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ABSTRACT

In this paper, the mechanical fracture problem of a half-plane made of
functionally graded material (FGM) with a coating of a homogeneous
layer containing multiple interface cracks is investigated in order to
determine the dynamic stress intensity factors (DSIFs) under transient
in-plane loading. According to exponential law, the properties of
functionally graded material change continuously along y-direction.
Initially, integral transformations and dislocation of the Volterra type
of climbing and sliding edges on the interface of a FG half-plane with a
homogeneous coating leads to the numerical solution of a system with
singular integral equations. These equations which have the Cauchy
type-singularity are then obtained using the distributed dislocation
technique (DDT). Using the inversion technique in the Laplace domain,
the dislocation density on the crack faces is obtained which has led to
the determination of the DSIFs. Finally, in order to show the accuracy
and validity of this research, the final results in the form of graphs have
been compared with other references and a very acceptable conformity
has been observed. The influences of the FG parameter, coating
thickness, crack length, the variation of time and the interaction
between of cracks on the DSIFs are studied.
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1 INTRODUCTION

N recent years, FGMs which represent a new version of composite materials with continuous variation of the
elastic and physical properties, have become the research interest of many scientists due to their high performance
optimization, improved mechanical properties, and thermal corrosion resistance. To solve the differential equations
governing the medium made of FGMs, variable coefficients must be used instead of constants. From the behavioral
perspective of failure mechanics, due to the complexity of crack growth analysis of FGM materials, the study of
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DSIFs for use in more reliable designing involving FGMs can be a significant field of scientific research. In studies
conducted by researchers, it has been shown that for interface cracks, the properties of materials especially FGMs
play an considerable role in their mechanical fracture behavior. The various problems of fracture mechanics in
FGMs are solved under in-plane loading. A brief review of the articles on cracks under the in-plane load is listed
below. Ma et al. [1] studied the dynamic behavior of two collinear cracks in FGM layer bonded to dissimilar half
planes under anti-plane shear waves by the Schmidt method. The effects of the geometry of the interacting cracks,
the shear stress wave velocity of the materials and the frequency of the incident wave on the DSIFs are investigated.
The crack problem for a partially insulated interface crack between a functionally graded coating and a
homogeneous substrate subject to both thermal and mechanical loading was considered by El-Borgi et al [2]. The
problem is solved under the assumption of plane strain and generalized plane stress conditions. Chi and Chung [3]
studied the SIF of cracked multi-layered and FGM coatings of a coating—substrate composite, due to the action of
uniform normal stress on the crack surfaces. In this paper, the substrate is assumed to be homogeneous material,
while the coating consists of multi-layered media or sigmoid FGMs. A new multi-layered model for fracture
analysis of FGMs with arbitrarily varying elastic moduli under plane deformation was investigated by Huang et al.
[4]. In this investigation, the FGM is divided into several sub-layers and in each sub-layer the shear modulus is
assumed to be a linear function of the depth while the Poisson’s ratio is assumed to be a constant. The DSIFs around
two parallel cracks in a functionally graded layer bonded to dissimilar half-planes under an anti-plane incident
harmonic loading is studied by Ma et al. [5]. The Fourier transform technique is used to reduce the boundary
conditions to four simultaneous integral equations which are then solved by expanding the differences of crack
surface displacements in a series. An interface crack problems in graded orthotropic media using analytical and
computational techniques was investigated by Dag et al. [6]. Mechanical properties of the medium are assumed to be
continuous with discontinuous derivatives at the interface. Liu et al. [7] provided a method for obtaining the mixed-
mode stress intensity factors for a bi-material interface crack in the infinite strip configuration and in the case where
both phases are fully anisotropic. Guo et al. [8] studied the transient response of a coating—substrate structure with a
cracked functionally graded interfacial layer subjected to an impact load. In this study, the influences of the material
nonhomogeneity constant and the geometry parameters on the DSIFs are investigated. Li [9] analyzed the problem
of an interface crack between two bonded dissimilar semi-infinitely long orthotropic strips of finite width under
arbitrary anti-plane shear loading. The finite Fourier transform technique is used to reduce the mixed boundary value
problem to triple series equations, which are then transformed to a singular integral equation. A new multi-layered
model for fracture analysis of functionally graded materials (FGMs) with arbitrarily varying Young’s modulus and
Poisson’s ratio under plane stress-state deformation is developed by Huang et al. [10]. Chen [11] investigated
thermal fracture problem of an interface crack between a graded orthotropic coating and the homogeneous substrate
by two different approaches. In this paper, the influence of material gradient parameters and material distribution on
the thermal fracture behavior is presented. The plane elasticity problem of an arbitrarily oriented crack in an FGM
layer bonded to a homogeneous half-plane was studied by Long and Delale [12]. They analyzed the effects of the
crack length, crack orientation and the non-homogeneity parameter of the strip material on the fracture of the FGM
layer. Yong dong et al. [13] established the mechanical model for the dynamic fracture problem of the weak-
discontinuous interface between an FGM coating and an FGM substrate. The Cauchy singular integral equation for
the crack is derived by integral transform, and the allocation method is used to get the numerical solution. Ioka et al.
[14] calculated the stress distributions on the interface of bonded dissimilar materials with an interlayer by using the
boundary element method to investigate the effect of the interlayer on the stress distribution. The relation between
the free-edge singular stress fields of bonded dissimilar materials with and without an interlayer was investigated
numerically. Li and Fan [15] analyzed the transient response of a crack embedded in a functionally graded material
(FGM) layer sandwiched between two dissimilar elastic layers under anti-plane shear impact loads. The material
properties of the FGM are assumed to be an exponential function of the thickness. Guo and Noda [16] analyzed the
dynamic response of a functionally graded layered structure with a crack crossing the interface. By using the
Laplace and Fourier integral transforms, singular integral equation method and residue theory, the present problem
is reduced to a singular integral equation in the Laplace transform domain. Li and Lee [17] extended the concept of
weak discontinuity to the interface in FGPMs, and investigated the fracture behavior of a weak discontinuous
interface between two piezoelectric strips under electromechanical loads by the methods of Fourier integral
transform and Cauchy singular integral equation. The dynamic response of a magnetoelectroelastic half-space with a
functionally graded coating containing crack at the interface when subjected to sudden impacts is studied by Peng
and Li [18]. In this paper, by using the integral transform method, the problem is reduced to solving singular integral
equations. Torshizian and Kargarnovin [19] is considered an internal crack located within a functionally graded
material (FGM) strip bonded with two dissimilar half-planes and under an anti-plane load. The crack is oriented in
an arbitrary direction and the material properties of the strip are assumed to vary exponentially in the thickness
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direction and two half-planes are assumed to be isotropic. Cheng et al. [20] is studied a finite crack with constant
length propagating in a functionally graded coating with spatially varying elastic properties bonded to a
homogeneous substrate finite thickness under anti-plane loading. A multi-layered model is employed to model
arbitrary variations of material properties based on two linearly-distributed material compliance parameters. In
another work, Cheng et al. [21] analyzed the problem of a finite interface crack with constant length propagating
along the interface between two dissimilar functionally graded strips with spatially varying elastic properties under
in-plane loading. By utilizing the Fourier transform technique, the mixed boundary problem is reduced to a system
of singular integral equations that are solved numerically. Shi [22] investigated the problem of a doubly periodic
interface crack in a layered periodic composite under anti-plane shear loads. In this study, the shielding effect of
multiple parallel cracks and the amplifying effect of multiple collinear cracks exist simultaneously, and a coupled
effect between geometrical and physical parameters on the interfacial fracture behavior exists clearly. In recent
years, by utilizing the distributed dislocation technique (DDT), more complicated problems including several cracks
with any arrangement have been solved. A concise review of articles is presented here. The analytical solution of
two functionally graded layers with Volterra type screw dislocation anti-plane shear impact loading were
investigated by Fallahnejad et al. [23]. The energy dissipation of FGM layers is modeled by viscous damping and
the properties of the materials are assumed to change exponentially along the thickness of the layers. Bagheri [24]
studied the analytical solution of two dissimilar orthotropic functionally graded half-layers with interface Volterra-
type screw dislocation under anti-plane transient loading using linear elasticity theory. The dynamic stress intensity
factors (DSIFs) are calculated in time domain by using numerical Laplace inversion and the distributed dislocation
technique. The mixed mode analysis of multiple cracks in two dissimilar half-planes under transient loading, steady-
state condition and time-harmonic loading were calculated by Bagheri and Monfared [25-26] and Bagheri and
Enjilela [27], respectively. In these papers, in-plane loading is considered and it is assumed that the properties of the
non-homogeneous material change exponentially. Mode III DSIFs of several axisymmetric interfacial cracks in an
FGM coated orthotropic layer, transient analysis for torsional impact of multiple axisymmetric cracks in the FG
orthotropic medium and computation of mixed mode SIFs for multiple axisymmetric cracks in an FGM medium
under transient loading were analyzed by Bagherpoor and Pourseifi [28], Rabieifar et al. [29] and Monfared et al.
[30], respectively.In accordance with the review of the above literature, there is no favorable investigation for the
transient response of multiple cracks at the interface of an FG half-plane with homogeneous coating under mixed
mode loading.

