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evident in the developments of nanoelectronics,

INTRODUCTION

ABSTRACT

In this work, analysis of nonlinear vibration of piezoelectric nanobeam
in a thermo-magnetic environment embedded in Winkler, Pasternak,
quadratic and cubic nonlinear elastic media for simply supported and
clamped boundary conditions is presented. With the considerations of
Von- Karman geometric nonlinearity effect and with the aids of
nonlocal elasticity theory as well as Euler—Bernoulli beam model, the
equation of motion for the nanobeam is derived using Hamilton’s
principle. The nonlinear dynamic model is solved using Galerkin-
decomposition coupled with iteration perturbation method. From the
parametric studies, it is shown that the frequency of the nanobeam
increases at low temperatures but decreases at high temperatures. The
nonlocal parameter decreases the frequencies of the piezoelectric
nanobeam. An increase in the quadratic nonlinear elastic medium
stiffness causes a decrease in the first mode of the nanobeam with
clamped-clamped supports and an increase in all modes of the simply
supported nanobeam at both low and high temperatures. When the
magnetic force, cubic nonlinear elastic medium stiffness, and
amplitude increase, there is an increase in all mode frequencies of the
nanobeam. An increase in the temperature change at high temperature
reduces the frequency ratio but at low or room temperature, an increase
in temperature change, increases the frequency ratio of the structure
nanotube. The significance of this study is evident in the design and
applications of nanobeams in thermal and magnetic environments.
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HE continuous and increasing wide applications of nanomaterials have been tremendous following the
discovery of the novel nanostructure materials by lijima [1]. Such expanding applications of nanomaterials are
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nanocomposites due to its excellent properties and high strength to weight ratio. However, large deformations within
the elastic limit and high frequency of vibrate at frequency in the order of GHz and THz are experienced in the
applications of carbon nanotubes. Consequently, there have been increasing research interests directed towards the
investigations into the dynamic behaviours of the novel structures [2-9]. In the pools of the research studies, Sears
and Batra [10] studied the buckling behaviour of carbon nanotubes subjected to axial compression. Yoon et al. [11]
explored the noncoaxial resonance of an isolated carbon nanotube with multiple walls while Wang and Cai [12]
presented an extended study on the same work with the consideration of the effects of initial stress on the
nanostructure. Wang et al. [13] analyzed the dynamic behaviour of carbon nanotube with multiple walls using
Timoshenko beam model. Zhang et al. [14] examined the impact of compressive axial load on the transverse
vibrations of carbon nanotube with double walls. Elishakoff and Pentaras [15] presented the fundamental natural
frequencies of carbon nanotube with double walls. Buks and Yurke [16] accessed the nonlinear nanomechanical
resonator of mass detection while [17] Postma et al. [18] determined the dynamic range of carbon nanostructure. Fu
et al. [18] submitted nonlinear vibration analysis of embedded nanotubes. Vibration of carbon nanotube with
electrical actuator was studied by some authors [19-24]. The nonlinear vibrations of the carbon nanotube with
double walls was submitted by Hawwa and Al-Qahtani [24]. Hajnayeb and Khadem [25] studied the nonlinear
dynamic behaviour and stability of the double-walled nanotube subjected to electrostatic actuation. Xu et al. [26]
considers nonlinear intertube van der Waals forces on the dynamic response of carbon nanotube with double walls.
With the aids of nonlocal Timoshenko beam model. Lei et al. [27] explored surface effects on the frequency of
vibration of carbon nanotube with double walls. Ghorbanpour et al. [28] used shell model to analyze nonlinear
nonlocal vibration of fluid-conveying embedded carbon nanotubes with double walls. The analyses of the carbon
nanotubes were extended to multi-walled carbon nanotubes (MWCNTSs) [29-35]. Sobamowo [36, 37 and 38],
Sobamowo et al. [39] as well as Arefi and Nahvi [40] studied nonlinear vibration in nano-structures with slightly
and initial curvature while Cigeroglu and Samandari [41] analyzed the dynamic behaviour of curved nanobeams.
Studies on vibrations of nanotubes as presented in literatures using experimental measurements, density functional
theory, molecular dynamics simulations, and classical continuum theories and non-classical continuum theories such
as nonlocal stress theory, modified couple stress theory, gradient strain theory, and surface elasticity theory. There
are some difficulties in the experiment investigations at the nanoscale level. Therefore, majority of the past works
are based on theoretical investigations using classical continuum models (which do not consider the small-scale
effects). However, due to their scale-free models as they cannot incorporate the small-scale effects in their
formulations, the classical continuum theories are inadequate for the accurate predictions of the dynamic behaviours
of the nanotubes. Such inadequacy in the classical continuum models is corrected in the works of Eringen [42-44]
and that of Erigen and Edelen [45], where the author developed nonlocal continuum mechanics based on nonlocal
elasticity theory. Although, some studies in literature have used the nonlocal continuum mechanics to present some
theoretical investigations [46-67]. Simsek [68] as well as Murmu and Pradhan [69] adopted nonlocal elasticity
theory to study the nonlinear vibration of a carbon nanotube embedded in an elastic medium. In a recent study,
Abdullah et al. [70] presented effects of temperature, magnetic field and elastic media on the nonlinear vibration of
nanobeams. The authors present very good work and results.

However, the dynamic response of the nanobeam was not explored and the effect of electric field on the
vibration characteristics of the nanobeam was not studied. Moreover, to the best of the authors knowledge, a study
on the effects of electromechanical and thermomagnetic loadings on the nonlinear vibration of nanobeams
embedded in Winkler, Pasternak, quadratic and cubic nonlinear elastic media has not been presented in literature.
Therefore, with the aid of iteration perturbation method, the present work focusses on such study. With the
considerations of Von Karman geometric nonlinearity effect and with the aids of nonlocal elasticity theory and
Euler—Bernoulli beam model, the equation of motion for the nanobeam is derived using Hamilton’s principle. Also,
the present analysis used four layers (Winkler, Pasternak, and quadratic and cubic nonlinear layers) which generate
nonlinearities in the developed dynamic models. Additionally, the impacts of nonlocal parameter, electromechanical
parameter, magnetic force, elastic media, temperature and amplitude on the dynamic behaviour of the nanotube are
investigated.

