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ABSTRACT
In this paper, vibrations and bifurcation of a damped system consists of a mass grounded by
linear and nonlinear springs and a nonlinear damper is studied. Nonlinear equation of
motion is derived using Newton’s equations. Approximate analytical solutions are obtained
using multiple time scales (MTS) method. For free vibration, the approximate analytical
results are compared with the numerical integration results. Forced vibrations of the system
in primary and secondary resonant cases are studied and the effects of different parameters
on the frequency-responses are investigated. Moreover, bifurcation of the system is studied
considering different control parameters.
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1 INTRODUCTION

MECANICAL system with single degree-of-freedom including linear and nonlinear springs in series has

technical applications. When in a system linear springs are connected to each other in series or parallel, they
can be easily replaced by their equivalents [1, 2]. Sometimes one of the springs in parallel may be linear while the
other is nonlinear. This system is named mass grounded system. This case results in an equivalent nonlinear spring
which has a larger coefficient for its linear portion. On the other hand, if a linear spring is connected with a
nonlinear one serially, obtaining an equivalent spring becomes complicated. In order to find a better insight into the
behavior of such a system, some researchers tried to find its behavior.

Telli and Kopmaz [3] derived the equation of motion of a mass grounded system with linear and nonlinear
springs in series and found an approximate periodic solution using the Linstedt—Poincare (LP) and the classical
Harmonic Balance (HB) methods. They showed that the obtained analytical solution, depending on initial deflection
of nonlinear spring, may have large deviations from numerical solution. Sun and Wu [4] explained that this
difference is occurred because the LP method applies to a weakly nonlinear system and also the HB method is
applicable under special assumptions. They also studied mass grounded systems in both hardening and softening
spring cases and stabilized a qualitative analysis to find various singular points. They found that these systems have
symmetric and asymmetric oscillation, depending on the value of system parameters. Wu and Li [5] proposed a
linearized harmonic balance to obtain approximate analytical periods for a class of nonlinear oscillators. Lai and
Lim [6] applied the method of Wu and Li to the mass grounded systems.

In this paper, vibration analysis of a mass-grounded system including linear and nonlinear springs and a
nonlinear damper is carried out using multiple time scales method. Forced vibrations of the system in primary and
secondary resonances are studied and the effects of different parameters on the frequency-response are investigated.
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Moreover, bifurcation of the system is studied using different control parameters. To the authors' knowledge,
damping and bifurcation analysis of nonlinear mass grounded systems has not been reported yet.

2 EQUATIONS OF MOTION

Consider the mass-grounded system shown in Fig. 1 in which linear and nonlinear springs in series and a nonlinear
damper are connected to a mass. In this system, ki is the stiffness coefficient of the linear spring and k2 and k3 are the
linear and nonlinear stiffness coefficients of the nonlinear spring. Also c2 and c3 are the linear and nonlinear
damping coefficients of the damper. Let y; and y2 denote absolute displacements of the mass and the connection
point of the two springs, respectively. Equations of motion of the system may be written as:

CL.03
” 1
1]
y .
7 k, . kuks m | —e=y2 Fig. 1
v W A mass-grounded system with springs and a nonlinear
2 v o J—e damper.
Ky, = Kyu + Kyu? (D
My, +Cy ¥y +C3 ¥, + Kou+ Kyu? =0 2
where y, -y, =uU
Equations of motion can be reduced to a single non-dimensional equation as:
(i + £10 + ,°U + £(6Anuu* + 347Ul + Aa,*u® + pBsia) =0 3)
where
k k k c 1 c
§ =_27w02 =—23‘9 =_3377 ziawﬂ =_235=(1+§)2 = (_)zaﬁ =3
k, m+¢&) k, 1+& m 1-7 C,

In this study, a parameter A is added to the governing equation of motion (3) to show the hardening and
softening cases.