In this paper, the problem of multiple cracks located between an FG half-plane substrate and a homogeneous
coating under mixed-mode loads is investigated using DDT. First, using the dislocation solution and integral
transforms in conjunction with the Lobatto—Chebyshev collocation and the Stehfest’s method [31], the singular
integral equations with Cauchy singularity form are extracted and are solved numerically for the dislocation density
on the cracks faces. Then, these solutions are used to calculate mixed-mode DSIFs for multiple interface cracks.
Consideration will be concentrated on the effects of the time variations, coating thickness, the gradient of the
material property and as well as crack interactions on transient SIFs.

2 DISLOCATION SOLUTIONS

Assuming perfect bonding between the two mediums, to reinforce the FGM half-plane, a layer of homogeneous
coating with thickness / is used as shown in Fig. 1 that contain a Volterra dislocation in the positive direction of x-
axis. The x and y indicate the Cartesian coordinate system which defines x-axis to the right along the interface and
the y-axis facing upwards in the coating thickness direction.

Homogeneous coating (1) y\|/
h

L4

FGM(II)

Fig.1
Schematic of a dislocation at the interface between the
coating and the substrate.
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In this case, since our assumption is based on the propagation of cracks in a plane, therefore the constitutive
equations in terms of elastic displacements in the half-plane FGM in the absence of body force will be written as
follows:

By

R R INRICRIO N
o

0, (0= G, o, ) @
= |

7, (x,y.0) = pe” W, +w, ) y<0
where u , v are the in-plane displacements in the x and y direction, respectively, o, .0, ,7,, are the stress
tensor components, x4, and x denotes the shear modulus of elasticity at ¢ interface and the Kolosov constant,
respectively. The Kolosov constant is & =(3—0v)/(1+v) for plane stress and xk =3—4v for plane strain, where
indicates the Poisson ratio of the material. In addition, in the above relations, comma denotes partial derivatives. By
placing Egs. (1) in the equations of motion, o, ; = p(y W, ,,(i,j) € {x,y }, these equations for the FGM half-plane

g
are easily written in terms of displacements as follows:

2
(k+Du,,, +2v,  +(x=Du,, +B(Kk-Du,, +v, )=c (k—u,,

2
(k=D +2u,  +Hx+y,  +B(k+1y, +BG—Ku, =c’(k=1,, y <0 @

Based on an accepted logical presumption and in order to simplify the solution of the governing differential
equations, the focus will be on a specific type of FGMs in which the constants of nonhomogeneous material change
according to the exponential laws as follows:

P)=pe” 3)

where p, and , refers to the material density in the y =0 location and elastic constant at interface and £ is a
constant that indicates the distribution of non-homogeneous materials. By placing £ =0 in relations (2), the

equations of motion for homogeneous coating 0 <y </ are acquired as follows:

(k+ Dy, +2v, e —Du,,, =c?(k—Du,,

' “
(k=D +20,, +Hx+y, =c*(x-1y,, 0<y <h

where 1/c = .f U,/ p, demonstrate the shear wave velocity at the interface of two materials. As shown in Fig.1, let a
Volterra glide and climb of the edge dislocations with Burgers vectors b, (¢) and b, (¢) be situated at the origin of
the coordinates with the dislocation line y =0, x > 0. According to the displacement jumps defined by the Volterra

edge dislocations, the conditions of displacement and continuous stress as well as the traction free conditions on the
boundaries governing the problem can be expressed as follows:

u(x,0",0)—u(x,0,6)=b, (O)H(x) ,v(x,0%,t)—v(x,07,¢) =b, (t)H (x)

o, (x,0,t)=0,(x,0,t) , 7,(x,0,t)=17(x,07,1)

ny (x’h’t)zo > Txy (xﬂh’t)zo (5)
lim o, =0, (i,j)eix,y} ,lim u =lim v =0
R y —>—© y >—0

where H (.) is the Heaviside step function. It is supposed that the study medium is at rest at time; hence, by applying
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Laplace and Fourier transform to Eqgs. (2) and (4) to the variables ¢ and x, respectively, and assuming that the stress
components in the far field are zero, the following results are obtained:

(k=DU,,, +B(x—DU,, 42V, +i{Pc—W " —[(k+ D)+ (x-Ds* U =0 <0
(k+ W, +Bc+1W ), #2i{U, +i SPR- WU [P (k=D +c*(x-Ds’V " =0 v ()

{(K—l)U,jy L2V (kD) +e2 (k=152 WU =0
’ . , . 0<y<h (6b)
(k+1W ), 421U, P (k=D +cX(x-1)s*Y =0

where the superscript * represents the Laplace transform, the s is Laplace variable at the time transform domain,
i =+ , ¢ is the Fourier variable, and U and V' are Fourier transforms of displacement components # and v ,

respectively. By solving the differential Egs. (6a) and (6b) for both regions y <0, and 0<y <h

, the following
results are obtained for U” and V *:

* :A Ay +A oy +A A5y +A Ay
U* (chy.5)=Ae 2€ 1€ € y <0 (7a)
Vo(gy.s) =iallAleM +ia21AzejQy +iayAze Ay +ia41A4€l4y

{U*(QV»J/,S) =CeV +Ce™ +Ce™ +C,e™

. - A , 0<y<h
V(&,y,s)=ib,,C " +ib,C,e™ +ib,Ce™ +ib,C,e™

(7b)

where {A ,C. } =1,2,3,4 are the unknown functions. The characteristic roots {ﬂj r } i =1,2,3,4 and the
functions {a b, } =1,2,3,4 are given as:

4:% [-f- \I,B —2A,+2JA2—4A, ] =% [-f- \/ﬂ —2A,-2JA2=4A, ], Re(4,4,)<0
1 1

23:2[—ﬂ+\/ﬁ2—2A3+2afA§—4A4],/14— B+ f —28, -2 Al —4A, 1, Re(4,4)>0 » <0

(8a)
DA B S DT
j {124, + B —1)]

:«/§2+czs2,rz:4#§2+0252K_1, Re(r,7,) >0
+
r=—JCtcls? ——/g +e2s ’: Re(ry,r,)<0  0<y <h (8b)

(/( l)r [ (k+ )+’ (x—1)s?]

0= j=123,4
’ 2§rj
where
2
A3=_24,2_2c Ks
K+1 )
2,252 440 . _
A424,4+2c Ks°¢ +cs(1c 1)—§2,32K 3
K+1 K+1 K+1
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Since the displacements in Eqs. (7a) should be limited at y =—o, the unknown functions 4,,4, become zero.
By taking the inverse Fourier transform, the displacement fields in Egs. (7a) and (7b) lead to the following results:

“*(X,y>S)=2LJ‘(A3el3y + AN A
r

0 v =0 (10a)
V*(xay 7S) 221_72_ J. (a31A3el3y +a41A4eA"4y )elfxdé/

. 17 : , , .y
u (x,y,s)=EJ.(Cler” 1Ce™ +Ce™ +C e e’ d
- 0<y <h (10b)

v (x,y.s) = 2’_” [uce +h,Coe™ +h,Ce™ +b,Ce™ g

Finally, using the Egs. (1), (10a) and (10b), the stress components in the Laplace domain for the two regions
under study can be expressed as follows:

G:X(x,y,s)—&j(a32 se Ay +a,A4, e)”‘”)elg‘dé'
G;y(x,y,s)—Ll)J.(an 3€ r +ay 4614))6 ad: y <0 (11a)

T‘cy (., S)— Y tay, 46/1”)910‘14/

o' (6, ,5) =0 [(bCie™ +b,,Cre™ +hyCie™ +byCre™ e’ d
XX 12~1 22%2 32~3 42~ 4

27(k—1)

G;v (x,y,s)= #ﬂol) I (b;;,Ce™ +b,Cre™ +b,,Cie"™ +b,,Che™ e''dg 0<y<h (11b)
: T(K—

T,:y (x,y,8)= 5_; I (b,Ce™ +b,Cre™ +b,Cie™ +b,Ce™ Je'S'd &

where, the functions {ajz,aj},ajé‘}, j =3,4 and {blz,b/3,b } Jj =1,2,3,4 are given as:

=(xk+D&+(B-x)a, 4,
a,;=0@-x)g+(x+Da; 4, j=3,4
a,, =4, —¢a, 02
, =(k+DG+@-w)b,r,
=CB-r)+(k+Db,r;, j=1234

