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ABSTRACT

In this study, electro-thermo-mechanical nonlinear vibration and instability of embedded
piezoelectric micro-tube is carried out based on nonlocal theory and nonlinear Donnell's shell
model. The smart micro-tube made of Poly-vinylidene fluoride (PVDF) is conveying an
isentropic, incompressible fluid. The detailed parametric study is conducted, focusing on the
remarkable effects of mean flow velocity, fluid viscosity, elastic medium modulus, temperature
change, imposed electric potential, small scale and aspect ratio on the vibration behavior of the
micro-tube. It has been found that stability of the system is strongly dependent on the imposed
electric potential. Results of this investigation could be applied for optimum design of sensors and
actuators in the sensitive applications.
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1 INTRODUCTION

ICRO-TUBES are the core structures widely used in the micro/nano-electro-mechanical systems

(MEMS/NEMS) and atomic force microscopes. These structures are often subjected to severe thermal
environments during manufacturing and working, and thus the thermal effects become a primary design factor in
specific cases. With the development of the material science, micro—electro-mechanical systems are the new field in
which piezoelectric materials have been utilized to achieve the desired performance.

In recent years, various investigations have been carried out to study the buckling, dynamic stability, and free
vibration of the smart structures in which the shell theory have been employed. Salehi-Khojin and Jalili [1] studied
the buckling behavior of boron nitride nano-tube (BNNT) reinforced PVDF under combined electro-thermo-
mechanical loadings considering the effect of piezoelectric property of BNNT. Their results show that applying
direct and reverse voltages to BNNT changes the buckling loads for any axial and circumferential wave numbers.
Recently, based on nonlocal piezoelasticity theory, vibration and buckling behavior of DWBNNTSs embedded in an
elastic medium with and without fluid was studied by Ghorbanpour Arani et al. [2-4]. They showed that the electric
field effect on the frequency is approximately constant, while it decreases with increasing temperature change. Also,
they concluded that the electric field and its direction have affected the magnitude of the critical buckling load.

Using generalized differential quadrature method, Shu [5] investigated free vibration of composite conical shell
reinforced with a piezoelectric layer. Free vibration response of composite sandwich cylindrical shell with flexible
core is studied by Rahmani et al. [6]. Their results revealed that the sandwich shells with flexible core exhibit a
complex behavior, and that the vibration patterns of the sandwich cylindrical shells are more complex than
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those of the homogeneous shells. Furthermore, it was observed that the natural modes of the sandwich shell are
different from those of the sandwich plate and have a mixed mode nature.

Flow induced vibration and fluid instability of tubular pipe and shell has been developed in other pervious
literatures. Amabili et al. [7] on the other hand considered the tube as a cylindrical circular shell and therefore they
were able to obtain a three-dimensional model for fluid flow. Ghorbanpour Arani et al. [8] investigated the nonlinear
vibration and stability analysis of a polymeric composite smart micro-tube reinforced by BNNT. They found that
stability of the micro-tube is strongly dependent on imposed electric potential, where increasing the imposed
positive electric potential significantly increases the stability of the system. Also, their results showed using BNNTs
as a piezoelectric fiber and its orientation angle with respect to micro-tube axis have significant effects on the
vibration response and stability of the system.

Motivated by these considerations, the need for investigation of nonlinear vibration and stability of a smart

piezoelectric micro-tube made of PVDF conveying fluid is very much felt, where it has not been found in the
literature. Moreover, several effects of fluid flow on the vibration behavior of the micro-tube are investigated

thoroughly as well as effect of other parameters such as small scale, temperature change, fluid viscosity, electric
potential and elastic medium modulus.
2 ELECTRO-THERMAL ANALYZING

A schematic diagram of an embedded piezoelectric micro-tube conveying viscous fluid subjected to applied voltage
is shown in Fig. 1.
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Assuming plane stress condition and unidirectional electric field along the micro-tube, the constitutive equations
for the electro-thermo-mechanical behavior of piezoelectric smart structures are expressed as [8]:

Oy Cuwox  Cuaw 0 € || Exx A

Goo | _ Cxoo  Cooo 0 —&uw||cw _ Ago A© Q
Txo 0 0 Cyoxo 0 Vxo Ao

Dx exxx ex%’ 0 Ex Ex px

where {c}, {¢}, {D} and {E} are stress, strain, electric displacement and electric field vectors respectively and
[C]. [e] and [€] are matrices of elastic stiffness, piezoelectric and dielectric constants respectively. Furthermore,

the coefficients of thermal expansion, pyroelectric and temperature change are shown by{/i}, {p} and AG®
respectively and x, € and z are longitudinal, circumferential and transverse coordinates with the origin located at

the mid-plane of the micro-tube.
The longitudinal component of electric field in terms of electric potential is defined as [9]:
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where ¢ denotes the scalar function of electric potential.