3 FREE VIBRATIONS
3.1 Analytical solution

Multiple time scales method is used to solve Eq. (3). Two term expansion of « in MTS method is used as [7]:

u=u,+eu, “)
and time scales as:
Ty =tT, = et (5)

The first and second derivatives of u with respect to time # would be:
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du odu ou

—=—+c—=(D,+&D, )u

dt o1, T, (Dy+2Dy) (6a)
d’u  o% o%u , 02U

= +2¢ &
di?  oT,? aT,oT, aT?

:(D§+25D0D1)u (6b)

Substituting Egs. (4) - (6) into Eq. (3) and equalling the same coefficients of @" and @' to zero yields:

£" :Dyu, + gy =0 (7a)
2 3

&' :D2u, + wfu, = _(200 D,y + 67Uq (Dylly )* + 372 DUy + @2Ug’ + 11Dgy + 1285 (Dyuly) ) )

A general solution of Eq. (7a) is:

Uy = A(T,)e'™ + A(T))e " = acos(w,T, +0) ®)

where A is a complex function of T, and A denotes complex conjugate of A. Substituting Eq. (8) into Eq. (7b) and
eliminating the secular terms leads to:

iy A +3w,> (1-17) A2 A+ipw, A+3iuBS A Aw,® =0 )

where in the above equation and rest of the paper prime denotes derivative with respect to T,. It is convenient to
write A in polar form as:
i0

1
A:Eae (10)

where a and 6 are real quantities. Substituting Eq. (10) into Eq. (9) and separating the real and imaginary parts
yields:

Re:§a3a)02(77—1)+aa)06"=0 (11a)
Im- oea’ + X 3 3.3
m: wya +Ea)0a+§/1,b’é'a)0 a =0 (llb)

The solution of Eq. (11a) is:

4p
a= (12)
\/ { 8e BT _3,8507 }

Substitution of Eq. (12) into Eq. (11b) leads to:

, (l—n)[Ln(Se"”(B‘Tl) ~3upoy) - ,uTlJ

+6, (13)
2upoawy,

and 6, are constants. By substitution of Eqs. (12) and (13) into Eq. (8) one obtains:
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(14)

» a —n)[Ln (8e &™) 38505 ) - yTJ
Uy = TCE cos| wt + +6,

) —3updw; 2pppom,

3.2 Numerical Solution

Numerical integration of Eq.(3) is carried out by the 4™-order Runge-Kutta method. Numerical solutions for
different initial conditions such as u(0)=0.5,u(0)=1,u(0) =2 with Uu(0)=0 are obtained and compared with their

analytical solutions, Eq.(14). Results are obtained withm=1, ¢=0.5, ¢, =¢; =2 and &£=0.1,1 which shows

different levels of system nonlinearities.
From Fig.2 and Fig.3 it can be observed that for 0.1<& <1 and u(0) <1, the numerical and analytical solutions

are in good agreement. Fig. 4 shows that by increasing the damping coefficient y , the deflection of the nonlinear
spring reduces faster. Fig. 5 shows that increasing the non-dimensional damping ratio £ reduces the deflection of
nonlinear spring. It can also be noted that the linear damping coefficient x# can reduce system response more
effectively.

1 —-MTS
\gF - NS
=c'
:.0 2 ¢ 4
(a) (b)
< ~-MTS
=—' a_‘;‘l\\ - NS

Fig. 2
Deflection of the nonlinear spring u with time for €=0.5, ¢, =¢3=2, £=0.1(k; =50,ky =5), 7=0.0909,5) =2.132. (a)
u(0)=0.5, (b) u(0)=1, (c) u(0)=2.
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| —-MTS - ~MTS
_4\\ —NS \;\\ —NS
= \ =: \
0 i ¢ A ) ¢ 4

(a) (b)

(©
Fig. 3
Deflection of the nonlinear spring u with time for ¢ =0.5, ¢, =¢c3 =2, £=1(k; =k, =5), 7=0.5,0) =1.5811. (a) u(0)=0.5,
(b) u(0)=L, (c) u(0)=2.