2 MODEL DEVELOPMENT FOR THE SINGLE WALLED NANOTUBE

Consider a nanobeam embedded in linear and nonlinear elastic media as shown in Fig. 1. The nanobeam is subjected
to stretching effects and resting on Winkler, Pasternak and nonlinear elastic media in a thermo-magnetic
environment as depicted in the figure.
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with the applications of nonlocal theory presented by Erigen [42, 43, 44] and that of Erigen and Edelen [45], the
relationship between the nonlocal stress—tenso, Euler-Bernoulli theory and Hamilton's principle the following
equations are developed
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It is assumed that the midpoint of the nanobeam is subjected to the following initial conditions

oW (x,0)

W(r,0)=w,,
*,0)=w, por

0 2

The following boundary conditions for the multi-walled nanotubes are considered in this work:

Table 1
The basic functions corresponding to the above boundary conditions.
Cases Mode shape, ¢@(x) Value of S for the first mode
Simply support in ( b ) V4

e T TE L L LT T e T L LT TL LT
I L L L L L L
fxfijiiiiil;fil;fillj;fiigiixglifijj

Clamped-Clamped support [cosh[ ﬂTx ]_m[ pr jj’( sinh 8-+5in 8 ](Sinh( B J_Sm( B D 4.730041

L cosh f—cos B L

() -

For simply supported (S-S) nanotube,

oWw(0,0)
o'x

W (LD)

w(0,£)=0, 0, w(L,t)=0, ————=0. 3)
0°x

For clamped-clamped supported (C-C) nanotube,
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Using the following adimensional constants and variables
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The adimensional form of the governing equation of motion for the nanobeam is given as:
21 2 4 1 2 2
14K b +Ha b —a'h? — £+ 1 (alj oS AL DY —Ham—lj(alj ae |2
’ 2\ ox ox ’ 25\ ax ox
(6)
2 4 62 w 2 62 w 3
+K,w +8v12/ i’ 82w ~+ K} wz—hz—( - ) +K! w3—h2—( - ) =0
ot Ox "ot ox Ox
and the boundary conditions become.
For simply supported (S-S) nanotube,
2, 2,
1
w (0,£) =0, w:o, w(Lt)=0, w:o. 7
o°x 0°x
For clamped-clamped supported (C-C) nanotube,
1
w(©0.0)=0, 22OD 6 1 ay=0, LD _g )
Ox Ox

3 SOLUTION METHODOLOGY: GALERKIN DECOMPOSITION AND ITERATION PERTURBATION
METHOD

The method of solution for the governing equation include Galerkin decomposition and homotopy perturbation
methods. As the name implies the Galerkin decomposition method is used to decompose the governing partial
differential equation of motion can be separated into spatial and temporal parts. The resulting temporal equations are
solved using iteration perturbation method.

The procedures for the analysis of the equations are given in the proceeding sections as follows:

3.1 Galerkin decomposition method

With the application of Galerkin decomposition procedure, the governing partial differential equations of motion can
be separated into spatial and temporal parts of the lateral displacement function as:

w(xr)=¢(x)q () ©)

Using one-parameter Galerkin decomposition procedure, one arrives at

JR (x.t)g(x)dx =0 (10)
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where R (x ,t) is the governing equation of motion for nanobeam i.e.

21 2 4
R(x,t)=[1+K h2+Hamh2—a;’h2—§eh2+h—j(aﬂj dr |2
r 2 9\ ox Oox
1E(ow Y o'w
+ ard+cf(, —Kwhz—K —Ha, —— (—j dx}— 11
{ r 29\ Ox ox? )

2 4 82w2 62W3
+wa+aw;—h2 62W2+Kj w?—h? (2) +K¢ w3—h2—(2) =0
ot Ox “Ot ox ox

where ¢(x ) is the basis or trial or comparison function or normal function, which must satisfy the kinetic boundary
conditions in Eq. (7) and (8), and ¢ (¢ ) is the temporal part (time-dependent function).

Substituting Egs. (11) into (10), then multiplying both sides of the resulting equation by ¢(x ) and integrating it
for the domain of (0,1)

21 2 4
1 1+K,h2+Hamh2—a,“h2—§€h2+h—j(aﬂj ar |2
? 2 o\ ox ox
, Lefow Y, |ow
+ 0(; +§e —Kwhz—Kp —Ham _EILEJ dx 6)6_2 ¢(x)dx =0 (12)
0
2 4 o (w? o*w’
0 +K,w +8V12/ ~h’ azw 2+K§ w?—h’ ( 2 ) +K3d w’—h’ ( 2 )
ot Ox “Ot ox ox

Substitution of Eq. (10) into Eq. (12), gives

[1+K h2+Hamh2—a,dhz—§Eh2+£j.(—a(¢(ﬂq(t))} abc]—a (¢(x)4q(t))
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Therefore, Eq. (16) can be written as:
_dq(r) _ _
7z CZS )+m(f)+yzq2(f)+73rf(f)=0 a7
Furthermore, we can express Eq. (13) as:
d
dqg )+m(f)+m (1) +ra’(r)=0 (18)
where
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Yo Yo 70
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— l d 3 2 62 ¢2

y2:£K2 ¢ —h’g aiz)dx (22)
7. :j'K" ¢4—h2¢62 (¢4) dx +£l(a—¢jzdxj.¢ﬁdx —lj(%jzdxj.¢ﬂdx (23)
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The initial conditions are given as:

_ dq(0) _
q(0)=4, = ==0 (24)

A is the maximum vibration amplitude of the structure. It can be seen from the above procedures that the apart
from the fact that the Galerkin decomposition method decomposes governing equation of motion into spatial and
temporal parts, it also helps in converting the space- and time-dependent partial differential equation to a time-
dependent ordinary differential equation. The nonlinear ordinary differential equation easily be solved using
numerical methods or approximate analytical methods. In this work, iteration perturbation method is adopted due to
its simplicity and high level of accuracy.

