its upper and lower
surfaces was studied, which undergoes both electrostatic and piezoelectric actuations. The non-linear governing
equation of the micro-beam based on Euler-Bernoulli beam theory involving with the two dimensional electric
potential distribution in the piezoelectric layers was derived. The results showed that the electric potential
distribution causes to increase the micro-beam stiffness. The micro-beam stiffening depends on the piezoelectric
layer thickness to the elastic layer thickness. The obtained results of the proposed model were compared with the
expressed model by Crawley and Lius. And it was shown that, by increasing the thickness ratio, the differences
between the results of the proposed model and those existing in literature, become more considerable. So in these
cases the effect of the electric potential distribution on the mechanical behavior should be considered.
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