0.6,
04

0.2

- Fig. 4
04 Variations of deflection of the nonlinear spring u with time
od for  different v alues of u and £=0.5,
' E=0.1(k; =50,k, = 5),
i 7 =0.909,m,=2.132, 3 =1.
0.5x
\
EN
Fig. 5
Variations of deflection of the nonlinear spring u with time
for different values of £ and & =0.5,& =0.1(k; =50,k, =5),
ki 2 4 té 8 10 12 771=0.909, 0y =2.132, 1 = 0.25.

4 FORCED VIBRATIONS

Let an external harmonic excitation P(¢) be exerted to the mass of the system as:
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P(t) = Pcos(Qt) (15)
Equation of motion is derived as:
U + £100 + @y"U + £(6Anui? + 347020 + Awy*u® + uBSu*) = P cos(Qt) (16)

Two types of excitations, primary and secondary resonances (hard excitations) will be discussed here and the
effects of the system parameters on the frequency-response will be investigated.

4.1 Primary resonance

In this case, it is assumed that the frequency of excitation, Q is close to the linear frequency of the system, @,. A

detuning parameter o is used to show closeness of Q to @, as:

Q=aw,+é0 A7)

To obtain a uniformly valid approximate solution, the excitation must be in the same order of nonlinear terms. So
in Eq. (16) excitation amplitude is considered as:

P=¢P, (18)

Multiple time scales method is used to solve equations of motion (16). The two term expansion of u in MTS
method is used as [7]:

u=u,+eu, (19)

Substituting Egs. (18), (19) and (6) into Eq. (16) and separating the same coefficients of £ and &' yields:
g Eq q P g y

&° :Dju, + @i, =0 (20a)
o, 2D, D,y + 627Uy (Dyy )* +327u2Dy2u, + Aaguy’ + uDyl,

& Dyu +apu; =— (20b)

+1BS(Dyly)’ — Py cos(QTy)

To determine secular terms in Eq. (20b), the excitation term can be written as:

P QT.) = Po eiQTO e—iQT0 _ P() ei(w0T0+0'Tl) e—i(a)OT0+c7Tl)
) cos (T, ) = (T 4710 )= 20 + 1)

A general solution of Eq. (20a) is:

Uy = AT, )e'™®" + AT,)e '™ (22)

where A is a complex function of T, and A is the complex conjugate of A. Substituting Egs. (21) and (22) into
Eq. (20b) and eliminating the secular terms leads to:
At 2 27 1o ieT . 273 (23)
2iwy A" +3Aw," (1-1)A A—EPOe " Hipoy A+ 3iufoA” Awy’ =0

Substituting the polar form of Eq. (10) into Eq. (23) and separating the real and imaginary parts yields:
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Im : 3’ —% P, sin(oT, - 0) +§ ya+ % updaya’ =0 (242)
Re: awoe’—g}ta3a)02 (1—77)+% Py cos(cT,—6)=0 (24b)
The term T, can be eliminated by transforming Eq. (24) to an autonomous system considering:

a=o0l -0 (25)

Substituting Eq. (25) into Eq. (24) leads to:

1R . 1 3 3 2
a'=——sina——ua——upBéa’w
P S Ha =2 upsa’ e, (262)
, 1R 3. 3
aa —Ew—ocosa+aa+§/la o, (n-1) (26b)

The point at which a'=0 and «'=0 corresponds to the singular point of the system that shows the steady-state
motion [7]. The steady-state condition may be given as:

. 3
P, sina _Zﬂﬁ5330’03 —oyua=0 (27a)

R, cosoc—%/"ta)ga3 (1—77)+2Ga)0a:0 (27b)

Using Egs. (27a) and (27b), the frequency-response equation is obtained as:
2

2
Pl = [%yﬁ&a%o(f + a)o,ua} + {%/1%233 (1-n)- Zoa)oa] (28)

Eq. (28) shows the relation between parameters Py, 4,a,7,u, ,0 and o in the steady-state solution.
Fig. 6 shows the effects of the parameters A,7,P,u and [ on the steady state-amplitude against the detuning
parameter o .