4 METHOD OF SOLUTION: ITERATION PERTURBATION METHOD

In order to solve the nonlinear model in Eq. (18), iteration perturbation method is adopted in the present study. In
order to obtain an iteration perturbation solution for the nonlinear equation, an artificial parameter ¢ is introduced.

Therefore, Eq. (18) becomes:
d’q
ar’

+é&yq +€y,99, +‘973qq(f =0 (25

which implies that

2

d’q
dt’

+eq (7, + 7.9, +7:45 ) =0 (26)

where ¢, is the initial approximation solution. With the purpose of finding the periodic solution of Eq. (18), an

initial approximation for zero-order deformation is assumed as:
q,()=Acos (a)t) (27)

where @ is an unknown angular frequency which will be determined later.
Substitution of Eq. (27) into Eq. (26), provides

2
dt? +e&q (}/1 +y,Acos (ot )+ y,4%cos* (et ))=0 (28)

After using trigonometric identities, Eq. (28) can be written as:

2 A2 AZ
C:;T?+€q;/1 +¢&y,qAcos (a)t)+(%chos (2a)t)+87/37q =0 (29)
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Assuming that
q=q,+&q, +Eq, +... (30a)
&y, =@ +é&c, +&C, +... (30b)

Substitute Eq. (30a) and (30b) into Eq. (29), provides

a’z(q0 +eq,+&'q, +)
dt’
N ey, A’ (% +eq,+&°q, +)
2

+(a)2 +ec, +&'c, +...)(q0 +eq,+€°q, +...)+£}/2 (qo +eq, +&'q, +...)Acos (ar)

P Az( +eq, +&%, + ) G1
cos(2a)t)+ & 1 jl a7 =0

Also, for the initial conditions in Eq. (30), we have

d(q.(0 0)+£°¢,(0) +...
7,(0)+£q,(0)+£°q,(0)+...= A, (9( )+8q'(d3+gq2( ) )=o (32)

Arranging Eq. (31) according to the powers of ¢, gives
The zeroth-order equation is

g 44, +w’q, =0 (33)

The initial conditions are

dy(0) _

0)=4,
q,(0) i

0 (34

The first-order equation is

73A2

2
e g, qucos (2at)+

dr’

+w2q1 +c¢,g, +7,9,4cos (a)t)+

2
7/3A2 qO :0 (35)

The initial conditions are

dg,(©) _

0) =0,
q,(0) T

(36)

The second-order equation is

& d2q2

dr’

AZ
+@’q, +c,q, +¢,q, +1,q,Acos (at)+—y3 5 9 cos (2a)t)+

A2
7/32q1:0 (37)

The initial conditions are

dq,(0) -0

0)=0,
q,(0) d

(3%

The solution of the zero-order is
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q,()=Acos (a)t) 39

which still obeys the assumed solution for the initial approximation.
In order to solve the first-order equation in Eq. (35), we substitute Eq. (39) into Eq. (35),

3

2 3
a;tzl +’q, +c,Acos (ot )+ y,q,4°cos® (ot )+ 7/3124 cos (2ax )cos (ot )+ 7/32 cos (ot )=0 (40)
which can be written as:
d’q, 1+cos (2ar )

3 3
+w'q, +clAc0s(a)t)+y2A2( J-i-%f [cos(3a1)+cos(a)t)]+7/3A cos (ot )=0 (41)

dt? 2 2

Collection of like terms in the above Eq. (41), provides

d 3p,4° A A° A7
dtzl-’_wz%:_l:(clA-'— }/1 ]cos(a)t)+722 cos(2a1)+7/34 COS(3C<)1‘)+7/ZT (42)

If the term cos () exists in the RHS of Eq. (42), the secular term fcos (et ) will appear in the final solution.

Therefore, the coefficient of cos (at) should be equal to zero which gives

3y,A4°
o=-2A (43)

The zero-order nonlinear natural frequency can be found by substituting Eq. (43) into Eq. (35). We have

3ey.A> 3y.4°
g;/lza)(f—yT3 :wgzg[;/l+ 7/1 J (44)

From the definition of iterative perturbation method, for & =1

3y, 4’ 3y,4°
wéz(w > ] =a] ~ [w > J (45)

Therefore, the zero-order nonlinear natural frequency is given as:

? 3
y = 71+Z73A2 (46)

Therefore, the ratio of the zero-order nonlinear natural frequency, w, to the linear frequency, w,

@ | 3rA

47)
@, 4 7

where @, = JZ . Also, it can easily be shown that the solution of Eq. (35) is
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A (37,4 =87, )cos (ax) 4 *[ 184 y,cos (at ) +32y,cos (2axt ) + 64 ycos (3ax ) - 967, |

q,(t)=-Acos (a)t)— P 50 (48)
We can now substitute Eqgs. (39) and (48) into Eq. (37), after simplification, we arrived at
34° (3275 117347 +32y,7,47 cos (ax ) +164°y, (4y, — Ty, )cos (2t )
ddthzz +0'q, = _@ +24° (167/22 -3y;4° +16y,y,4° )cos (3ar )+22y,y,4 cos (4ar) (49)
+3y;4°cos (5t )+ A4y, (587,4 + 64y, )
No secular term in Eq. (49) as a result of
c(cy;m) =3844c,@” —160y;4° +3y;4° =0 (50)
The solution of Eq. (50) is
¢, :A—22(1607/22—37/32A2) (51)
384w
Substitute Eq. (36) and (50) into Eq. (30b), we have
&0’ ~ o —%5@2 +é° ( ;481 (1605 —3y§A2)j (52)
After re-arrangement, we have
o —8[71 4 372A ’ wa +&2 (;481 (1607/22 —3;/§A2)j ~0 (53)

