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ABSTRACT

In this article, the supersonic flutter analysis of a truncated conical
shell made of polymer enriched with graphene nanoplatelets (GNPs)
exposed to supersonic fluid flow is discussed. It is assumed that the
mass fraction of the GNPs is functionally graded (FG) along
thickness and length directions according to different dispersion
patterns. Modeling of the shell is done using the first-order shear
deformation theory (FSDT), the mechanical properties are
computed according to the Halpin-Tsai model alongside the rule of
the mixture, and the aerodynamic pressure is computed utilizing the
piston theory. Utilizing Hamilton’s principle, the boundary
conditions and the governing equations are achieved. Harmonic
trigonometric functions are used to provide an analytical solution in
the circumferential direction and an approximate solution is
presented in the meridional direction using the differential
quadrature method (DQM). The efficacy of various parameters on
the aeroelastic stability are discussed such as the percentage and
dispersion pattern of the GNPs and gradient indices. It is observed
that to achieve higher aeroelastic stability in the GNP-enriched
truncated conical shells, it is better to dispense the GNPs near the
small radius and the inner surface of the shell.
© 2023 TAU, Arak Branch.All rights reserved.
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1 INTRODUCTION

ONICAL panels and shells have been utilized in the design of lots of parts in various industries associated

with civil, acrospace, and mechanical engineering, such as high-speed centrifugal separators and the base of
wind turbines. Due to the expanded range of usage and application of truncated conical shells in the aerospace
industries, the aeroelastic stability and free vibration analyses of such structures are of high practical importance and
have been examined in various experimental and analytical works. The vibrational (free and forced) characteristics
of the truncated conical shells are extensively discussed by authors [1-5]. In comparison with the papers regarding
the vibration analysis of the conical shells, there is a limited number of papers related to the flutter behavior of the
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conical shells. The authors' research shows that the initial works on the aeroelastic characteristics of the conical
shells were provided in the 1970s including the experimental results provided by Miserentino [6] and the numerical
ones provided via the finite element method (FEM) by Bismarck-Nasr and Savio [7]. Sunder et al. [8, 9] studied the
aeroelastic stability of homogenous isotropic and 3-ply laminated truncated conical shells. It was observed by them
that there is an optimum semi-vertex angle of the cone that brings about the highest aeroelastic stability. The flutter
behavior of a partly fluid-filled truncated conical shell was discussed by Sabri et al. [10]. They reported that the
internal pressure enhances the aeroelastic stability. Davar and Shokrollahi [11] studied the aeroelastic stability
characteristics of FG conical panels. They concluded that the discrepancies between the classical shell theory (CPT)
and the FSDT for the critical speed are remarkably greater than those for the natural frequencies. The relevance of
the flutter boundaries of a truncated conical shell reinforced with carbon nanotubes (CNTs) to the hydrostatic
pressure was examined by Mehri et al. [12]. It was discovered by them that the critical speed of the shell can be
easily increased by increasing the volume fraction of the CNTs. Various shell theories were employed by Bakhtiari
et al. [13] to examine the nonlinear flutter analysis of a conical shell. They discovered that geometrical nonlinearities
in strain-deformation relations have a softening effect on the aeroelastic stability regions. Mahmoudkhani et al. [14]
considered the temperature-dependent thermal and mechanical properties and investigated the aerothermoelastic
stability behavior of an FG conical shell subjected to internal pressure in a thermal environment. It was concluded
by them that internal pressure has a positive effect on aeroelastic stability, but temperature elevation has a negative
effect on aeroelastic stability. Rahmanian and Javadi [15] studied the supersonic flutter analysis of a conical shell
with arbitrary boundary conditions. It was observed by them that the critical aerodynamic pressure is more
dependent on the boundary condition at the large edge of a conical shell than on the boundary condition at the small
edge. Amirabadi et al. [16] examined the free vibration analysis of a spinning two-directional FG GNP-enriched
conical shell. They discovered that to achieve higher natural frequencies, it is more beneficial to disperse the GNPs
near the small radius and inner surface of the shell. The supersonic flutter characteristics of a three-phase laminated
composite conical-conical shell made of polymeric epoxy enriched with GNPs and glass fibers were examined by
Nasution et al. [17]. It was reported by them that a small growth in the percentage of the GNPs brings about
significant growth in aeroelastic stability. Houshangi et al. [18] examined the aeroelastic stability of a sandwich
conical shell with a magnetorheological elastomer (MR) core. It was discovered by them that the critical
aerodynamic pressure can be raised by growing the density of the magnetic field. Amirabadi et al. [19] focused on
the supersonic flutter behavior of a truncated conical shell with variable thickness. It was concluded by them that in
order to enhance the aeroelastic stability of conical shells, it is more useful to raise the thickness from the small
radius to the large one. Afshari et al. [20] provided a semi-analytical solution to examine the aeroelastic stability
analysis of CNT-enriched polymeric truncated conical shell incorporating the CNTs agglomeration. It was observed
by them that dispensing the CNTs near the inner and outer surfaces enhances the aeroelastic stability.

In Ref. [20], the impacts of nanofillers (CNTs) on the flutter behavior of a conical shell are discussed. In Ref.
[20], it is supposed that the CNTs are dispersed based on various one-dimensional patterns along the thickness
direction. To expand this research, the flutter behavior of a two-directional FG GNP-enriched truncated conical shell
is studied in this paper for the first time. Investigating the flutter analysis of a truncated conical shell reinforced with
two-directionally graded GNPs provides more general results. These results help designers and engineers to achieve
better aeroelastic characteristics for GNP-reinforced conical shells used in future aerospace vehicles. Modeling of
the shell is done utilizing the FSDT and modeling aerodynamic pressure provided by the external fluid flow is
performed using the piston theory. The influences of several parameters on the flutter boundaries are investigated
such as the dispersion pattern and mass fraction of the GNPs, gradient indices, the semi-vertex angle, and boundary
conditions at both ends. The results of this work can be utilized to improve the design of structures in aerospace
engineering to enhance the aeroelastic stability characteristics.