4.2 Super-harmonic resonance

When Q is away from ), the excitation will have small effect unless its amplitude is hard. So in this case P is

considered of order one [7]. A detuning parameter is introduced to show closeness of Q and la,o as:
2

3Q=w,+ec0 29)

Applying MTS method in Eq. (16) and separating the terms with the same orders of & as discussed before, one
obtains:

&% :Dyu, + iUy = P cos(QT,) (30a)

g' :Dyu, + gy, = —(2 Dy DUy + 647U (Dol ) +347U2Dy U, + Aaguy’ + uDyuy + yﬂé(Douof) (300)
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1.5' _n =‘] 7t
— =035
=105 ]
I
— '|'| =1
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il
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(b)
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Fig. 6

Effects of the system parameters on the amplitude with respect to the detuning parameter o for @, =1, (a) effects of nonlinearity
forn=05P=0.1,4=0.1,4=3, (b) effects of 7 for 1=20,P=0.1,2=0.1,4=3, (c) effects of the amplitude of excitation for
A=20,7=0.5,u=0.1,4=3, (d) effects of x for 1=20,R)=0.1,7=0.5,8=3, (e) effects of B for 1=20,R,=0.1,n=0.5,.=0.1.

The solution of Eq. (30a) can be expressed as:
Uy = A(T, ) + AT, )e ™0 4 (&0 4 7)) (31
P

2w,> - Q%)
Egs. (29) and (31) into Eq. (30b) and eliminating the secular terms gives:

where ;- is a real parameter and A will be determined by eliminating the secular terms. Substituting

2iwy A+ 31w, (1- MATA+ 600yt (1= ) A+ ipw, A+ (w,” - 9nQ2)arleion
+iuBSBA% Aw,® + 6AQ 2wy — QP ) = 0 (32)

Using Eq. (10) and separating the real and imaginary parts of Eq. (32) leads to:
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Im : w,a’ + %woa + gyﬂ5w03a3 +3upsar’Q’w, — ufsc’ Q% cos(aT, — 0) + (w,” —9InQ*) A7 sin(cT, - 0) =0

Rm—w@a+%wwfﬁa—qwszwfﬁa—qm+ymﬁ%fgmcn—9ﬁ4w5—9mf)m3maan—e)=o

Eq. (33) is transformed to an autonomous system by introducing a new variable as:

a=ol, -6
Therefore
2 2
a' = (9;79——@0)213 sin(oz)—ga—%ﬂﬁﬁwoza3 —3upsar’Q? + upsc’ Q—cos(a)
@y @y

2

aa'= (97 Q. wy)AT? cos(a) +ao + %ﬂwoaS(n ~D+3dwyc (n -1)a—- ufsc’Q? sin(a)
@D

018 " .f.=1 | 014
L=
0.16/ A= i 0.12)
o
0.14 “
04
(1N i35
= p08

-0.06 -0.04 002 0 0.02 0.04
g
(b)
e P=0.1 0.07
—P=0.2
0.5 —P=03 0.06.
= 04 P05

004/

002}

001}

Fig. 7

(33a)

(33b)

(34)

(35a)

(35b)

=0
— T =0.25
~ N =05 |
— 1 =0.75|
—n=09 |

— P

o J =002
=004 |
“ P =006
008 |
= P =01

Effects of system parameters on the amplitude with respect to the detuning parameter o for @, = 1, (a) effects of nonlinearity
forn =0.5,P=0.1,2=0.002, =100, (b) effects of 1 for 1=1,P=0.1,2=0.002,8=100, (c) effects of amplitude of excitation for
1n=0.5,A=1,1=0.002,3=100, (d) effects of u for n=05,1=1,P=0.1,4=100, (e) effects of # for n=0.5,41=1,P=0.1, 2 =0.002 .
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The frequency-response equation corresponding to the steady-state motion is obtained as:

2 2
{%la)oz (1—77)613 —aow, +34w,°1° (l—n)a} +{%yaa)0 +§ﬂﬁ5a3a)03 + 1292%} =

2 2 (36)
[(97]&)2 - a)02 )/113 } + |:/lﬂ5‘l'3Q2 ]
Fig. 7 illustrates the effects of system parameters on the steady state amplitude of the system.
4.3 Sub-harmonic resonance
The sub-harmonic resonance occurs when Q is near 3 @, . The detuning parameter o is introduced as:
Q =3, +ec0 37