The solution of Eq. (53) is

2
€ 3y.4°> e 3y,4° A*?
K :JE(% +y3Tj+\/{5{” +ySTH _52[384(160”2 _MAZ)J 9

with ¢ =1 and after simplification, we have

3y.4° 2 3y y.A? 19724% 54247
o= |23 +\/y_1+ rrd® 19734° 5y, 55)
2 8 4 8 128 12

The ratio of the first-order nonlinear frequency, w; to the linear frequency, w,

o _ |1, 3n47) 1+371V32AZ +197§A24 _5722«422
w, 2 8y 4 8y, 128y, 12y,

From Egs. (55) and (47), the following facts are established:

lim = =1 (56)

A—-0 a)b
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and

)
lim — =

Ao
a)b
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(57)

Substitute the equations in Table 1 and Eq. (48) into Eq. (9), one arrives at. For simple supported nanobeam

w(x,t)~A

cos (a)t)

+

B A (3}/3A -8y, )cos (a)t )
240’

1920*

For clamped-clamped nanobeam

w(x,t)~A

where

cos (ot ) -

+

A (37,4 =8y, )cos ()
240

A [18A y:cos (@t )+32y,cos (2t )+ 64 y,cos (3art ) —96}3} sinh 8 +sin
cosh f—cos S

1920°

. [ﬁ+373142j+\/7_12+37173142+19732A4_5722A2

2

8 4 8 128 12

A [ISA 75C08 (a)t ) +32y,cos (2a)t ) +64 y;cos (3a)t ) - 96;/2] i (Tj

()2
[l 2]

(58

(39

Table 2
Table of Parameters used for the simulations.
S/N Parameter Symbol Value
1 Diameter of armchair single-walled nanotube d 0.678 nm
2 Length of the nanotube L 6.78 nm
3 Aspect ratio L/h 10, 20, 50
4 Height of the nanotube h 0,0.1,0.3 nm
5 Thickness of the nanotube t 0.066 nm
6 Density of the nanotube p 2300 kg/m®
7 Young Modulus E 5.5 TPa
8 Poisson’s ratio v 0.19
9 Cross-sectional area A 0.1406 nm*
10 Thermal expansion coefficient for room and low Temperatures Oy -1.6x10° K™
11 Thermal expansion coefficient for high Temperatures Oy 1.1x10°K"!
12 Second moment of inertia 1 8.155%x10° nm*
13 Nonlocal parameter (el,a)2 0,1,2,3,4nm?
14  Dimensionless Winkler elastic medium stiffness K, 0-50
15 Dimensionless Pasternak elastic medium stiffness K, 0-100
16  Dimensionless quadratic nonlinear elastic medium stiffness K; 0-100
17  Dimensionless cubic nonlinear elastic medium stiffness K, 0-100
18  Magnetic field permeability n 10°-10® N/4*
19  Longitudinal magnetic field H, 10%-10° 4/m
20 Change in temperature AT 0-300 K
21 One dimensional piezoelectric constant ¢ 0.95
22 Electric field E. -1.7 x107-5%10°
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5 RESULTS AND DISCUSSION

With the aid of MATLAB, the developed solutions are simulated, and the results are verified with the results of
previous studies as presented in Tables 3 and 4. The comparison of the results as presented in the tables show that
the results of the present study agree very well with the results of the previous studies in literatures. Also, this
establishes the accuracy of the iteration perturbation method.

It is presented as shown in the Table 5 that the comparison of the results of linear fundamental frequency of the
simply-supported nanobeam for various values of aspect ratio and nonlocal parameter and aspect ratio. It is shown in
the results that the method is valid for a wide range of vibration amplitudes. Also, the method is relatively simple
and cost effective as compared to the other approximate analytical methods.

Table 3
Comparison of results of nonlinear frequency ratio for simply supported when g, =8, = 8’ = f =Ha, =a, =& =0.
h=0.1 h=0.3
A Simsek [68]  Abdullah et al. [70] Present Simsek [68] Abdullah et al. [70]  Present
0.5 1.02542 1.0254 1.0254 1.04331 1.0433 1.0433
1.5 1.20975 1.2098 1.2098 1.34037 1.3404 1.3404
3.5 1.51245 1.5125 1.5125 1.79243 1.7924 1.7924
Table 4
Comparison of results of nonlinear frequency ratio for clamped-clamped supported when f, = g, = Bl =f=Ha, =q =¢=0.
h=0.1 h=0.3
A Simsek [68] Abdullah et al. [70] Present Simsek [68] Abdullah et al. [70] Present
0.5 1.01974 1.0197 1.0197 1.04331 1.0433 1.0433
1.5 1.16572 1.1672 1.1672 1.34037 1.3404 1.3404
3.5 1.4132 1.4132 1.4132 2.07455 2.0746 2.0746
Table 5
Comparison of results of linear frequency ratio for simply-supported when 4, =8, = B =f =Ha, =a =0.
L/d=10 L/d=20 L/d =50
(e, (nmz) Simsek Murmu and  Present Simsek Murmu and  Present Simsek  Murmu and Present
[68] Pradhan[69] [68] Pradhan[69] [68] Pradhan[69]
0.0 9.8696 9.8696 9.8696 9.8696 9.8696 9.8696 9.8696 9.8696 9.8696
1.0 9.4158 9.4124 9.4157 9.7500 9.7498 9.7501 9.8501 9.8501 9.8501
2.0 9.0194 9.0133 9.0193 9.6747 9.6343 9.6745 9.8308 9.8308 9.8308
3.0 8.6692 8.6611 8.6690 9.5234 9.5228 9.5234 9.8116 9.8117 9.8116
4.0 8.3569 8.3472 8.3568 9.4158 9.4150 9.4157 9.7926 9.7925 9.7926
2
e NM (A=1)
—%—IVM (A=1)