=1 - é/bjl
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By applying the Fourier and Laplace transforms to the boundary conditions (5) and by using the expressions
obtained in Eqgs. (7a-7b) and (11a-11b), the unknown coefficients (4, =3,4and C,,j =1,2,3,4) can be obtained

as follows:
A, =[A,b, () +id, b, (DS =i [E), j =34 (13a)
C, =[C;b, (s)+iC b, ONFS(O i/, j=1,2,3,4 (13b)

where &(.) is the Dirac delta function and 4,,,4,,,/ €1{3,4} are given in Appendix 1. Substituting Eq. (13a) into

Jjr
Egs. (11a), the stress components in the half-plane made of FGM is obtained as follows:

By R ilx
o, (x,y.s)= % j %[(dnAme B tagdye™ b, () +ilaydye™ +a,d e b, ()
* He€ ”o e’[x Ay Ay . Ay Ay
o, (x,y,s)= m I ?[(a33A3le Y tapdue™ b, (s)+i(agpdne™ tagdge™ ), (s)dE y <0 (14)
* —i ﬂoe ”T eigx Ay Mgy . Ay Mgy
7, (x,y,85)= Ty I 7[(a34A3le +ay,de™ )b, (s)+i(aydpe™ +aydye™ )b, ()&

To perform a numerical calculation of the components of stress fields, the integrals mentioned in Eqs. (14) can
be divided into odd and even parts and rewritten in the following equation form:

oLy 8) = £ oy 8. 0E,

0
o, (y9) = [£, .y 5.0dE, (15)
£ o) =[£Gy 5,00 ¢

where /', (x,y,s,8),i,j €i{x,y} are defined as follows:

e? ‘ , .
fo(6,3.5.6)= h[(an/lme B tapd e’ b, (5)cos(Ex ) —(andye™ +apdpe ™ b, (s)sin(&x)]
By
€ , s , , .
[, .2.5.8)= ﬂf‘;_ e l@sdae P tapd e’ b, (s)0os(Ex) — (agdsye™ +apd e I, (s)sin(éx)]  (16)
e? , , .
fo@.y.5.8)= ”‘;[ : [(@ydse™ +agud,e™ b, (5)sin(éx) +(@ydpe™ +ayudpe™ b, (s)cos(éx)]

Since the integrals of Eqs. (15) are infinite for adjacent points of dislocation, the singular behaviors of the
kernels f; are investigated by asymptotic values of f for & — oo as follows:

S ©.8,8) = (0,8, ) +f (x,1,8,8) =f ., (x,y,8,0)], i) €{x,y}.

Singular Part Non sin gular Part

(17)

when ¢ — oo, the asymptotic values of f; in Eqs. (16) are written as follows:
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fm(x,y,s,é“)—zﬂo [(2=Cy)cos(cx )b, (s)+(¢y —Dsin(gx )b, (s)],

(K + )
fw(x,y,saéf)— ﬂ( )[ny cos(¢x )b, (s)=(&y +1)sin(Sx )b, (s)], (18)
Sy (5558 Cf)— ( +1) [(Cy —D)sin(¢x )b, (s)+¢y cos(Ex )b, (s)].

The stress components mentioned in Egs. (15) by view of Egs. (17) and (18) are as follows:

2u, yOxZ+y*b (s)+x (¥’ -x?b,(s)
m(k+1) (x2+yz)2
24, J/(yz—xz)bx(s)—x(xz+3y2)by(S)
r(xk+1) ()cz+yz)2

2uy Xy =xDb (s)=y (¥’ —x)b,(s)
(k+1) (x2+y2)2

o (r.y.5) = [ 6 98. 017 5. OHE,

o-:ry (x ’y ’S) =

O [N N RN A (19)

7 .y ) = U, oy~ . OME

The integrals expressed in Egs. (19) are bounded and can be solved by appropriate numerical methods.

3 SEVERAL INTERFACE CRACKS FORMULATION

To numerical examine an FG half-plane with homogeneous coating containing N interface cracks; the solutions of
edge dislocations acquired in the preceding section are utilized. A crack configuration at the interface of the two
zones under discussion is defined parametrically as follows:

xi(p):xm +pli7

20
y:(p)=0, —1<p<l, ie{l,2,3,.,N} (20)

where (x,;,0), [, illustrate the coordinates of the center and half the length of the i-th crack, respectively. Using
the principle of superposition of stress field components at a point with (x,,y,) coordinates, where the
parameter —1 < p <1, on the faces of all cracks obtains the following relations.

o, Py, (P)s) | X bk (pag.s) ki (2q5)
» z;k.[ - by @.s)+ 2 b (@.9)dg,i =1.2,.,N,-1<p<l.  (21)
o, (x,(p)y;(P)s)| T | kpu(@.q,5) ko (P5455)

where b, (¢q,s) and b, (q,s)are the Laplace transforms of the dislocation density functions on the face of k-th
crack, k" ,m =1,2,i,k =x,y are coefficients of b_(s) and b, (s) in Egs. (19). The kernels in Egs. (21) show the

singularity of the Cauchy form for i =k as ¢ — p and are expressed as follows:

0

1d _ 24, oy
ki (prg.9) =~ s (K+1)(p_q)+;ald,mi<q,s)<p q) de{l,2},refx,y} (22)

The singular part of the above equation is obtained by expanding the Taylor series x,(g) and y,(g)in the
vicinity of ¢ . The stresses due to the external load on the presumed crack surfaces between the two materials are to
the left-hand side of Eqgs. (21), which is placed in the above equations according to the Bueckner's theorem [32] of
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superposition with the opposite sign. The integral Eqs. (21) must be solved with the following single-valued
conditions:

1
J.bkj (g,s)dq =0, k e{x,y}, je{l,2,..,N} (23)
-1

The stress components near the crack tip have a square root singularity. So, the density of dislocation is
considered as follows:

(q,s )
bki (q,S) :qu): k € {xay}a _1 <CI <1> IS {19297N} (24)
\i-g

By replacing Egs. (24) into Eqs. (21) and (23), and using the Lobatto—Chebyshev integration formula, the
discretization singular integral equations lead to:

1
g;(q.s) T~ '
ot (P24,5) = dq=n_1Zerk,1,’ﬂ,-<pd,q,<,s>gi,(q,,s), meix,y}, he{l2) (25)
r=I1

-1 \fl_qz

. - 2d -1
where the collocation points are chosen as ¢, = cos[(r 11”], re{l,2,.,n},p, = COS[ﬁ], dell,2,..n-1},
n-— n-—

e, =05for »=1,n and e, =1 for 1<r <n . The modes I and II DSIFs are defined by Baghestani et al. [33] as
follows:

K;(s) = 1in3\/2r0';y (r,0,s), K; (s)= lin3\/2raiv (r,0,s). (26)

where 7 is the distance from the crack tip, & =0 is right and € =7 is left crack tips, respectively. By placing Egs.
(22) and (24) in the Egs. (21) and use the result in the Eqgs. (26), DSIFs are written at the tip of the i-#4 crack in terms
of dislocation densities as follows:

. 2451
K;(s)= —K—ilﬁ g, (1.5),
(27)
2y

K+1

Ko ()=—""2 [l g, (n.5), i €{.2,..N}.

where 77 =1 is the right crack tip and 7 =—1 is the left crack tip. To perform the Laplace inversion, the algorithm
developed by Stehfest [31] is used as follows:

M
K, (t)zl’tl—ZZHijki(l}:—zm), jel{, i}, ie{l,2,.,N}, t>0 (28)
m=1

where M is a chosen positive even number, and H , is given by:

M

Hm _ (_1)7+m Z M n (2}’1)' (29)
n={0.5(m+1)] (7_’1)!” (n—-Dl(m —-n)!(2n—m)!

.M
min(—,m
(2 )

In the above equation [.] signifies the integer part of the quantity.
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4 RESULTS AND DISCUSSION

This part of the research is divided into two main sections. At first a numerical example is verified and then the
effects of crack characteristics such as crack length, the interaction between of cracks and arrangements of cracks
are considered. In order to further investigate the modifiable properties of materials, also the defining and
determining properties such as the loading conditions, the variation of time, thickness of the coating and different
values of the nonhomogeneous parameter on the DSIFs diagrammatically are shown. In the calculation method, the
plane strain conditions with Poisson’s ratiov=0.3, modulus of elasticity £, =200GPa, number of Laplace

transform inversion points M =10 and mass density p, =7840kg /m?* are considered. In addition, the DSIFs are
normalized by K, = Joxﬁ and K, = To\ﬁ for normal and shear traction, respectively, where / is the half length of
the crack and K, is the static value of SIF for a single crack in a homogenous plane under static traction. In this
paper, K, and K, designate the SIFs for mode I and II of fracture mechanics, respectively.

The first reliability of this study is checked by considering a crack in a homogeneous plane by choosing =0
and 1 —> . A crack with a length 2/ =2cm is shown in Fig. 2. The uniform normal step function tractions are
applied along the crack face. The variation of the K, /K, versus the ¢/t, are displayed in Fig. 3, where
ty=1 \/po/_,uo . It can be seen from Fig. 3 that a very good agreement has been achieved between the present paper
and the results reported by Sih et al. [34] and Mottale et al. [35].

Fig.2
Homogeneous Material A crack in a homogeneous material under the uniform normal
step function traction.

Present study
---8ih and Embley (1972) |-
- Mottale et al. (2018)

] Fig.3
Comparison of dimensionless mode I DSIFs versus ¢/t for a

v 1 2 3 4 s 6 7 8 9 1o homogeneous plane.

The second validation of this analysis is investigated by considering a nonhomogeneous elastic half-plane and an
elastic half-plane including a crack under normal loading. In this case, we let # —>oand g/ =0.5,1.0, 2] =2cm .

The results are easily compared with the solution reported by Jafari et al. [36]. As shown in Fig. 4, excellent
matching with Ref [36] is seen.

23 I I e etsl. 2019, 10
*  present Articlepi=1.0
2 —— Jatiri et al. (2019), Bi~0.5 | |
» present ArticlePI=0.5
Jafard et al, (2019), Bi=0.5
15 > present ArticlePi=0.5
> |
Fig.4
0.5 4 Comparison of dimensionless mode I DSIFs versus ¢ /¢, for
a nonhomogeneous elastic half-plane and an elastic half-
O 1 2 3 4 5 6 7 3 9 1o plane containing asingle crack at the interface.
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In Figs.5, 6 and 7, an FG half-plane with a homogeneous coating with S/ =0.25,0.5 are considered, including a

crack situating at the interface with crack length 2/ =0.2,0.4cm under uniform normal, shear step function traction
and mixed mode loading, respectively.

\Homogeneous coa}mf({)”y . , \

raman LV LHEELL

o, H (1)

Fig.5

The geometry of a single crack situated between an FG half-
plane and homogeneous coating subjected to normal step
function traction.

Homogeneous coating (1) y
h
X
— —

—
—

FGM (II) T H (@)

Fig.6

The geometry of a single crack situated between an FG half-
plane and homogeneous coating subjected to shear step
function traction.

Homogeneous coating () y
h
11 »
-
FGM (IT) T oo

Fig.7

The geometry of a single crack situated between an FG half-
plane and homogeneous coating subjected to mixed-mode
loading.