The same as the super-harmonic resonant case, by substituting Eq. (37) into Eq. (30) and separating the terms

Ty

proportional to ™" | the solvability condition is obtained as:

2iwg A"+ 340,  (1- 1) A’ A+ 64w,>t>(1— ) A+ i, A+ /11[1277(9@0 —w,2) + 3w, - UQZ)]Kzei”ﬂ 38)
+3uBS(IAY A, + 2iA0 2w, — 1A Q1w ") = 0

P
2Aw,” - Q%)
equation yields:

where ; = . Letting A in polar form as Eq. (10) and separating the real and imaginary parts of the derived
g p q P g ginary p

Im : wya' + %a)oa + %yﬁ&a)ﬁ.’f +3upsar’Qlo, + %,uﬁérﬂa)ozaz cos(oT, —30)

(39a)
+H12n(gm0 —0)2) +3(,” - Q> )J Ara’sin(cT, —30) =0
Re: —woa9'+3m02a3(1 —m)+3dwy rt (1-n)a+ iﬂﬁ(sm%zaz sin(oT, —36)
8 4 (39b)
+%[1277(Qw0 —0,7)+3(e,> —7792)}/11.32 cos(oT, —30) =0
Eq.(39) is transformed to an autonomous system using:
a=oT,-30 (40)
In the steady-state motion, &' =0 and &’ =0 and the frequency-response in this case will be:
3 10k (1-1)a + 30,77 (- 1)a+ - SR 3 sse e +3uBs o |
g e (7 )a’ +32w,°c* (n )a+3w0aa + z,ua)oa+8/4ﬁ 0,8 +3upoQ’c’wa| =
(4D

2 2
1 3
[217[1277(9500 -0 )+ 30} —ngz)}az} + [X,uﬂﬁwoeraz}

The amplitudes of the system against the detuning parameter o are shown in Figs. (8) - (10) for different system
parameters.
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Fig. 8

Effects of system parameters on the amplitude with the detuning parameter o for @, = 1, (a) effects of nonlinearity parameter
for 7=0.5,P=0.1,£=0.0002, 8 =3, (b) effects of  for 1=1,P=0.1,2=0.0002,5 =3, (c) effects of amplitude of excitation for

n=054=1,4=00002,8=3.

0.l5i

Fig. 9

Effects of x# on the amplitude for n=0.5,4=1,P=0.1, =3, (a)u = 0.0002,(b)x = 0.001.
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0.4 7
0.35 pa
03 o
0.25+ 1
0.2
0.15
0.1

0.05 - 4

0.05 0.1 0is
[
(@
Fig. 10

Effects of £ on the amplitude forn =0.5,4=1,P =0.1, 2 =0.0002, ()8 = 0,(b) 5 = 5.
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5 BIFURCATION ANALYSIS

In section 4, equation of motion of the system with nonlinear damper under a harmonic load is given in Eq. (16).
By defining state variables as U= X and U =Y, Eq. (16) can be written as:

x=y

PCOS(Qt)—a)OZX—g[6ﬂ.7yxy2 + Ay X + ppsy’ +yy} 42)

y:
1+3eAnx?

In Eq. (42), the controlling parameters are P,5,u,f and the other parameters are set as Q=3,&=0.51=20,
@, =1. The 4th-order Runge-Kutta method is used to solve Eq. (42).