NM (A=0.5)
—&—IVM (A=0.5)

Deflection parameter, q
[«]

Fig.2
A5F 1 Comparison of results for the normalized deflection
parameter vs dimensionless time.

c c c c c c c c c
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time, t

The dynamic behaviours of the beam are shown in Fig. 2 Also, the figure shows the comparison of results of

numerical method using Fourth-order Runge-Kutta and the results of the present study using homotopy perturbation
method. The results show that excellent agreement between the resents of the two methods. Having verified the
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233 Analysis of Nonlinear Vibration of Piezoelectric Nanobeam ...

correctness and the high level of accuracy of the developed approximate analytical solutions, parametric studies are
carried out as presented as follows:

5.1 Different buckled and mode shapes of the nanobeam

The different mode shapes (first-five normalized mode shapes) of the beam are shown in Figs. 3 and 4. The figures
depict the first-five normalized mode shapes of the beams for the nanotube with simple-simple and clamped-
clamped supports. In the figures, it is illustrated that the deflections of the beams along the beams’ span at five
different buckled and mode shapes.

+— 15! mode shape
251 ©— 2" mode shape

34 mode shape

4N mode shape
DN

15~ “ 5" mode shape

Mode shape function

Fig.3
The first five normalized mode shaped of the under simple-
151 1 simple supports.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Dimensionless beam lenght
4 T T T T T T

—+— 15! mode shape

—5— 2" mode shape

3r 34 mode shape

4™ mode shape

c 2- 51 mode shape
S
3
2
K]
5
3
(=}
=

f e y S Fig.4
\&% SXf X The first five normalized mode shaped of the beams under
: o clamped-clamped supports beams.

2 e : e e : e
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Dimensionless beam lenght

5.2 Effects of nonlocal parameter, temperature and aspect ratio on the linear frequency

Figs. 5-9 presents the imparts of nonlocal parameter, change in temperature and aspect ratio on the linear
frequencies of the simply and clamped-clamped supported nanotubes. It is shown in the figures that the linear
frequencies of the simply and clamped-clamped supported nanotubes decrease at the high temperatures. However,
the linear frequencies of the nanotubes under the two types of supports increase at the low temperatures as shown in
Figs. 5-8. This is because of the damping effect of temperature which decreases the stiffness of the nanotube at high
temperature. Also, it is found that the as the nonlocal parameter increases, the linear frequencies of the nanotubes
with simply and clamped-clamped supports decrease at both low and high temperatures.

The effects of aspect ratio (ratio of the length of the beam to its diameter, L/d). The figure reveals that the
frequency increases as the aspect increases. Also, the figure re-establishes that the linear frequency decreases as the
nonlocal parameter increases. However, this impact reduces significantly as the aspect ratio increases
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Fig.5

Effect of nonlocal parameter on the fundamental linear
frequency of the simply supported nanobeam at high
temperature.

Fig.6

Effect of nonlocal parameter on the fundamental linear
frequency of the simply supported nanobeam at low
temperature.

Fig.7

Effect of nonlocal parameter on the fundamental linear
frequency of the clamped-clamped supported nanobeam at
high temperature.

Fig.8

Effect of nonlocal parameter on the fundamental linear
frequency of the clamped-clamped supported nanobeam at
low temperature.
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5.3 Effects of nonlocal parameter, temperature, elastic medium stiffness on the nonlinear frequency

The effects of nonlocal parameter, change in temperature, Winkler, Pasternak, quadratic and cubic stiffnesses on the
nonlinear frequencies of the simply and clamped-clamped supported nanotubes are shown in Fig. 10-15. It is
depicted in the figures that the nonlinear frequencies of the simply and clamped-clamped supported nanotubes
decrease at the high temperatures. However, the nonlinear frequencies of the nanotubes under the two types of
supports increase at the low temperatures. This is because of the damping effect on temperature which decreases the
stiffness at a high temperature and increases nanobeam stiffness at a low temperature.

It is shown in Figs. 10-13 that the nonlinear frequency increases as the Winkler stiffness (K,,) and Pasternak
stiffness (K,,) for both low and high temperatures. This is due to the fact that increase in Pasternak stiffness causes an
additional induced stiffness to the elastic medium of the nanotube. It was also shown that the Pasternak stiffness (K,)
has more significant effect on the nonlinear frequencies than the effect of Winkler stiffness (X,,). This is because of
the shearing layer of Pasternak medium which bends and moves vertically as compared to the Winkler medium
which moves only vertically during the vibration.

The influences of the Hartmann number, quadratic (K;) and cubic (K5) nonlinear elastic medium constants on the
nonlinear frequencies of the nanobeam for both low and high temperatures in Fig. 14 and 15. The results illustrate
that when Hartmann number and cubic (K>) nonlinear elastic medium constants increase, the nonlinear frequency of
the nanobeam increases for both low and high temperatures. However, when the Hartmann number and the
quadratic (K;) nonlinear elastic medium constants increase, the nonlinear frequency of the nanobeam decreases for
clamped-clamped beam at both low and high temperatures. Also, the nonlinear frequency of the nanobeam increases
as the amplitude of the vibration increases. The nonlinear frequency of the nanobeam increases as the as the
magnetic field parameter (Hartmann number) increases because the magnetic field intensity increases the rigidity of
the nanobeams. However, it should be stated that it is the quadratic (K;) nonlinear elastic medium constants that
reduces the nonlinear frequency of the nanobeam.
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Fig.11

Effect of nonlocal parameter and Winkler elastic medium
stiffness on the nonlinear natural frequency of the clamped-
clamped supported nanobeam at high temperature.