2 MATERIAL PROPERTIES

As schematically depicted in Figure 1, consider a truncated conical shell exposed to supersonic fluid flow of density
P and velocity U,. The geometrical characteristics are thickness (%), semi-vertex angle (y), length (L), small radius
(a), and large radius (b).
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Fig.1
Geometrical parameters of a truncated conical shell subjected to fluid flow.

The shell is made of a matrix enriched with GNPs which are dispersed according to various patterns. The volume
fractions of the GNPs (F)) and the polymeric matrix (F),) are presented as follows:

F,_(Z,x):E*f(z,x), Fm(z,x)zl—Fr(z,x), (1)
where F", is the total volume fraction of the GNPs which is related to the mass fraction of the GNPs (g*,) as [21]

*
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gr+p( g)

m

and f{x,z) is considered for four selected dispersion patterns as follows [16]:
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in which #n, and n, are gradient indices and for n,=n.=1, the GNPs dispersion patterns are shown in Figure 2, and the
relevance of the dispersion pattern of the GNPs on the power-law indices for type 4 is shown in Figure 3.

It should be stated that to have a fair comparison between the dispersion patterns, Eq. (3) is regulated to result in
the same value of the mass fraction (percentage) of the GNPs for all dispersion patterns. It can be checked using the
relation below:

Lh '
2
Employing the rule of mixture results in the relations below for the density (p) and the Poisson’s ratio (v) [22]:
v=Fv, +Fv.,, p=F,p, +F.p, (%)
in which, here and in what follows, the subscripts m and r respectively represent the matrix and the GNPs,

ijF x Z)dde— 4)
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Utilizing the Halpin-Tsai model results in the relation below for the elastic modulus (E) of the shell [23]:
3(1+Fém) S(1+EEn,)|E,

, (6)
1-Fn, 1-Fn, 8
in which
-1 -1 _E 2 2w,
"hve M Thve TTE) - h - h’ @)
where 4,, [, w,, and respectively show the thickness, length, and width of the GNPs.
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Fig.2
The GNPs dispersion patterns for n,=n_=1.
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Fig.3
The effects of power-law indices on the dispersion pattern of GNPs for type 4.
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3 DISPLACEMENT, STRAIN, STRESS

The oldest and simplest theories presented for shells are classical ones such as Donnell’s, Flugge’s, Love’s, and
Sanders’ shell theories. In such theories, transverse components of stress tensor and rotational inertia are ignored
and the corresponding results are reliable only for thin shells. In the FSDT, the transverse components of stress
tensor and rotational inertia are included but the distributions of transverse components of stress tensor are not
accurate enough. This shortage can be made up using the shear correction factor and the results obtained by this
theory are reliable for both thin and moderately thick shells. It is noteworthy that to provide results reliable for thin,
moderately thick, and thick shells, the higher-order shear deformation theories can be utilized which provide higher
volumes of equations and computational efforts [4].

Utilizing the FSDT, the relations below can be used for the displacement field [24]:

u, (t,z,@,x) =u (t,@,x) +zy, (I,Q,x),
u, (t,z,H,x)zv(t,H,x)+Zl//g (I,Q,x), ®)
u, (t,z,@,x) = w(t,H,x),

in which u;, u, and u; sequentially represent the displacement along x, 6, and z directions, and u, v, and w show the
corresponding displacement in the middle surface of the shell.
The relations below provide the strain-displacement equations [25]:

—y 26, = _cosy,  Low
’ ox oz r r 06
LSy, Ao ey, O o o
r r 00 r 0z Ox
g =24 26, =10 On _siny,
oz ’ r o060 Oox r
where r=a+xsiny stands for the radius of the shells.
Using Egs. (8) and (9), the relations below are presented for the components of the strain:
%
ox oy,
£ l[usin +&+wcos j ox
= A g 4 1 oy,
1({ ow r 00
26, =3 Wy+—|—=——=—vcosy +z (10)
r\ 00 0
2e
2 ) 74 +8_w 0
" o dZ L v, _ sin
ov 1( . auj ax  rlog VetV
———| vsiny ——
ox r 00
The following stress-strain relations can be utilized for the isotropic shell:
.| [C, C, 0 0 0 |[e,
Oo G, G, 0 0 0 Eop
c,.r=| 0 0 kC, 0 0 |<2¢,, > (11)
O-):z 0 0 0 ksCSS O 28):2
O, | 0 0 0 0 Cos | (26,9
where the shear correction factor is k;=5/6 and
E E
¢, :C22:1_ 2 C,=C, =v(,, C44:C55:C66:2(1+V)' (12)
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4 GOVERNING EQUATIONS

The relation below provides the governing equations along with the boundary conditions for the dynamic analysis of
a structure:

jé T +W

n.c.

U, )dt =0, (13)

whlch is known as Hamilton’s principle, where ¢ is called the variational operator, ¢ is time, ¢; and ¢, are two
arbitrary moments, and T, W,., and U respectively represent the kinetic energy, the work done by non-
conservative loads, and the strain energy.

The relation below provides the variation of the kinetic energy:

ST = J-H [Gul 0du, auz odu, +%85u3jdV, (14)

ot ot 8t ot ot ot

in which V stands for the volume (dv=dzdS), and dS shows the surface of the shell (dS=rdxd6).
Utilizing Eqgs. (8) and (14), the kinetic energy is represented as follows:

5T = H [85u8u aav@+acswa_wj”1 oSy, u_ 05u dy, 23Sy, ov 35v v,
o o oo o o o o a o o o a o