The normalized modes I and II transient DSIFs for different dimensionless nonhomogeneous parameters
LI =0.25,0.5 are illustrated in Figs. 8 and 9 for normal traction, are shown in Figs. 10 and 11 for shear traction and

are plotted in Figs. 12 and 13 for mixed mode loading respectively. The general characteristic of these figures is that
the transient DSIF change by the time from their initial zero value to stable values in the end. The DSIFs at the left
crack tip are the same as those at the right crack tip in mode I under normal traction and mode II under shear traction
(Figs. 8 and 11) while for mode II under normal traction and mode I under shear traction, DSIFs at the left crack tip
and right crack tip are differences with a negative sign (Figs. 9 and 10). This is because that the problem is
symmetry for mode I and anti-symmetric for mode II under normal loading and also the problem is anti-symmetric
for mode I and is symmetric for the mode II under shear loading which this phenomenon has been occurred and
reported in Tables 2 and 4 in Ref [37]. By increasing the material gradient parameter S/ , the half-plane becomes

stiffer than the homogeneous coating, and then both the peak and steady values of the DSIFs at the crack tips
increase regularly. Also note that due to the nonhomogeneity of the medium, the DSIFs exhibit mixed mode
condition even though the loading is from a single mode. As can be seen, the normalized mode I DSIFs under
normal and mixed mode loading and mode II DSIFs under the shear traction increase by increasing the crack length.

--BI=0.25, 1-0.10
------ BI=0.50, 1=0.10 ||
---BI=0.25, 10.20
—BI=0.50, 1-0.20 |

Fig.8

Variations of normalized mode I DSIFs of a single interface
‘ ‘ . . . . ‘ ‘ crack for different dimensionless nonhomogeneous
1 2 3 4 5 6 7 8 9 10 parameters and crack length under normal traction.
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01 ’ .
5%17 ! S reerars] | Fig.9
sl et ey Variations of normalized mode II DSIFs of a single interface
oaf ems| 1 crack for different dimensionless nonhomogeneous
05 BrO.251020R| :
i ot | parameters and crack length under normal traction.
L 1 L 1 L 1 L a2 T
0 1 2 3 4 5 6 7 8 9 10
)
02- |
—BI-0.251-0.10L
—BM025=0.10R | |
== =p0.50I=010L .
BI-0.50/-0.10R Flg.10
04+ ——BI=0.2510.20L | - .. . . .
——pi025 10208 Variations of normalized mode I DSIFs of a single interface
061 pesar020R) | crack for different dimensionless nonhomogeneous
0o 1 3 3 4 s 6 7 8 9 10 parametersand crack length under shear traction.
thy
2 . . . .
- =BI=0.25,/=0.10
------ B/=0.50.1=0.10
15+ ---BI=0.25,1=0.20 |
? _ —Bi=0.50,1=0.20
5= 1 T e
Fig.11
0.5 4 Variations of normalized mode II DSIFs of a single interface
crack for different dimensionless nonhomogeneous
0 . . s . , s s , w parameters and crack length under shear traction.
1 2 3 4 5 6 7 8 9 10
th
0
35 : ‘
——pi~0.25/0.10L
3+ Pi=0.25,/<0.10R 4
Bi=0.50,1=0.10.L
- - -Bi0.501<0.10R
2.5F Bi=0.251=0.20L 1
TN  piass 0k
o 2b o aanaa T —— Bi=0.501=0.20.L
5__ . : ? —Bi=0.50,-020R
15

Fig.12
Variations of normalized mode I DSIFs of a single interface
crack for different dimensionless nonhomogeneous

1 2 3 4 5: 6 7 8 9 10 parameters and crack length under mixed mode loading.
0
15¢
e IF
——BI=0.2510.10L
51 PI=0.25}0.10R
prO.s0.10.10L
== ~i0S0I0.10R Fig.13
0.5 pl0.2510.20L | L. . . .
o Beazsrane Variations of normalized mode II DSIFs of a single interface
— P00 020R crack for different dimensionless nonhomogeneous
0 1 2 3 4 5 6 7 8 ¢ 10 parameters and crack length under mixed mode loading.

tfto

In Figs. 14-19, the variety of normalized modes I and II transient DSIFs with different nonhomogeneous
parameters / =0.25,0.5 and the thickness of the coating 4 =0.1,0.2 for an interface crack (Figs. 5-7) are

examined. It can be seen that, the thickness of the coating # has only a great effect on the transient DSIFs. Note due
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to the lack of symmetry with respect to the x axis, the mode I DSIFs are produced under shear traction.

—BI=0.25,4=0.1
BI=0.50,4=0.1 |
—PBI=0.254=0.2

—BI=0.50,h=0.2 | |

—BRO2SE0.LR |

---Bl=0.2540.1
—BI=0.50,6=0.1

Bi=0.254=0.2 | |
o Bl=0.506=0.2

8 9 10

—pi=0.25h0.1L
—pi0.25h0.LR

Pi=0.50.=0..L
— Pi=0.504=0.LR

Pi025h=0.2L
——pi0.25h02R
—Bi0.505=02L

BiI0.50h02R
T T

3 4

Fig.14

Variations of normalized mode I transient DSIFs of an
interface crack for different nonhomogeneous parameters and
the thickness of the coating under normal traction.

Fig.15

Variations of normalized mode II transient DSIFs of an
interface crack for different nonhomogeneous parameters and
the thickness of the coating under normal traction.

Fig.16

Variations of normalized mode I transient DSIFs of an
interface crack for different nonhomogeneous parameters and
the thickness of the coating under shear traction.

Fig.17

Variations of normalized mode II transient DSIFs of an
interface crack for different nonhomogeneous parameters and
the thickness of the coating under shear traction.

Fig.18
Variations of normalized mode I transient DSIFs of an
interface crack for different nonhomogeneous parameters and
the thickness of the coating under mixed mode loading.
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o
—Bl0.255=0.1L
—Bim0.2550.LR

BHO50I-0.1,L Fig,19
- = ~Bi=0.505=0.1LR . . .
0.5 o B2Si02 Variations of normalized mode II transient DSIFs of an
050402 interface crack for different nonhomogeneous parameters and

o ‘ ‘ ‘ ‘ . . . : : the thickness of the coating under mixed mode loading.

In Figs. 20-25, the variety of normalized modes I and II transient DSIFs with different the thickness of the
coating h=0.1,0.2 and the Poisson’s ratio v =0.3,0.4, for an interface crack (Figs. 5-7) with nonhomogeneous

parameter 1 = 0.5 are examined. It can be seen that, the thickness of the coating and the Poisson’s ratio has only a
great effect on the transient DSIFs.