Fig.12

Effect of nonlocal parameter and Pasternak elastic medium
stiffness on the nonlinear natural frequency of the clamped-
clamped supported nanobeam at low temperature.

Fig.13

Effect of nonlocal parameter and Pasternak elastic medium
stiffness on the nonlinear natural frequency of the clamped-
clamped supported nanobeam at high temperature.

Fig.14

Effect of nonlinear elastic medium stiffness parameters and
Hartmann number (magnetic force parameter) on the
nonlinear natural frequency of the simply supported
nanobeam.
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5.4 Effects of mode number, temperature, elastic medium stiffness on the nonlinear frequency

While the results in Fig. 2-15 present behaviour of the nanobeam at the first mode of vibration, further investigations
as presented in Figs. 16-19 reveal that, at the high values of Winkler stiffness (K,,) and all the values of amplitude as
well as Pasternak layer stiffness (X,), the quantity of increase in the nonlinear frequencies is more significant in
simply supported nanobeam than the clamped-clamped nanobeam. This means that simply supported nanobeam is
more influenced by the high quantity of the Winkler stiffness than the clamped-clamped. Also, at any value of
nonlocal parameter, the change in the first mode is higher than the second mode for the change in temperature. The
simply supported nanobeam is more susceptible to the temperature change than the clamped-clamped nanobeam for
all the modes. Such behaviour is due to the stiffer nature of the clamped-clamped nanobeam than the simply
supported nanobeam.
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Fig.18

Effect of mode number and elastic medium stiffness on the
nonlinear natural frequency of the simply supported
nanobeam at low temperature and low Winkler stiffness.

Fig.19

Effect of mode number and elastic medium stiffness on the
nonlinear natural frequency of the simply supported
nanobeam at low temperature and low Winkler stiffness.

Furthermore, it is observed that when the amplitude increases, the nonlinear frequencies of the all modes
increase for the simply supported nanobeam. The nonlinear frequency decreases and increases at high and low
temperatures, respectively. The low temperatures increase the third mode frequency for both simply supported and
clamped-clamped nanobeams. The first mode nonlinear frequency increases with an increase in the nonlocal
parameter. However, at any high values of Pasternak layer stiffness, the second and the third modes nonlinear
frequencies decrease with an increase in the nonlocal parameter. It means that the high values of the Pasternak layer
stiffness decrease the effect of the nonlocal parameter on the first mode. It could be stated that the first mode is more
influenced by low values of the Pasternak layer stiffness while the second and the third modes are significantly
influenced by the high values of Pasternak layer stiffness. Furthermore, it was found that the nonlocal parameter
increases, the frequencies for all modes decrease. The impact of change in temperature on the nonlinear frequencies
rises as the nonlocal parameter rises for all modes for both simply supported and clamped-clamped nanobeam.
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Effect of electric field and vibration amplitude on nonlinear
natural frequency of the simply supported nanobeam at low
temperature.

The significance of the effect of electric field, £, on the nonlinear frequency of the nanobeam in Fig. 20. The
figure shows that the nonlinear frequency of the beam decreases as the electric field and nonlocal parameter
increase. However, the decrease in nonlinear frequency as nonlocal parameter increases is marginal.
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5.5 Effects of nonlocal parameter, temperature, elastic medium stiffness on the frequency ratio

The impacts of nonlocal parameter, temperature, elastic medium stiffness on the nonlinear frequency to the linear
frequency ratio for both simply and clamped-clamped supported nanobeams are illustrated in Fig. 21-35. In all the
results, it is demonstrated that as the dimensionless amplitude increases the frequency ratio increases due to the
“hardening spring” behaviour of the nanobeam. Such behaviour in response to the increase in the dimensionless
amplitude is caused by the increase in the axial stretching due to the large deflection which leads to a stiffer
structure and a larger nonlinear frequency. The results show that the at any given dimensionless amplitude,
frequency ratio increases as the values of the dimensionless nonlocal, quadratic and cubic elastic medium stiffness
parameters increase as shown in Figs. 21-26. However, at any given dimensionless amplitude, the frequency ratio
decreases as the values of the temperature change, magnetic force, one dimensional piezoelectric constant, Winkler
and Pasternak layer stiffness parameters increase as shown in Figs. 27-35. It is shown in all the figures that the
impact of the dimensionless nonlocal, quadratic, cubic elastic medium stiffness, temperature change, one
dimensional piezoelectric constant, magnetic force, Winkler and Pasternak layer stiffness parameters on the
nonlinear frequency ratio becomes significant as the dimensionless amplitude increase.
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Fig.21
Effects of dimensionless nonlocal parameter on the frequency
ratio for simply supported nanobeam.
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Effects of dimensionless nonlocal parameter on the frequency
ratio for clamped-clamped nanobeam.
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Effects of dimensionless quadratic elastic medium stiffness
on the frequency ratio for simply supported nanobeam.
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Fig.24

Effects of dimensionless quadratic elastic medium stiffness
on the frequency ratio for clamped-clamped supported
nanobeam.

Fig.25

Effects of dimensionless cubic nonlinear elastic medium
stiffness on the frequency ratio for simply supported
nanobeam.

Fig.26

Effects of dimensionless cubic elastic medium stiffness on
the frequency ratio for clamped-clamped supported
nanobeam.