15)
o, 00y, Oy, . 00Y, v, ds.
ot ot ot ot
in which
S(x)] 5 [1
Jl(x) =I z p(x,z)dz. (16)
J(x)] 2|2
The relation below provides the variation of the strain energy:
5US=j£j[ B8, + 04064 +2(0, 06, +0,.08, +0,40¢,) |dV, (17)
which can be represented using Eq. (10) as
85u ooy oov ooy
SU, =2 Susiny +dweosy +— |[+—2| —L 4 Sy _sin
H[ M=o rﬁuywyaejr(ae lej
, l@——Smydw@ o, |9V 1OV, Vo G (18)
r 060 r Ox ’ ox r 06 r
oow cosy 1 00w
+ |+ ov+———+0y, ||dS,
sz( ax j QHz( r ae j:|
where
NXX ﬁ O-XX ﬁ MXX ﬁ O-XX
2 sz 2 O-xz 2
Ny (= [ 10w pdz, {Q }:j{a }dz, My p= [0y, p2dz, (19)
Nx@ _g O-XH ” _g ” MXH _g O-XG
which can be presented utilizing Egs. (10) and (11) as follows:
ou
ox
N A, A, B, B
- w4 Su B L usiny+ﬁ+wcosy
No 4, A, B, By||r 00
- , (20)
ML\’ Bll BlZ Dll DIZ al//x
MHB Bl 2 B22 Dl 2 D22 ax
: oy,
00
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ov
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where

A,.j(x) % 1
By(x)p=[12C(zx)dz, i,j=1,2,4,56. 1)
Di].(x) ’% z*

As stated, the shell is exposed to the aerodynamic pressure (p) created by the external supersonic fluid flow. The
relation below provides the variation of the work (virtual work) done by this non-conservative load:

ow,. = [[ pswds. (22)
S

According to the piston theory and by neglecting the aerodynamic damping, the relation below provides the
aerodynamic pressure [26, 27]:

n ow
0,0)=—w-g 22, 23
p(x.0.1)=—"w=&— (23)
in which
1
n=p UM (M2-1)' L £ = p UM (M2 1), 4

where M,,=U.,/U, is the well-known Mach number and Uj is the velocity of sound. In Egs. (23) and (24), ¢ is known
as the aerodynamic pressure coefficient and plays the dominant role in the instability of a structure exposed to
supersonic fluid flow. Also, 7 incorporates the effect of the curvature of the structure and is not as effective as the
aerodynamic pressure coefficient in determining the flutter boundaries [28].

Substituting Eqgs. (15), (18), and (22) into Hamilton’s principle provides the relations below as the governing
equations:

10N, ou | Oy,

ON_ siny
Sl 2PN N, )ty Z =0,
o (Noi=Noy) rog o o
10N,, 2siny cosy oN, v 0w,
—Tw N, + 0 _ g 2 Y =0,
r 00 r oy o ox Yo T o
cosy 00, siny 100, o’w
- N, +—22 4 LA +p=0, 25
00 ax P Q)Lz ’ ag 0 atz p ( )
oM siny 1oM, o’u o’y
e 2N (M M)+~ * =0,
ox (M.~ Mo) ;oo =Tl
. 2 2
laM%-l-aMw+2$m}/MX9—Q92—J18V 8!//9=0’

r o0 o o o
and the relations below as the boundary conditions:

Clamped (C): u=v=w=0, y, =y, =0,
Simply supported (S): v=w=0, w,=0, N_ =0, M_=0, (26)
Free (F): N, =N,=0.=0, M =M, =0.

By substituting Eqgs. (20) and (23) into the governing equations (Eq. (25)) and employing the following solutions
[29]:
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u(t,@,x) U(x)

w(t,0,x) ¢ =W (x)e” cos(mb),

v, (t,@,x) X(x) m=0,1,2,3,... 27
(x)

o) =l sntmo)

in which o is an eigenvalue and m is known as the circumferential wave number, the following set of governing
equations can be obtained:

0 (JU+J X)+ 4,U" + (4] + A~ siny JU'+] 4 siny — (4, sin’ y + Agm® ) [U
(A + A )V +m| Ar™ = (A, + Ay )7 siny [V + Ay cosy W

+cosy (Al = Ayr siny )W+ B, X" +(B], + B,r ' siny) X'

+| Bl siny —(Bysin’ y + By’ )1 | X +m(B, + By )r 0 +m[ By =(B,, + By )r siny |© =0,
@ (JV +J,0)=m( Ay + A ) r U =m| A +(Ayy + A )17 siny [U + A"

(g + Ay siny )17 =[ i siny +(Aym’ +k Ay o8’y + Agsin® y ) |V

—m( Ay, +k Ay )17 cosyW —m(B,+ By ) r X' —m| Blr™ +(By, + By )7 siny | X + B,,©"
+(Big + By siny ) @' +[ (k, Ay cosy - Bigsiny) ' =(Bym’ + By sin® y)r |0 =0,
—@ I = Ayr cosyU" =054, sin 27U —m( 4y, +k Ay )12 cos yV

e A"+ (e Ay e Ay siny = EYW' [ (4, 008y + K, Aym® ) 0.5 W

+(k,Ass =B,y cosy ) X' +(k, Al +k, Ar ™ siny —0.5B,,r sin 2y ) X (28)
+m(k, Ayr™ = By,r cosy )@ =0,

0 (JU +J,X)+B,U"+(B, + B, siny)U'+[ By siny —(By,sin’ y+ Bym’ ) [U
+m (B, + By )r V' +m| Bl —(By, + By )1 siny |V —(k, Ass = Br™' cosy )W’

+cosy (Blyr™ = Byr” siny )W+ Dy X" +(D}, + D, siny ) X'

[ A =Dl siny + (D sin® y+ Dyg® )1 | X +m(Dy, + Dy )70

+m| Dlyr™ =(Dy, + Dy )1 siny |© =0,

0 (S +J,0)=m(B,, + By, )r'U'—m| Bjr™" +(By, + Byg )y siny |U + By /"

+(Big + By siny )V +[ (k, Ay cosy = Bygsiny ) =(Boym’ + Bygsin® y)r |V

+m(k, Ayr™ = Bpyr™ cosy )W =m(Dy, + Do )™ X' =m| Digr™ +(Dy, + Dy ) siny | X
+D3e®" +(Djs+ Doy siny ) O =[ k, Ay, + Djgr ™ siny +(Dyym” + Dy sin” y) > |© =0,

in which prime shows derivate with respect to spatial coordinate x.
Substituting Egs. (20) and (27) into Eq. (26) brings about the relations below for the boundary conditions:
Clamped (C):
U=V=W=0, X=0=0.
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Simply supported (S):

V=w=0, ©=0,

AU+ A,r ' sinyU + B, X'+ B,r 'siny X =0,

B\ U'+B,r 'sinyU+ D, X'+ D,r "' siny X =0.