—h=0.1,v=0.3
25k ---h=0.1,y=0.4
; b=02,v=0.3
2r /e NN -~ h=0.2,v=0.4
5_ 15} NN LeoescoeeszesssS
- _ Fig.20
05 Variations of normalized mode I transient DSIFs of an
interface crack for different Poisson’s ratio and the thickness
% 1 2 3 4 5 6 7 8 9 10 ofthe coating under normal loading.
thy
0.5 .
=——h=0.1,=03,L
0.4- —— b, 1,y=0.3 R 4
b=0.1,v=0.4,.L
03" —— b 1,v=0.4,R il
= = =2, v=.3,L
02| - —-h=0.2=03R i
o - b2, v 4,1
é 01 - --h02,v-04R
[ ] Fig.21
o1 - — Variations of normalized mode II transient DSIFs of an
-02 / i interface crack for different Poisson’s ratio and the thickness
‘ : : ‘ : : : : : f th ing under normal loading.
0 : SR — L &+, ofthecoat g under normal loading
i
0
04f ! —h0lw03L] 1
he0.1,v=0.3 R
0,3 L —h=0.1,v=04,L 4
——b=0.1,=04R
== b=0.2,y=03,L
0.2 h=0.2,v=03,R 7
' == =b=0.2,v=04L
5‘ 0.1r f\ - —-h02,v04R ]

Fig.22

Variations of normalized mode I transient DSIFs of an
interface crack for different Poisson’s ratio and the thickness
of the coating under shear loading.

2 :

—h=0.1,v=0.3

---h=0.1,y=0.4

o h=0.2,v=0.3 | -

- mh=.2,v=0.4

. Fig.23
Variations of normalized mode II transient DSIFs of an
0 s : s s s . : s s interface crack for different Poisson’s ratio and the thickness
1 2 3 4 5 6 7 8 9 10 . .
thy of the coating under shear loading.
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25+
ot
Si 1.5 h=0.1,v=03.L
——h=0.1,=03R — EEPPRETEELEY
—— .1, v=0.4,L =
1 —b=0.1,y=04R 7 Fig.24
b=0.2,v=0.3,L . . . .
0.5 - -h=0Zy=03R ] Variations of normalized mode I transient DSIFs of an
- - ~h=0.2,v=04, . . : : :
Iy interface crack for different Poisson’s ratio and the thickness
% 1 2 3 4 5 6 7 8 9 10 ofthe coating under mixed mode loading.
m
0
2 :
Fig.25
Variations of normalized mode II transient DSIFs of an
interface crack for different Poisson’s ratio and the thickness

of the coating under mixed mode loading.

The geometry of two cracks at the interface between an FG half-plane and homogeneous coating, under uniform
normal and shear load is displayed in Figs. 26 and 27. For mode I and II DSIFs, the interaction between two cracks
with two dimensionless nonhomogeneous parameters S/ =0.5,1.0 under normal loading are depicted in Figs. 28

and 29, respectively, where A/l =2.0and dimensionless distantx,, /l =x_,// =1.2. Due to the symmetry of the
problem with respect to the y-axis, DSIFs in mode I at the tips L,,R, are equal to those atR,,L, , respectively. The
variations of DSIFs at tips L,,R, are much higher than that at the tips R,,L,, because these tips have stronger
interaction than tipsR,,L, . Also, it can be observed that, the magnitudes of DSIFs for mode I increase with the

increasing of the nonhomogeneous parameter.

Homogeneous coating(I) ¥
o, H(t) o, H(1) h
T x
L, R,| L, ! R
FGM(II)

Fig.26
The geometry of two cracks situated between an FG half-
plane and homogeneous coating subjected to normal loading.

Homogeneous coating(T) y \
L T,H (1) R | L T, H (1) R h
‘ X, X,
FGM(I) ‘

Fig.27
The geometry of two cracks situated between an FG half-
plane and homogeneous coating subjected to shear loading.
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—--PIOSL R,

BI0.SL,R, |
—BIFLOL R,
o BILOLR,| |

Fig.28
Interaction of mode I of two interface cracks under normal

0 1 2 3 4 5 6 7 ) 9 10 step function traction.
tht
0
02 [——P05L, ——PI0SR, ——pI05L, — B03R, « »=PiLOL; = <BFLOR, = v =Pi0L, ——PILOR,
o —_—
0af e M ——
-
“}_' ,-w"w »»”"""”»»»»
0.1} L. e . Fig.29
ozl I | Interaction of mode II of two interfaces cracks under normal
‘ step function traction.
0 1 2 3 4 5 6 7 8 9 10
th

Similar to the two previous examples, in Figs. 30 and 31 the variations of normalized DSIFs versus ¢/t, for

different values of #I =0.5,1.0 under shear loading are considered. The thickness of the coating and center of
cracks are taken to be 4/l =2.0 and x_ /I =x_,/l =1.2, respectively. Obviously, the maximum DSIFs for the

crack tips occur when the crack length is increased. In addition, by increasing the crack length the distance between
two cracks decreased and due to the interaction of two cracks the DSIFs of the crack tips are increased.

0.2

0.1

KKy

-0.1

-0.2

, i i i
| [——PEoSL, —BHISR, —BOSL, —BHISR, - »-BHLOL,

T
BFLOR, = »=BFLOL, = »-BFLOR,

L ¥ L L

)

—_—_—

Fig.30
Interaction of mode I of two interfaces cracks under shear

loading for different values pI.

---PIO.5L LR 1
Bi<0.5L R,
—PEAEA Figat
e BI=LOL S :
‘ P : cal Interaction of mode II of two interfaces cracks under shear

loading for different values SI.