According to the Eringen's nonlocal elasticity model [10], the stress state at a reference point in the body is
regarded to be dependent not only on the strain state at this point but also on the strain states at all of the points
throughout the body. On the other contract, at the local elasticity theory, the stress state at any point corresponds to
the strain state at this point. The constitutive equations of the nonlocal elasticity can be considered as:

(1_ (eoa)2 VZ ){U} nonlocal {O-}classical (3)

2 2
where €,a is a constant parameter showing the small scale effect and operator v?2 is defined as §—2+%;7
X
Eq. (3) is implicit relation between nonlocal and classical stresses.

3 FUNDAMENTAL FORMULATIONS
3.1 Strain displacement relationships

Based on shell model, the displacement components of an arbitrary point along x, € and z coordinates are
denoted byU , V andW , respectively, which are expressed in the following form [11]:

U(x6,zt)= u(x,e,t)_z%
V(X,H,z,t)zv(x,e,t)_z%% @)

W (x,0,2,t)=w(x 6,t)

where u, v and w are components of the tube mid-plane displacement and t is the time.
According to Donnell's nonlinear shell theory the strain-displacement relations can be written as [11]:
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3.2 Energies of the smart micro-tube

The total potential energy of the smart micro-tube considering the potential of the electric field, is defined as [9]:

Ug :%.”J‘V(STG_ET D)dV (6)

where V represents volume of the micro-tube which is dependent on thickness h and mean radius R as shown in
Fig.1.
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The kinetic energy of a cylindrical shell is expressed as [11]:
=1, ” V VdV @
273

where p,and V' are density and velocity vector of the shell, respectively.
The kinetic energy of the micro-tube by neglecting rotary inertia and retaining in-plane inertia can be written as:

2z L h/2 2 2 2
1 ou ov ow
TS = Eps ,([ .‘!]._F!‘/Z (Ej + [E] + (Ej :ledXRdg (8)

The surrounding media of the micro-tube is modeled by Pasternak foundation based on which the external work
is introduced as [12]:

2z L
S 1
\ Elastic medium _ - .[ J'< KW GpVZW) wdxRd @ C)]
00

where K, and G, are Winkler spring and Pasternak shear modulus, respectively.

3.3 Mode expansion of displacements and electric potential

According to the simply supported boundary conditions of the micro-tube at two ends, the following mode
expansion for components of displacement can be presented [13]:

u= Zi‘;sin (MJ[U mn (t)cos(n@)+U5, (t)sin (nH)J

V= iisin(wj [Vnﬁn (t)cos(nd)+V,, (t)sin (ne)J (10)
W= i%sm [M]Mﬁn (t)cos(n6) +Wis, (t)sin(no) |

where m and n are longitudinal half wave number and circumferential wave number, respectively, M and N are

maximum value of wave numbers. Ug, (t), Ug,(t), Vi (t), Vi (t), Wi, (t) and Wi, (t) are time-dependent

.
degrees of freedom (DOFs) and {qd}:[u,‘fm, Ufﬂn,Vrﬁn,Vrﬁn,Wnﬁn,Wnﬁn} is the vector of DOFs. The vector

dimension of {qy} denotes number of DOFs which may be calculated as N°°" =3x(2M xN +M).
For electric potential ¢ , the following mode expansion can be proposed [14]:

i 2m-1
é=dy (1—%}2@; sin(M] (11)
m=1

T
where ¢, is the time-independent amplitude component of electric potential and {qu}:[gﬁrﬂ is defined as

amplitudes of electric potential vector and ¢, denote the imposed electric potential.

Due to longitudinal polarization and unidirectional electric field the electric potential is expanded as function of
longitudinal coordinate x .
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3.4 Energies of the fluid flow

The fluid flow conditions are assumed to be fully developed, isentropic and irrotational. Due to irrotational
condition, the scalar potential function, ¥ is defined so that the flow velocity vector is expressed as [15]:

V; =-V¥ (12)

The function ¥ contains two parts: one of which is due to undisturbed mean flow velocity U; in the axial

direction and the other one is unsteady perturbation potential ¢ correspond to shell motions and distortions. Hence,
the potential function can be expressed as:

Y=Uix+o (13)

For modeling of the fluid flow behaviors, the cylindrical coordinatesr, & and z is used with the origin located
at the center of shell's section. The components of the fluid velocities in cylindrical coordinates are given by

op 109 op

Vy=U; +—,V, = =—"

T T a0 ar (14)

Using Bernoulli's equation for unsteady fluid flow, the perturbed pressure P can be related to potential of
perturbation velocity as [8]:

6_¢+1V2+LZP_S (15)
o 2 Pt Ps

where p; is fluid density. P; is stagnation pressure and calculated as P; = I5+%pfuf [8]. The pressure P is

composed of a mean pressure P and a perturbation pressure P, assumed positive outward the shell as:

P:P+Pp (16)

Therefore, the perturbation pressure is obtained as [8]:

op op
P, =- +U;
p P+ ( ot 6Xj (17)

Supposing that no cavitation occurs at the interface of shell and fluid, the boundary conditions for potential of
perturbation velocity can be expressed as:

ow ow

op
o9 Ay, N
a o (18)

or r=R

Applying method of separation of variables to ¢, one can write

(x,r,0,t) ZZ(D X)Ep.q (r)cos(nd)f, ., (t) (19)

m=1n=0

Using above equation and imposing regularity condition at r =0 for potential of perturbation velocity, the
unknown functions in Eq. (19) are obtained as:
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) (20)

where 1, is modified Bessel function of the first kind of order n.
The Eq. (19) must satisfy boundary condition (Eq. (18)), Hence Eg. (19) is rewritten as:

M N
L la(mzr/L) (ow ow
o,1)=Y Y = ) (W W
(. Z;;mnl'n m;rR/L)(at+ faxJ (21)

where |, is first derivative of I, .
The total energy associated with the fluid flow is defined as [8]:

1 Lo
T—_
B _pr.”rvf Vi dr (22)

where T is the cylindrical fluid volume inside the shell. Based on Green's theory, Eq. (22) can be expressed as:
1 27 pL a¢)
EL =El+= U;x—| dxRd@
F F prJ.O J.o( f arl_R

1 27 #R 8¢
+= U;L— rdrd@
5 Pt Io J.o [ o ij (23)

L pUZZRAL,
2
where EP is the energy of fluid respect to potential of perturbation velocity and is expressed as:

:_pfr”J'[ j dxRd 6 (24)

Substituting Eq. (18) into Eq. (24), following equation is obtained

B 2 L A & L1, (maRIL)
_—pr' Iozzmﬂl' (mzR/L)

m=1n=0

2 2 25
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3.5 Effect of fluid viscosity

In this study, the viscosity effect of fluid is considered as an external force. Hence the time-mean Navier-Stokes
equations for a fully developed turbulent, incompressible axial flow are expressed as [8]:
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P OX rdr rdrl dr
=2
ifz_li(r—g)ﬂi (26)
pi Or rdr r
d U, u,
0=—(T,b,)+2—"—2
dr( o) r

where over-bar denotes time-mean, » kinematic viscosity and ,, U,, U, are fluctuating velocities in the axial,

circumferential and radial directions, respectively. Pressure distribution can be estimated by using computational
fluid dynamics (CFD) as [16]:

=2 =2
Pt — ru,”—u
P(x,r):—ZKfo—pfur2+pr‘ %

) dr+P(0,R) (27)

in which the stress velocity U_ is defined as:

1/2 1/2 12
du 1
u, :(_”d_fJ {l} :(g fU?j (28)
U Jr \Pi
where 7, and f are the fluid frictional force per unit area on the shell and the friction factor respectively.
The pressure distribution on the shell’s interface can be written as:

P(xR)=-221U2x+P(0,R)=—2L fU2x+P(0,R) (29)
R 4R

Now, the longitudinal pressure drop in the shell can be expressed as:

AP =P(0,R)- P(L,R):Z%UEL:Z—;M%L (30)

The friction factor f in Eqgs. (28 to 30) is evaluated by the empirical Colebrook equation as [15]:

1 5I2R 251
J: 31

—— +2log| ===
o Og[ 37 ReyT

where § is average height of surface roughness of the shell and Re is the Reynolds number introduced by
Re=2RU; /7.

The viscosity effect is due to longitudinal pressure drop on the interface of fluid-shell and the distributed axial
load exerted on the shell surface. The work done due to viscosity effect is calculated as:

\ Fluid Viscosity _ IOZ” joL (APW + 7y, u)dxRd &
(32)

Using Lagrange motion equations, governing equations are solved by Rayleigh—-Ritz method and the results
discussed in the next section.
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4 NUMERICAL RESULTS AND DISCUSSION

The structural properties of Poly-Vinylidene fluoride (PVDF) are given in Table 1.[18].

Table 1

Properties of PVDF.
Properties PVDF [18] Properties PVDF [18]
Cy; (GPa) 238.24 eq; (CIm?) -0.13
C,, (GPa) 23.6 eq, (CIm?) -0.145
Ca3(GPa) 10.64 eq3 (C/m?) -0.276
Cy, (GPa) 3.98 €4 (C/M?) ~0.009
Cy3 (GPa) 2.19 e15 (C/m?) -0.135
Ca3 (GPa) 1.92 <o (F/m) 8.854185x10%2
Cy4 (GPa) 2.15 e1/<o 125
Cs5 (GPa) 4.4 €90 1 € 11.98
Ces (GPa) 6.43 €33/ 11.98