Free (F):

AU+ A,r " sinyU +md,r'V + A,r~ cosyW + B, X'+ B siny X + mB,r'©=0,
—mA U+ AV — Agr™ sinyV —mBr™' X + B,,® — Br ' siny® =0,

W'+X=0

B,U'+Br ™" sinyU +mB,r™'V +B,r™ cosyW + D, X'+ Dr™' siny X + mD,r'® =0,
~mByr U+ B V' = Begr ™ sinyV —mDyr ' X + Dyy®' — Dy v siny @ =0,

29)

5 SOLUTION METHODOLOGY

Due to the mathematical intricacies that appeared in the governing equations (Eq. (28)) and corresponding boundary
conditions (Eq. (29)), finding an exact solution is not possible for authors. Thus, a numerical approach is employed
in this section of the paper via the DQM. According to the main idea in this method, each derivative of a function
like F(x) can be calculated in terms of the values of the function at a pre-selected set of points as [30]

{fle} =[xV ]{F). (30)

in which, [X™] shows the weighting coefficients matrix related to the rth-order derivative and is defined as [30]
N

H(x[ -x,)

=l
)‘jvl,j ,
x0T -x) i,j=12,,..,N.

v r=1

oy G

i# ]

[X“)] - [X(l)][X(H) ] r=2,3,4,..

where N represents the number of points. The minimum number of points to achieve the convergent results depends
on the dispersion pattern of the grid points. In the current work, the following set of points (0<x<L) is employed
which is called the Chebyshev—Gauss—Lobatto dispersion pattern [30]:

x =0.5L 1—005(1_1 ;zj . i=1,2,3..,N (32)
N-1

Utilizing Eq. (30), the governing equations (Eq. (28)) are presented as
[K]{s} =0 [M]{s}, (33)
where {s} is displacement vector and [K] and [M] sequentially show the stiffness and mass matrices and are
presented in Appendix A.

Employing Eq. (30), the boundary conditions (Eq. (29)) are presented as
[H]{s} =10}, (34)

where [H] is presented in Appendix B.
Simultaneous solutions of Egs. (33) and (34) lead to inconsistency between the numbers of unknown variables
and algebraic equations [29]. To remove it, the grid points can be divided into two groups: the boundary points
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(x; and xy) and the domain ones (x, x3 ..., Xy, Xx1). By neglecting satisfying of Eq. (33) at the boundary points
(removing the rows related to the boundary point in each governing equation), the equation below is achieved:

[IE']{S} =0’ [MJ{S}, (35)

where the sign ~ refers to the corresponding non-square matrices of order (SN-10)x5N. By separating the columns of
the matrices related to the domain and boundary points, Egs. (34) and (35) are represented as follows:

(&) 4s), +[ K], (s}, = ([02], {s), +[ 1], (s}, ) (36)
[#], s), +[H], s}, =10}, (37)

where the subscripts "d" and “b” sequentially refer to the domain and boundary points.
Substituting Eq. (37) into Eq. (36) brings about the relation below:

(K" ]{s}, =’ [M" ]{s},, (38)

where

= -1 = ~ -1 ~

(K )= &] 1), (1), +[K], [M]=—{ 2] (1], [ 2], +[ ], (39)
The solution of Eq. (38) provides the eigenvalues of the shell and corresponding eigenvectors. The eigenvalues

are complex numbers and for each vibrational mode, the natural frequency (£2,,,) and the corresponding damping

ratio ({,,) can be calculated in terms of the absolute value (| |), real part (Re), and imaginary part (Im) of the

eigenvalue w,,, as [31]

R
an :Im(a)mn)’ é/mn :_M

|oo

mn

) (40)

where the first subscript (m=0,1,2,...) refers to the circumferential wave number and the second one (n=1,2,3,...)
refers to the meridional mode number.

The damping ratio is a dimensionless parameter as described in Eq. (40). The dimensionless forms of the
aerodynamic pressure (¢) and the natural frequencies are defined accordingly:

. 10%¢ P
=T > ﬂ'nm = Qnma _’”. 41
s VE 41

By increasing the aerodynamic pressure generated by the external fluid flow, the damping ratios and natural
frequencies are influenced in all vibrational modes. In a special (critical) value of the aerodynamic pressure, the
damping ratio of a vibrational mode (flutter mode) declines to negative values ((,,,<0), which results in aeroelastic
instability (flutter phenomenon).

6 NUMERICAL RESULTS

Numerical examples are presented in the current section. The boundary conditions at both ends of the shell are
shown utilizing two capital letters which represent the conditions at x=0 and x=L, sequentially. Except for the cases
that are described directly, A CC truncated conical shell of a=1 m, L/a=2, y=30°, and /#/a=0.02 is chosen. The main
material of the shell epoxy reinforced with GNPs (£,=2.1 GPa, v,=0.34, p,=1150 kg/m3, E,=1.01 TPa, v,=0.186,
»,=1060 kg/m3, [,=2.5 pm, w,=1.5 pm, h,=1.5 nm) [32-34] ofg*,IO.Ol (1 %) dispersed based on type 4 of n,=n.=1.

6.1 Convergence and Verification

For £'=2, the variation of the dimensionless natural frequencies versus the variation of grid points is depicted in
Figure 4 for some selected vibrational modes (m=0,1 and n=1,2,...,8). As this figure shows, by growing the number
of grid points, convergent results can be achieved. Hereafter, the results are reported using N =15.
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Convergence of the provided solution.