5.1 Effects of the controlling parameter P on the system behavior

In order to investigate the effect of excitation parameter P on the system behavior, we assume 7 =0.5,2=0.1 and
£ =5. Bifurcation and phase diagrams, and Poincare map are used to study this case. Fig.11 shows bifurcation
diagram for the displacement u in terms of the controlling parameter P for 0.5<P <1.3. When P €[0.5,0.625], the

graph has only one branch which indicates the system has a periodic motion with time period 7. At P= 0.63 which is
a bifurcation point, the response bifurcates into three branches where the two lower branches are very close. For
P &[0.63,0.66] a 3T periodic motion is anticipated. At P= 0.66, the three branches merge into one branch. When

P &[0.66,0.8], there is only one branch that relates to a periodic motion with period 7. Furthermore, for

P €[0.94,1.17], the system will have quasi-periodic or chaotic behavior.

a
014 M ! r,..:{?
012 E;!l‘“j '
pi
01 11!*',"—.?
u I :r‘" i
0,08 ; v‘_‘ o
0067 -
il ; ; Fig. 11
s s v e 0 ; 2 4 o Bifurcation diagram for the controlling parameter P.

Fig. 12 shows phase diagram and Poincare map for P= 0.6 where the system has periodic motion with period 7.
For P=0.65, the system will commence a periodic motion with period 37, as can be seen in phase diagram and
Poincare map shown in Fig. 13. With the controlling parameter P=0.95, as shown in Fig. 14, the system behavior
will transform from periodic to quasi-period motion.

o C maag | 0.0205
[—] o .
t e 0.0202
[ / \
< | ) 1
NN / 2002
N‘ \\.H“‘“-m_ // .
g S 0.0197
| 0.0194 1
008 004 yo 0.04 0.08 0.0727 u 00728 0.0729
(a) (b)

Fig. 12
(a) Phase diagram, (b) Poincare map for the controlling parameter p = 0.6.
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2 | / : b I \ ' U.ﬂZﬁ.‘. *I
. | " |

g \ )1 0.022
o
T ] 0.018 1
008004 ;0 004 0.08 ~0.078 0.08  0.082
(@) (b)
Fig. 13
(a) Phase diagram, (b) Poincare map for the controlling parameter p=0.65 .
-
=
- 0.028
S L
1 S
= 0.024-
x|
= |
il 0.02
.| M S i SV S :
< 01 ul 0.1 0106 glIr T odid
(a) (b)

Fig. 14
(a) Phase diagram, (b) Poincare map for the controlling parameter P =0.95.

5. 2 Effects of the controlling parameter n on the system behavior

The effect of the controlling parameter ) which is related to the linear parts of the spring stiffnesses, on the system
behavior is investigated for =5, 2 =0.1,P = 0.5 . In this case, bifurcation and phase diagrams and Poincare map are

plotted.
Fig. 15 shows displacement u in terms of the controlling parameter 77 for 0<7; <0.4. It is observed that when

0<7<0.3, the number of equilibrium points are limited and the system has periodic behavior. For 7 >0.3, rapid
increase of equilibrium points occurs and the system behavior transforms to chaotic motion. When 7 e [0,0.065] and
ne [0.065,0.19] the system behavior is 3T periodic and quasi-periodic, respectively. In the range of 7 €[0.19,0.255],
a periodic motion with one equilibrium point exists and at 5 =0.255 the graph branches into two. For 7 €[0.255,0.3]

the graph has two branches representing a periodic motion with period 27.

L0625}

0062

= 0615

Fig. 15
Bifurcation diagram for the controlling parameter 7.

Fig. 16 shows phase diagram and Poincare map for the controlling parameter 5 = 0.03. Since the Poincare map
has three points in phase space, the system has a periodic motion with 37 period. With increasing 77, the number of
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equilibrium points and the system period increase as well. For 7 =0.18, as shown in Fig. 17, the system has a
periodic motion with 10T period. Fig. 18 Fig. 19 are plotted for 5 =0.2 and n =0.27, respectively. It may be seen
that for =0.2 the period is T and for 5 =0.27 the period is 2T. Fig. 20 that is plotted for 7 =0.365 shows that
increasing 77 beyond 0.3 results in chaotic motion of the system.

o :
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Fig. 16
(a) Phase diagram, (b) Poincare map for the controlling parameter 7 =0.03.
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Fig. 17
(a) Phase diagram, (b) Poincare map for the controlling parameter 7, =0.18.
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Fig. 18
(a) Phase diagram, (b) Poincare map for the controlling parameter 7 =0.2.
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Fig. 19
(a) Phase diagram, (b) Poincare map for the controlling parameter 7 =0.27.
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Fig. 20
(a) Phase diagram, ( b) Poincare map for the controlling parameter 7 = 0.365.