In Fig. 32 the geometry of three equal cracks with lengths 2/ =2cm located at the interface of an FG half-plane
and homogeneous coating with identical center-to-center distancex_,// =x_,/l =2.1 under normal loading is
displayed. The variation of normalized modes I and II transient DSIFs versus the dimensionless time for
nonhomogeneous parameter S/ =0.5 are plotted in Figs. 33 and 34, respectively. As the problem is symmetrical,

the values of the mode I DSIFs at the tips L,R,, L,R, and L,R, are identical. It is found from Figs. 33 and 34 the
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mode I DSIFs at the tips of crack L,R,is higher than that the other tips.

Homogeneous coating (1) y

o, H(t) 6,H(0) o, H(t) h

5
L ¥ L R LTI TR

Xer Xe3

Fig.32

The geometry of three cracks located between an FG half-
plane and homogeneous coating subjected to uniform normal
step function.

FGM(II)

Fig.33
Interaction of mode I of three interface cracks under normal
step function traction.

0.1r

R
>

KK,
?
¥
A

-0.1+ R .
Py, N Flg.34
sasrparbbsb . .
02} T i Interaction of mode II of three interface cracks under normal
0 ] 5 3 y j 5 7 s 5 T step function traction.
't

5 CONCLUSIONS

An FG half-plane with homogeneous coating weakened by multiple interface cracks are studied under mixed mode
impact loading. In this paper, the FG material properties are supposed to change continuously along the y-axis in the
nonhomogeneous half-planes, and the crack faces are loaded by uniform normal, shear step function traction and
mixed mode loading. Using the DDT and integral transform methods, the associated boundary value problem is
reduced to singular integral equations for the Volterra type climb and glide edge dislocation density. Validation of
the presented method is carried out by considering a single crack in an isotropic infinite plane and also a
nonhomogeneous elastic half-plane and an elastic half-plane under normal impact loading. The numerical results of
the multiple interface cracks revealed that:
(1) The nonhomogeneous parameters significantly effect on the transient DSIFs while the Poisson ratio has
only a negligible influence on the transient DSIFs.
(2) The values of DSIFs for two and three cracks are larger than for the single crack because of the interaction
between cracks tips in several cracks are greater than that of the single crack tip.
(3) The results are compatible with the analytical solutions obtained in Sih and Embley [34], Mottale et al. [35]
and Jafari et al. [36].
(4) The maximum DSIFs for the crack tips occur when the crack length is increased.
(5) By increasing the crack length the distance between two cracks decreased and due to interaction of two
cracks the DSIFs of the crack tips are increased.
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APPENDIX 1

Parameters appearing in Eq. (14) are:

A, = {[(sinh(hr1 ysinh(hr, )b b}, —2(—1+ cosh(hr, )cosh(hr, )b, b, ,b,sb,, + (sinh(/r, )sinh(hr, b33, a,, ]
+[(~ sinh(/r, )sinh(hr, b, b, b3, — sinh(hr,)sinh(hr, )b, b,b + (~1+cosh(hr, )cosh(hr,))

by3by5(byyby, +b1by))ag 1+ (b by, —b, by )(cosh(hr,) sinh(hr ,,b,; — cosh(hr, )sinh(hr, )b,3b,, ) a,; ]}/A
A, = {[Sil’lh(hr1 )sinh(Ar, )b124b223 —2(=1+ cosh(hr)cosh(hr,))b,;b,,0,b,, + (sinh(hr, )sinh(Ar, )bébzz4 ]

H (b3 —b,; )(—cosh(hr )sinh(hr, )b,;b,, —cosh(hr,) sinh(hr, ,3b,, )a,, ]

+(sinh(hr, )sinh(/r, )b b,, — (—1+cosh(hr Ycosh(hr, ))b,, (b,; +b,; )by, + sinh(hr, )sinh(hr, b, by, )y, ]} / A
A, = {—[(sinh(hrl Ysinh(hr, b b3, —2(=1+ cosh(hr, )cosh(hr, )b, b, ,bysb,, + (sinh(hr )sinh(hr, )b bs, )ay, ]
+[(~ sinh(/r, )sinh(hr, )b, b, b5, — sinh(hr, )sinh(hr, )b,,b,,b . +(—1+ cosh(hr, )cosh(hr, ))

by3by3 (byyby, +by1b,))as, 1-[(by4b,, —by by, )(cosh(hr, ) sinh(hr, b, b, —cosh(hr, )sinh(hr, )b,3b,, )as, ]}/A
A, = {—[sinh(hrl ysinh(hr, )b.b}, — 2(—1+ cosh(hr, )cosh(hr, )b, b, ,b,sb,, + (sinh(hr, )sinh(hr, )bb2, ]
(b3 —b,; )(cosh(hr, )sinh(hr, )b,,b,, —cosh(hr,) sinh(hr, b,;b,, )as, ]

+H(sinh(A7, )sinh(Ar, )b124b23 — (=14 cosh(hr )cosh(hr,))b,, (b,; +b,;)b,, + sinh(hr )sinh(hr, )b|3b224 )as; ]}/A
A= (by3b1ybyy +D11D5,b s N3443 — 3304, ) +513D53 (014D, +5,Dyy Nayy —a3) + (D13D1,Doy +51,Dy5D),)

X330y —a3,0y43) +2b13D\ Dby, (a5, —ay,) +sinh(hry )b by [cosh(hr ) asa,, —a5a,,)(by5 —bys)

+8inh(hn )(by; —ay Nayb,, —ayby,) +(@3,by, —ayb,, May; —by))]+bysby[cosh(hr )by ,byy —byyb,, )

X(a33 —@y3) +sinh(hr )((a,; =3 M@y, —a3,byy) + (a4 by — by )@y, —by3))]} + cosh(hr, ) {cosh(hr )

X[D1401Dys (a44 (@33 —by3) + a3y (—ays +513)) +by3by, (a43(asibyy —aydy)) +asg; (ayby, —aybyy))

FDy3Dy (01,03 (@3 — ) —aybyy (33 —2b3) + a3, by (ay; — 2613 )]+ sinh(hr )[by355, (byy — b3 Nazeay, —a3,a4,)

b1y (455 —ay3 )14y —by1byy)]}
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