Four examples are presented in this section to confirm the precision of the presented work. As the first one,
consider an SC homogenous isotropic conical shell of v=0.3, y=45°, h/b=0.01, and Lsiny/b=0.5. By neglecting the

effect of aerodynamic pressure (¢'=0), the dimensionless natural frequencies (4., =Q b./p, (l—vfn ) /Em ) are
presented in Table 1 for m=0,1,...,.9 and n=1 alongside those reported by Liew et al. [35]. As observed, the
maximum discrepancy is 0.14 % which shows a good agreement between the present results predicted based on the
FSDT and those predicted by Liew et al. [35] based on Love’s shell theory. It should be noticed that for thin shells,
there are good agreements between the results obtained based on the FSDT and those obtained based on a classical
shell theory. But as the thickness of the shell grows, classical shell theories lose their accuracy, and discrepancies
between the results obtained based on them and those obtained based on the FSDT increase.

As the second example, consider a CF conical shell of a=3.35 in, b=5.58 in, Lcosy=12 in, #/=0.01 in, made of Type

304 stainless steel (E=193 GPa, v=0.29, p=8000 kg/m") with no external fluid flow (¢*=0). For n=1, the variations of
the natural frequencies versus the variations of the circumferential wave number (m=3,4,...,11) are depicted in
Figure 5 alongside the experimental ones presented by Platus [36]. As this figure shows, there is an acceptable
agreement between the numerical results predicted in the present work and the experimental ones presented in Ref.
[36] which confirms the accuracy of the presented work.

Table 1
The dimensionless natural frequencies of a homogenous isotropic conical shell.
m 0 1 2 3 4 5 6 7 8 9
Present 0.8694 0.8115 0.6611 0.5246 0.4318 0.3825 0.3734 0.3980 0.4468 0.5117

Liewetal. [35] 0.8691 0.8113 0.6610 0.5244 0.4316 0.3822 0.3732 03980 0.4472 0.5124
Discrepancy (%) 0.03 0.02 0.02 0.04 0.05 0.08 0.05 0.00 0.09 0.14
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Fig.5
The variations of the natural frequencies of a CF conical shell versus the variations of the circumferential wave
number.

The natural frequencies (kHz) of a on’:-izili)::ciional FG GNP-enriched conical shell.
m n UD FG-V FG-A
Present  Afshari [37] Present Afshari[37] Present Afshari[37]
1 1 03105 0.3105 0.3105 0.3105 0.3099 0.3099
2 0.3892 0.3892 0.3871 0.3871 0.3886 0.3886
304971 0.4971 0.4927 0.4927 0.4950 0.4950
4 0.5657 0.5657 0.5536 0.5536 0.5566 0.5565
2 1 0.1807 0.1807 0.1780 0.1781 0.1794 0.1794
2 0.369%4 0.3694 0.3638 0.3639 0.3664 0.3663
3 04975 0.4975 0.4836 0.4837 0.4869 0.4868
4 0.6248 0.6248 0.5996 0.5997 0.6037 0.6035
3 1 0.1518 0.1518 0.1428 0.1432 0.1451 0.1447
2 03137 0.3137 0.3013 0.3017 0.3049 0.3045
3 0.4589 0.4589 0.4384 0.4387 0.4428 0.4424
4 0.6082 0.6082 0.5739 0.5743 0.5793 0.5788
4 1 0.1901 0.1901 0.1727 0.1735 0.1763 0.1755
2 0.3264 0.3264 0.3023 0.3032 0.3076 0.3066
3 0.4699 0.4699 0.4370 0.4379 0.4433 0.4423
4 0.6285 0.6285 0.5822 0.5831 0.5895 0.5885

As the third example, consider a CS truncated conical shell (¢=0.5 m, L/a=4, y=20°, h/a=0.1) made of epoxy
(v,=0.34, E,=3 GPa, p,=1200 kg/m’) enriched with GNPs (v,=0.186, E,=1.01 TPa, p,=1060 kg/m’, =1 pm, w,=0.5
um, 2,=0.5 nm) of g*,IO.Ol dispersed along the thickness direction. Several one-directional dispersion patterns of
GNPs through the thickness direction are selected including uniform dispersion (UD) pattern (type 1, n,=n.=0), FG-
V pattern (type 1, n,=0, n,=1), and FG-A pattern (type 2, n,=0, n,=1). By neglecting the effect of aerodynamic
pressure (& =0), the natural frequencies in the first to fourth vibrational modes (n=1,2,3.4) are reported in Table 2 for
m=1,2,3,4 along with those predicted by Afshari [37]. Also, the corresponding vibrational mode shapes are provided
in Figure 6 for UD. As shown in Table 2, the results of the presented work agree with those reported by Afshari in
Ref. [37] which proves the precision of the current work.
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Table 3
The critical aerodynamic pressure for an SS homogenous isotropic conical shell.
Present Mahmoudkhani et al. [14] Rahmanian and Javadi [15] Nasution et al. [17]
A, 554.15 570 566.4 548.89

As the fourth example, consider a simply supported (SS) homogenous isotropic conical shell of v=0.29,
E=44.8175 GPa, p=8900 kg/mz, 0=5°,a=191.719 mm, 4=1.2954 mm, and L=1.5586 m. Figure 7 shows the variation
of the natural frequencies and corresponding damping ratios versus the variation of the aerodynamic pressure

(A=12 (1 v’ ) pUla’M? /Eh%/Mfc —1) in dimensionless forms for For m=5 and n=1,2. As this figure shows, in a

special (critical) value of the dimensionless aerodynamic pressure (A.=554.15), the natural frequencies of modes
(m,n)=(5,1) and (m,n)=(5,2) coalesce and the damping ratio of the mode (5,2) becomes a negative value which
results in unstable oscillation called flutter. The critical values of the aerodynamic pressure in dimensionless form
(4.,) presented in other works are presented in Table 3. As discovered, good agreements exist between the present
results and those reported in Refs. [14, 15, 17].