Fig.27
Effects of dimensionless Pasternak elastic medium stiffness
on the frequency ratio for simply supported nanobeam
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Effects of dimensionless Winkler elastic medium stiffness on
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It is clearly seen that increase in temperature change at high temperature reduces the frequency ratio as shown in
Figs. 31 and 32. Such response is due to the fact that the Young modulus and the flexural rigidity of the nanobeam
are functions of temperature. These parameters (Young modulus and the flexural rigidity) increase at high
temperature and such causes the nanobeam to become increasingly rigid as the temperature change increases, which
consequently decreases the frequency ratio of the vibration of the structure. However, at low or room temperature,
increase in temperature change, increases the frequency ratio of the structure nanotube.
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Fig.32
Effects of temperature change on the frequency ratio for
clamped-clamped nanobeam.

Fig.33
Effects of magnetic force parameter on the frequency ratio
for simply supported nanobeam.

Fig.34
Effects of magnetic force parameter on the frequency ratio
for clamped-clamped nanobeam.

Fig.35
Effects of one dimensional piezoelectric constant on the
frequency ratio for clamped-clamped nanobeam.
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6 CONCLUSIONS

In this work, the impacts of thermo-magneto-mechanical coupled parameters on the nonlinear vibration of single-
walled carbon nanotube embedded in Winkler, Pasternak, and nonlinear elastic media have been analyzed the aids
of Galerkin decomposition and iteration perturbation methods. Parametric studies were carried out and the following
results were established:

i The frequency of the nanotube increases at low temperature but decreases at the high temperatures.
ii. ~ The nonlocal parameter and electric field decreases the frequencies of the nanobeam that is simply
supported at any amount of the linear and nonlinear elastic medium coefficients.
ii. The effect of the linear Winkler layer stiffness on the nanobeam that is simply supported is more than the
nanobeam with clamped-clamped supports.
iv. An increase in the quadratic nonlinear elastic medium stiffness causes a decrease in the first mode of the

nanobeam with clamped-clamped supports and an increase in all modes of the simply supported nanobeam
at both low and high temperature.

V. When the magnetic force, cubic nonlinear elastic medium stiffness, and amplitude increase, there is an
increase in all mode frequency of the nanobeam.
vi. A decrease in Winkler and Pasternak elastic media constants and increase in the nonlinear parameters of
elastic medium results in an increase in the frequency ratio.
vii.  The frequency ratio increases as the values of the dimensionless nonlocal, quadratic and cubic elastic
medium stiffness parameters increase. The dimensionless amplitude increases the frequency ratio increases.
viil. The frequency ratio decreases as the values of the temperature change, magnetic force, one dimensional
piezoelectric constant Winkler and Pasternak layer stiffness parameters increase.
iX. An increase in the temperature change at high temperature reduces the frequency ratio but at low or room
temperature, increase in temperature change, increases the frequency ratio of the structure nanotube.
X. The impact of the dimensionless nonlocal, quadratic, cubic elastic medium stiffness, temperature change,

magnetic force, Winkler and Pasternak layer stiffness parameters on the nonlinear frequency ratio becomes
significant as the dimensionless amplitude increase.
Such an extensive analysis as carried in this study work will greatly benefit in the design and applications of
nanotube in thermal and magnetic environments.

APPENDIX

Following the nonlocal theory presented by Erigen [42, 43, 44] and that of Erigen and Edelen [45], the relationship
between the nonlocal stress—tensor (o, ) at point x of an isotropic and homogenous nanobeam and the local stress—

tensor (¢;) is
[1_(30“)2 v2:|o-ii = [1_(71 ) Vz]aﬁ =Es(x)=t, (A1)

Algebraically, Eq. (1) can be written as:

2

o —(eqa)’ aa? =Ee, =t (A2)

Neglecting the damping of the nanobeam and the damping induced by the surrounding medium. Also, assuming
that vibration is independent of time axial forces. Based on Euler-Bernoulli theory, the displacements in the
nanobeam are given as:

_ _ow _ _
u, :u(x,t )—z E; U, =w (x,t ); u, =0. (A.3)

u, =0, since, there is not any motion along the third direction. Also, the strain in the longitudinal direction is

given as:
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. = oy (A.4)
Tor '
The strain in the longitudinal direction is related to the extension and bending strains as:
& =&2 +7zk; (A.S)
where extension and bending strains are respectively given as:
ou oW
0
== k=—=. A.6
T ox? (A-0)
On substituting Eq. (A.6) into Eq. (A.5), we have
o _ow (A7)
= — 7 — .
ooox ox’
Considering the Von Karman geometric nonlinearity effect, the extension strain is given as:
— —\2
g 2o 10w (A.8)
ook 2\ ox

Substitution of the nonlinear extension strain in Eq. (A.8) and the bending strain in Eq. (A.5), provides geometric
nonlinearity in the longitudinal strain as:

— —\2 2 —
e =L O] SO (A.9)
ox 2\ ox ox
Introducing the following stress resultants:
N =[ogdd,; M= [o.zdd,; V = [o.dd,; I=[z%4,; (A.10)
A, A, A, A, ’
The required equation of motion for the nanobeam can be derived after taking the variation of the relation
=W +K -U (A.11)
where
L
W= [(fir +pw )dx (A.12)
0
tom, (0 avvjz m,( &
}[{2 (Gt] ((% 2 \oxot ( )
1 LElor 1(ow} _ow ]|
U :j—(aﬁgﬁ)dlf =”— —_+—(—_J —7 22 | ddds (A.14)
p20 0y 2] ox 2\ ox ox

Applying Hamilton’s principle, the variation of Eq. (A.11) is obtained as:
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5(H)=51j(W +K ~U)di =0 (A.15)

0

Expansion of the RHS of Eq. (15), gives

5(M) = 57j(W )dt_+5](K )df—&}(U)df 0 (A.16)