5.3 Effects of the controlling parameter u on the system behavior

In this section, the effect of the controlling parameter x which is a representative of the linear damping coefficient
on the system behavior is investigated. For this case, the parameters are assumed as: P =0.65,7=0.5,8=5.

Fig.21 illustrates bifurcation diagram of u in terms of the controlling parameter # for 0< £ <0.4 . It can be seen
that for ye[0,0.0lS] there are multi-equilibrium points. An increase in 4 is accompanied by a decrease in the
number of equilibrium points. For xe[0.015,0.11], three branches exist. Thus, in this range of the controlling
parameter, a periodic motion with 3T period is anticipated. At x=0.11, the three branch diagram transforms to one

branch and beyond this point, the system has only one equilibrium point. Therefore, in this range, a periodic motion
with period T is expected.

Fig. 21
T T I ¥ R TR Y Bifurcation diagram for the controlling parameter s .

In Fig. 22, phase diagram and Poincare map are plotted for the controlling parameter x=0.01. Since Poincare
map includes points that produce a closed curve, for 4 =0.01 the system has a quasi-periodic motion. Phase diagram
confirm such motion. With the increase of x , the number of system equilibrium points decreases and at x4 =0.03

the system changes from quasi-periodic motion to a periodic motion with a period of 37T. Fig. 23 illustrates system
diagrams for 4 =0.03. Fig. 24 shows that for 4 =0.2 the system has a periodic motion with period 7. It may be

concluded that with the increase of x# which is directly proportional to the linear damping coefficient, the system
behavior transforms from a quasi-periodic to a periodic motion. This indicates the stabilizing effect of the system

damping.

5. 4 Effects of the controlling parameter g on the system behavior

Effects of the controlling parameter 3 which is related to the nonlinear damping coefficient is studied for
P =0.65,7=0.5,=0.1. Same as the previous cases, bifurcation diagram, phase diagram and Poincare map are used
for the analyses.
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Fig. 25 shows bifurcation of the displacement u in terms of the controlling parameter g for 0< g <15. It can be

seen that for €[0,5.4] the graph has three branches, so a periodic motion with a period 37 is predicted. At f=54,

the three branch graph transforms to one branch and beyond this point, the system has one equilibrium point that

corresponds to a periodic motion with period 7.

Fig. 22
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(a) Phase diagram, (b) Poincare map for the controlling parameter u =0.01.

R B ¥ S e ¥ Y
(@)

i

Fig. 23
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(a) Phase diagram, (b) Poincare map for the controlling parameter = 0.03.
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(a) Phase diagram, ( b) Poincare map for the controlling parameter 4 =0.2.
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Fig. 26
(a) Phase diagram, (b) Poincare Map for the controlling parameter g=1.
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Fig. 27
(a) Phase diagram, (b) Poincare Map for the controlling parameter g =12.

Fig. 26 shows phase diagram and Poincare map for p=1. It may be seen that Poincare map includes three

points, thus the system has periodic motion with a period 37. Phase diagram confirms this behavior. Furthermore,
with the increase of g, the number of the system equilibrium points decreases. Fig. 27 shows phase diagram and

Poincare map for g =12. The Poincare map includes one point and the phase diagram has a closed curve indicating

a periodic motion with period 7.

6 CONCLUSIONS

In this paper, vibration of a mass grounded by linear and nonlinear springs and a nonlinear damper is studied. In the
first section, free vibration equation of the system is solved by MTS and numerical methods. It was shown that for
0.1<£<1 and u(0) <1 the numerical solution is in good agreement with the approximate analytical solution. For
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the forced vibrations, the amplitude-frequency equations of the system were derived for the primary, super-harmonic
and sub-harmonic resonances using MTS method. At the final section, some parameters were considered as the
controlling parameter and the bifurcation of the system response is investigated using phase diagrams and Poincare
maps. The types of the system motions and the bifurcation points were identified.
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