6.2 Parametric Study

A parametric investigation is presented in the current section to discover the impacts of several parameters on the
flutter boundaries including mass fraction and dispersion pattern of the GNPs, gradient indices, boundary conditions,
and the semi-vertex angle. As Figure 7 shows, the predictions of the critical aerodynamic pressure utilizing the
damping ratios and the natural frequencies result in the same results. Thus, in what follows, the critical aerodynamic
pressure is determined utilizing the variation of the natural frequencies versus the variations of the aerodynamic
pressure. As it is impossible to guess the flutter mode between the vibrational modes, in this paper, the variations of
the natural frequencies versus the variations of the aerodynamic pressure are explored for m=0,1,2,...,5 and
n=1,2,3,...,8, and the flutter mode is determined between these 48 vibrational modes. It is noteworthy that the
variation of all these vibrational modes versus the variations of the aerodynamic pressure is not depicted in what
follows and only two coalesced vibrational modes associated with the flutter are illustrated.

By neglecting the effect of aecrodynamic pressure (¢=0), Figure 8 shows the variation of the first eight natural
frequencies (n=1,2,..,8) in dimensionless forms versus the variation of the circumferential wave number
(m=1,2,...,20). This figure reveals that by growing the circumferential wave number, the natural frequencies for
n=1,2,..,5 experience an initial reduction followed by an increase, and the natural frequencies for n=6,7,8 experience
an initial growth and a secondary reduction followed by an increase.
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m
Fig.8
The relevance of the natural frequencies on the circumferential wave number.
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The impact of the mass fraction of GNPs on the critical aerodynamic pressure is studied in Figure 9. Due to the
high value of the elastic modulus of the GNPs rather than the polymeric matrix, subjoining the GNPs to the matrix
enhances the stiffness of the shell and brings about higher aeroelastic stability. This figure reveals that the mass
fraction of GNPs has no impact on the flutter mode and by growing its value from 0.25 % to 1 %, the critical
aerodynamic pressure experiences more than 141 % enhancement.

The flutter boundaries of a two-directional FG GNP-enriched truncated conical shell for the various types of
dispersion patterns of the GNPs are investigated in Figure 10. This figure reveals that the lowest critical
aerodynamic pressure belongs to type 1 and the highest aeroelastic stability can be achieved when the GNPs are
dispersed based on type 4. Thus, according to Figure 2, it can be claimed that to achieve higher aeroelastic stability
in the GNP-enriched truncated conical shells, it is more useful to disperse the GNPs near the small radius (x=0) and
the inner surface of the shell (z=-0.5%). To show the high importance of the dispersion pattern on the GNPs, it can be
concluded from Figure 10 that the critical aerodynamic pressure for type 4 is about 182 % higher than for type 1.
Figure 10 also shows that the flutter mode might be influenced by the dispersion pattern of GNPs along the
meridional direction.

The relevance of the flutter boundaries on the power-law index n, is explored in Figure 11. As observed, the
aeroelastic stability improves by growing the value of the power-law index n,. In conjunction with Figure 3, it can
be claimed that to enhance the aeroelastic stability, it is more helpful to use a smoother variation in the variation of
the mass fraction of the GNPs in the meridional direction.
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The effects of the mass fraction of GNPs on the flutter boundaries.

Journal of Solid Mechanics Vol. 15, No. 4 (2023)
© 2023 TAU, Arak Branch



417 A. Shahidi and A. Darakhsh
Type 1
1447 ' ' ' ' !
1.43 ¢ 1
(m,n)=(0,4)
1.42¢ ]
H
= .
141} £ =518 1
147 1
'm,n)=(0,3,
1391 (m,n)=(0,3) |
5 10 15 20 25
&
Type 3
i i i " )
e (mn)=(0,2)
LosTeeeeaa, -
I L N
g
~ 095}
0 ? (mm)=(0,1) '
0.85) oo ]
5 10 . 15 20 25
¢
Fig.10

mn

g
~

Type 2

L4471

143 ¢
(m,n)=(0,4)

1.42}

1417}

1.4}
(m,n)=(0,3)

1.39

1.1

(m,n)=(0,2)

0.95

0.9

" (m,n)=(0,1
0.85 (mm=0.1)

The effects of the dispersion pattern of GNPs on the flutter boundaries.

n =1
X
LI ' ' ' ' '
(m’n)=(0’2)

2
~50.95¢

0.9

sas| "~ (mm=(0,)

0.8

Journal of Solid Mechanics Vol. 15, No. 4 (2023)
© 2023 TAU, Arak Branch

0.8 - - -
5 10 15 20 25
&
"=
X
1150 ,
(m,n)=(0,2)
LIt 1
£ =17.58
Lost < 1
I L N
,1)=(0,1
0.951 (m,n)=(0,1)
0.9 - - -
5 10 15 20 25
¢



"= "=
* 1.25 =
1.2% " :
(m,m)=(0,2) (mm=(0.2
LI5} . 12y 1
» € =19.73 |
L1t | 115
g g
~ ~
105t 1 L1y 1
" (m,n)=(0,1)
1 1 105t (m,m)=(0,1) 1
0.95 £ i L L ! L . 1 L L L L L
5 10 15 20 25 5 10 15 20 25
& 13
Fig.11
The effects of the power-law index #, on the flutter boundaries.
n =1
Z
L1 : : : : : L1
(m,1)=(0,2) '
L5
1t 7t
s & =14.5882 s
50957 er ~50.95¢
0.9} 0.9
’ m,n)=(0,1
0.85 [ ( ) ( ) 0‘85 L
0.8 : : : : : 0.8
5 10 15 20 25
&
"=
L1 ! L1
{ma)=(0,2)
Lost
1t - A
_ £ =15.4442 _
<5095} ~50.95¢
0.9} . 0.9}
{ma)=(0,1)
0.85t 0.85¢
0‘8 1 I 1 I 1 0-8 I L 1 1 1
5 10 15 20 25 5 10 15 20 25
£ £
Fig.12

On the aeroelastic stability of a two-directional FG ....

418

The impacts of the power-law index n, on the flutter boundaries.