In order to validate present study, a simplified case of the analysis is considered by neglecting piezoelectric
characteristic and micro-scaling of the tube. The results presented by Amabili et al. [16] are compared with the
results of this investigation, in Fig. 2 which shows a very good agreement between them.
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In order to study effect of flow velocity and elastic medium, dimensionless parameters are defined as follow:

o) =QLps/Cy, Ui =Ups 1Cy

. . (33)
Ky =Ky /Cy, Gp =Gp /Cy4Rh

Fig. 3 shows the dimensionless natural frequency of the 1st mode with varying dimensionless flow velocity for
different magnitudes of dimensionless small scale parametereja/L. It is found that increasing small scale

parameter leads to decrease frequency in different fluid velocities and has major effect on critical flow velocity.
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Figs. 4 and 5 indicate dimensionless natural and damping frequencies versus dimensionless flow velocity
respectively for different vibration mode. It is observed that for first mode, system is fallen into instability (real part

of Q" becomes non-zero) when the dimensionless flow velocity is within the range 0.045 < U’f’ <0.09. For range
0.12< U? <0.14, instability occurs for second mode while the natural frequencies for the first and second modes

have been merged to same value. This process is similarly repeated for the next modes with increasing flow
velocity.
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The qualitative investigation on effect of surrounding media and comparison between Winkler and Pasternak
models are illustrated in Fig. 6. This Figure shows that elastic medium causes to increase natural frequency and the
stability of the system and Pasternak foundation is more effective than Winkler in this regard.
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Fig.6
Effect of elastic medium model on natural frequency with
changing fluid velocity.

The effects of Winkler and Pasternak modulus are shown in Figs. 7 and 8. As can be predicted, the
dimensionless natural frequency is increased with increasing modulus of elastic medium. For the Winkler model the
natural frequency is increasing with a decreasing rate with respect to Winkler modulus, while for the case of
Pasternak model the natural frequency is increasing almost with a constant rate for lower flow velocities.
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Fig.8
Dimensionless natural frequency versus dimensionless
Pasternak modulus for various fluid velocities.
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Effect of temperature change on dimensionless natural frequency of the system is illustrated in Fig. 9. It can be
concluded that temperature rise decreases nonlinear frequency. With increasing flow velocity, the nonlinearity effect
becomes much more significant. Therefore the effect of temperature change becomes considerable by increasing
flow velocity.
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Fig.9
Dimensionless natural frequency versus temperature
change for various fluid velocities.

The effect of fluid viscosity is demonstrated in Fig. 10. It can be observed that the influence of viscosity
becomes significant when the flow velocity is increased and critical flow velocity is diminished when the viscosity
of fluid is ignored.
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Fig.10
Effect of fluid viscosity on natural frequency with
changing fluid velocity.

The frequency ratio versus flow velocity for different values of small scale parameter is shown in Fig. 11. It is
concluded that nonlinearity effects are increased with increasing flow velocity. In other word, linear approximation

in the analysis can be employed only for lower fluid velocities.
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Fig.12 indicates frequency ratio versus aspect ratio of the micro-tube. It is found that for higher aspect ratios the
linear analysis can be used with appropriate accuracy but for lower ones, the effect of nonlinearity on the results is
considerable and cannot be ignored.
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Variation of natural frequency with respect to flow velocity for different values of the imposed electric potential
is illustrated in Fig. 13. It is concluded that the positive imposed electric potential increases the stability of the
system which can be used to control the vibration response of the micro-tube.
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The piezoelectric responses of the smart micro-tube are demonstrated in Figs. 14and 15. The electric potential
distributions along the micro-tube for various small scale parameters are shown in Fig. 14. It can be seen from this
figure that increasing small scale parameter causes to decrease magnitudes of induced electric potential. Fig. 15
shows the distribution of electric potential along the micro-tube with varying flow velocity. Increasing velocity of
fluid from zero to critical value, leads to increasing magnitudes of induced electric potential.
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Fig.15
‘ \, Distribution of electric potential along micro-tube for
% o1 02 03 04 05 06 07 08 09 1 different values of fluid velocity.

6 CONCLUSIONS

General theoretical analysis of electro-thermo-mechanical nonlocal nonlinear vibration of piezoelectric micro-tube
conveying fluid made of PVDF is developed in this study. This smart structure embedded in an elastic medium as
Pasternak foundation which is considering shear effect. Higher order governing equations were solved by Ritz
method.

Regarding fluid flow effects, it has been concluded that the fluid flow is basically an effective factor on
decreasing natural frequency leading to instability of the micro-tube. Also, it has been found that the stability of the
system is strongly dependent on the imposed electric field so that increasing the imposed positive electric potential
significantly increases the stability of the system. As a most important result of this study, the imposed electric
potential and the uniform thermal fields are the effective parameters in order to control the response of this kind of
hydraulic sensors and actuators.
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