Journal of Solid Mechanics Vol. 15, No. 4 (2023)
© 2023 TAU, Arak Branch



419 A. Shahidi and A. Darakhsh

The relevance of the aeroelastic stability on the power-law index #n, is explored in Figure 12. As shown in this
figure, the aeroelastic stability experiences a small growth by growing the power-law index n.. In conjunction with
Figure 3, it can be claimed that to reach higher aeroelastic stability, it is more beneficial to disperse the GNPs near

the inner surface of the shell.
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The effects of boundary conditions on the flutter boundaries.
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Figures 11 and 12 show that the power-law indices n, and n, do not affect the flutter mode. It can be concluded
that growth in the power-law index n, from 1 to 4 brings about a more than 35 % increase in the critical
aerodynamic pressure and growing the power-law index n, from 1 to 4 leads to less than 6 % growth in the critical
aerodynamic pressure. In other words, the variation of the mass fraction of the GNPs along the meridional direction
has a stronger impact on the flutter boundaries in comparison with the variation of the mass fraction of the GNPs
along the thickness direction.

Figure 13 is provided to check the relevance of the flutter boundaries on the boundary conditions at both ends of
the shell. It is shown by other authors that the more constrained condition at the edges of the shell brings about
higher natural frequencies and the condition at the large radius of the shell (x=L) has a more remarkable impact on
the natural frequencies than the condition at the small radius of the shell (x=0) [38]. In other words, it is shown by
other authors that the highest natural frequencies belong to the CC shell. Figure 13 shows that the flutter mode is
dependent on the boundary conditions and for this case study, the highest aerodynamic pressure belongs to the CS
shell. Figure 13 reveals that the highest aeroelastic stability does not necessarily belong to the CC shell and the more
restricted condition at the edges of the shell may not result in the higher aerodynamic pressure.
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The influences of the semi-vertex angle on the flutter boundaries.
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The effect of the semi-vertex angle on the aeroelastic stability is investigated in Figure 14. By considering
specific values for the small radius and the length of the shell, an increase in the semi-vertex angle increases the
radius of the shell which leads to a growth in the inertia and a decrease in the stiffness of the shell [39]. Thus, as
Figure 14 shows, the critical acrodynamic pressure of the shell experiences a reduction by growing the semi-vertex
angle. As this figure shows, the flutter mode is not influenced by the semi-vertex angle, and by increasing the semi-
vertex angle from 15° to 60°, the critical aerodynamic pressure experiences about 62 % reduction. In other words, a
cylindrical (y=0) shell of radius 7=a is more stable against the supersonic fluid flows than a truncated conical shell of
small radius 7=a. Thus, if it is necessary to use a truncated conical shell (for example to affect thermodynamic
characteristics), the smaller semi-vertex angles should be preferred.

The effects of the thickness-to-small radius ratio on the flutter boundaries are investigated in Figure 15. This
figure shows that an increase in the thickness of the shell brings about a higher rigidity and improves the aeroelastic
stability of the shell. By increasing the thickness-to-small radius ratio from 0.015 to 0.0225, the critical aerodynamic
pressure experiences about 120 % enhancement. Although it is a significant improvement, the mass of the shell
grows by increasing the thickness which is not a desired item in aerospace structures.

The influences of the length-to-small radius ratio on the flutter boundaries are studied in Figure 16. As observed
in this figure, the aeroelastic stability dramatically decreases by increasing the length of the shell. The reason behind
this is the reduction in the flexural rigidity of the shell created by the increase in the length. As observed, by
increasing the length-to-small radius ratio from 1.5 to 2.25, the critical aerodynamic pressure experiences about 41
% reduction.
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The impacts of the thickness-to-small radius ratio on the flutter boundaries.
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The impacts of the length-to-small radius ratio on the flutter boundaries.

7 CONCLUSIONS

The supersonic flutter analysis of a two-directional FG GNP-enriched truncated conical shell was studied in the
current work. Modeling of the shell was performed using the FSDT and modeling of the aerodynamic pressure
created by the external fluid flow was performed utilizing piston theory. The main findings of the paper are listed in
the statements below:
Subjoining the GNPs to the polymeric matrix expands the flutter boundaries of the shell.
To achieve higher aeroelastic stability in the GNP-enriched truncated conical shells, it is more beneficial to
disperse the GNPs near the small radius and inner surface of the shell.
The variation of the mass fraction of the GNPs along the meridional direction has a stronger impact on the
flutter boundaries in comparison with the variation of the mass fraction of the GNPs in the thickness direction.
The more restricted conditions at the edges of the shell (utilizing clamped edges rather than simply supported
ones and simply supported edges rather than free ones) bring about higher natural frequencies but they do not
necessarily result in higher aeroelastic stability.
To achieve higher aeroelastic stability of a conical shell, the smaller values of the semi-vertex angle and length,
and higher value of the thickness should be utilized.
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APPENDIX A
) (5] [0] [0] [n] [o]]
e [kl e [s] [o] [n] [o] [o] [£]
v =W [K]=| 2 8 [M]=] 0] [o] [4,] [o] [o] |, (A-1)
X [ks] oo [ss] (4] [0] [o] [£] [0]
{ej L[o] [4] [o] [o] [£.]]

where [0] .y and Iy.y respectively stand for zero and the identity matrices and [Iy], [1;], and [I,] are the following
diagonal matrices:

(] =7 (A-2)
Also, [ki;]-[kss] are defined as

[k.]= [an][X(z)]+([da”]+sin y[an][Rl])[xﬂ+smy[dau][Rl]_(sm2 yay]+m* [a,])[R,].
(ko] = m{([a ]+ [a DR ][ X" ]+ [day, (R ] sin ([ ]+ [as D[R. ]}
[ks]= cosy[a, ][R ][ X" ]+ cos y[day, ][R, ]-0.5sin 2y [a, ][R.],
] = (B ][ X |+ ([t )+ siny B, JIRD)[ X |+sinp[db, [R] = (sin® 7 b ]+ m* (B ])[R.]:
[kls]=m{([bu] [ IR A® |+ )[R ]=sin 7 ([b2]+ [bec [ R: ]}
[l )= =m{(an] +[a R X" |+ [dag ][R ]+ siny ([ ]+ [a D[R.]].
[ ] =[ag ][ X |+ ([dag, ] +siny [ag ][R ])] X' ] siny[dag ][R ]
( *[a,, |+ &, cos’ y[a,, ] +sin’ y[aéé)
[k, ] = —meosy ([ay ]+ &, [a,])[R.],
(ke = =m{ (1] [ DR [ X0 | [be )[R Jsin ([Bas ]+ [Bic ][R}
] = [beo ][ X |+ ([ ]+ siny [ J IR )] X" ]+ (K, cosy[ay, ] -siny[dby )[R ]
—(m? [by,]+sin’ y [by ][R, ]. (A-3)
[k ] = —cosy[a, ][R ][ X" ]-0.5sin2y[a,, ][R, ],
[kzz]z_mCOSV([a22]+k [“44])[R2]’
[ks ] k[ass][ P+ (k, [dass ]+ k, siny [ags )[R ] -&1) X" ]
cos” y[ay, |+ km’ [a,,])[R,]+0.57[R,].

/\

] = (K, [ass] = cos [, JIR )| X |+ &, [das ]+ &, sin y [ag; ][R ]-0.5sin 27 [b,, ][ R. ],
[kys] = m(k [a, ][R ]-cosy[by][R,]).
[k ]=[Ba][ X ]+ ([aby ] +siny [, JIR])| 4" [ +siny [db, ][R ] =(sin’ y [b, ]+ m? b, ])[R. ],
k] = m{([bn ]+ [ DRI X ]+ [db ][R ] - sin (5] + [b ) [R.]}-
[k ] = = (k, [ass ] cos y [b, ][R ]) X |+ cosy[dby, ][R ]-0.5sin 2y [b,, ][R, ],

]

[k =[d11][X(2)} ([dd11]+5in7[d11][R1])[X(l)]_k.v [ass]+siny[dd,, ][R ]

~(sin® y [dy, ]+ m? [dy )[R, ).
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[k,]= m{([dlz]+[d“])[Rl][X(I)J+[dd12][R1]—sin;/([d22]+[d66])[R2]},
[k )= =m{([6 ]+ [ ) [RI[ X" [+ [ R J+siny (b ]+ [ D[R]}
[k52] = b66]|:X(2):|+([db66]+Siny[b66][Rl])|:X(l):|+(ks cos;/[a44]—Siny[db“])[Rl]

[

(mz [b, ]+ sin® 7[b66])[R ]

mik [au][R]-cosy[b,][R,]}.

J==m{([ds ]+ [de RN X" |+ [de ][R ] +sim ([ ]+ [ds D[R}
[ ] [dgs ][ X )+ ([dd ]+ sim y [ ][R )] X" =k, [y, ] —siny [ddg ][R ]
( *[dy, ] +sin’ }/[d“])[ R],

where some diagonal matrices are defined as

1 1
[Rl],«,« = o [Rz]ii = [apql =4, 5z, ® [bpq :|,-,- =B,
I:d pq:| _B;)q —

[dﬁq ]ii - qu x=x; [dam ]ii - A'

[k]

_ 2
x=x;

X, [ddﬂq ]ii - Df'?q

X=x;

APPENDIX B

(Ho) (He) {Ho) (o) (He

where {H,}—{H,} are related to the condition at x=0 and are presented in the relations below:

Clamped(C):
_ {11} =J
{H,}= {{OhN v i,j=12,...5.
Simply supported (S):
AIOI{ }+A1°2a siny {1, } =11
B { }+Bloza siny{f,}  ij=14,41
{Hij}: Dlol{ }+D°a siny I1 ij =44 bj=12,....5
() j =22,33,55
{0}, else

424

(A-4)

(B-1)

(B-2)
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N dla siny {1}, {H,}=mdba™ {1}, {H,}=4% cosy{l},
+Bl°2a s1n7{ll, {Hs} =mBha™ {1}, {H,}=-mdga'{I},
iny{li}, {Hn}={0}, {Hauj=-mBga"{I},
B&a siny {1}, {Hy}={Hy}={H}={0},,. {Hu}={x"},
={1,}, {Hy} =B\ {x"}+Bha siny {1}, {H,}=mBja" {1},

= B%a " cosy {1 } (H,) = Dg{ }+D°a siny{L,}, {H,}=mD%a" {1},
=-mBia {1}, {Hy}=By{X"}-Bla " siny{L}, {Hy}={0},,,

(Hy,) =-mDa™ {1}, {HSS}:D;; (x| -Dpasiny {1},

in which the superscript 0 indicates the value of the coefficients at x=0 and the subscript 1 is used to indicate the first
row of the matrix.
Also {H, }—{H,,} are related to the condition at x=L and are presented in the relations below:

Clamped(C):

— {]N} i=j ..
{H(5+[)j}_{{O}IXN i;tj’ l,]—LZ,...,S.

Simply supported (S):

31
_vdb;_ﬂw

::;

:}

.V_’

=

AILI{X(I)}JrAILZb’Isin;/{I } ij =61
L L Py
o B 4B siny {1}, 4= 64,91 i=6,7,...10.
{ if}_ D}, {X](\;}-‘rDLb s1n;/ } ij =94 j=12,..,5
() ij =72,83,105
{0}, else
Free(F) (B-3)

}=m4, bl{IN}, {Hg}=A50" cosy{l,},
j=mBib {1y}, {Ho )= —mAgh {1},
i n}:{OhW {Hou} = —mBeb™ {1},
I b={Ho) = {Hs} =10}, {Hs}={xD}.
“ (L) {Ho) =B (X s Bl sing (1), (Hy )= mBLb {1, ),
=BLb " cosy{l,}, {H,}
Hy}==mBib™ {1}, {Hp}=Bi XV} =BLb  siny {1,}. {H}={0},.

{H104}_ mDsL()b {]N}9 {Hms} D(vL(y{X(l} DéLébilsiny{IN},

in which the superscript L indicates the value of the coefficients at x=L and the subscript N is used to indicate the
last (Nth) row of the matrix.

=D (X |+ Db singy {1}, {Hys}=mDib™ {1},
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