0

i.  Workdone by external forces
For the first term at the RHS of Eq. (A.16), i.e. the variation of the work done by the external forces, substitution
of Eq. (A.12) into the first term at the RHS of Eq. (A.16), provides

T

s[w )dz‘:ﬁ(famp&i)dfdt‘ (A.17)

0

ii. Kinetic Energy
Also, for the second term at the RHS of Eq. (16), i.e. the variation of the kinetic energy, substitution of Eq. (13)
into the second term at the RHS of Eq. (16), gives

¢ Oit 5 oW 05w 0w \(8*ow |, —
I _[ ——t = |tmy| —= || == | pxdt (A.18)
o Gt ot or ot oxot )\ ox ot

iii. Strain Energy
Furthermore, for the third term at the RHS of Eq. (16), i.e. the variation of the strain energy, substitution of Eq.
(A.14) into the third term at the RHS of Eq. (A.16), results in

51(U)dt_ =I Vj 5[ ot Jdth = j | 5( x)jdth_ =1Vj56(%55n)Jdde‘ (A.19)

which gives

R —

vdr (A.20)

¢ _ oot ow OSw  O*Sw
o) :Lf ( & or ax  or

On substituting Eq. (A.10), one can write Eq. (A.20) as:
T L — 2
— oou  ow 8§w 6 M

s|U)dt =|||N| —+— xdt A21

J( ) ;‘;-ﬂ ( o  or ot } ( )
On substituting Egs. (A.17), (A.18), and (A.21) into Eq. (A.16), we have

TL TL _ 2 — 2 o—
ou 0o 8W oow ow | 0°ow —
o ou +pow d xdt + — + — — | dxdt
(= M(f " TPow e ”{ (Gt & o ar j mz[ax-at j[é’x_at de

T L — —
_”N(%ﬁawa‘;wj w S b o
00 ox Ox Ox 0x

(A.22)

According to Euler—Lagrange, the following equations are obtained
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&% ON _

-m,—+—+f (x,t )=0 A23
ot or S (&) (A.23)
ow ow  *M _ oW

-m,—+m —+ +plx, N =0 A.24
oo M g e TP )N o (A.29)

The nonlocal axial force (nonlinear stretching force) and bending moment are given by

aN or 1(owY N
N - ? —EA, - |-¢E. 4
—(est) == [ =3 ( axj ~ A(] CE.A, (A.25)
M W
M (e, a)2a —E1 (—ZXTWZ] (A.26)

After differentiating Eq. (A.23) wrt x, on arrives at

O°N ou of
=, M A27
e’ e ox (A-27)

Also, from Eq. (24), we have

ow ow ow

+m —m —
ox? % o2 > ox ot ?

(A.28)

Substitution of Egs. (A.27) and (A.28) into Eqs. (A.25) and (A.26), gives the nonlocal axial force and bending
moment as:

o 1(owY N ow  of
N =EA, o E.A + ¢ 9 .
{Gx (6)?) EA } d (eva) (””’ oxor? Gx_j (A.29)
P oW o o
M =-El [6)6_2 j+(e°a) ( PN e e e T 8x_26t_2j (A.30)

The first derivative of Eq. (A.29) is given as:

N ow 1o0(owY o N 2 o' of
=FA, | —+——| — | ——| — ||-=(CE.4.)+ —_ A3l
o {ﬁx_z 2 8)?(6)?) 6)?[EAC H a—(g )+ (ead) | Moo o (A31)
while the second derivative of Eq. (A.30) provides
oM ’p a“w— oW oW
=-FEI + + — — —=
ox ( j (eoa)’ ( a2 Ve e ™Mo (A.32)

Substituting Eq. (A.31) into Eq. (A.23), one arrives at the horizontal equation of motion as:

% w 1o(awY o(N o 2 o'w o _
—EA L e I e N IS R o __ =f (%.i ,
r {6)72 26)?[6)?] ﬁf(EACH o GEA)~(e0a) | moommm =5 |2/ (1) (A33)

which can also be written as:
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Then Eq. (A.29) becomes

a AT
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ow  of

_AT
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> [mo ou o

axor: ox

(A.34)

(A.35)

(A.36)

Substitution of Eq. (A.35) into Eq. (A.34), gives the horizontal equation of motion of the nanobeam as:

2 £q, 58T
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-4 H;

m g 299"
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ox
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(A.37)

Also, substitution of Egs. (A.32) and (A.36) into Eq. (A.24), provides the vertical equation of motion as:

aAT_A j

‘lox 2\ox
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which can be written as:
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where
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Substitution of Eq. (36) into Eq. (35), gives
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Therefore, the vertical equation of motion of the nanobeam is
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Taking m, = pA, , neglecting the rotary inertial (i.e. m, =0) with no axial distributed force (i.e. f (x,¢ ) =0)
and zero axial displacements (i.e. # =0). After some mathematical processes of Integrating the nonlinear
stretching force, NV between the limits 0 and L and applying the boundary conditions # (0,#) and &' (L,#) makes the
axial normal force in Eq. (A.36) to become

L —\2

EA ow a. AT
N = < — | dx |—| EA, = —nA H2 |-CE_A

[2L I [ax_j J [ TR j CE.A, (A.44)

That is
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Therefore, Eq. (A.37) and (A.43) reduce to

B 2 . L 5 ) — o (w?
E](awj+pA(a_{w‘—(eoa)zngwz}+kw {W_‘(eoa)za_w}k i {W_(eoay%}k{w‘z—(eoa)z 6(;}2 )1

o o act | Por?

o () & e AT & A
— 2 — 20W a- — 20W
+k{w3—(eoa) P —UA(,ny{ ~(esa) 6_2}(154 . ZVjaxT{W ~(esa) axTz} (A.46)

L
ol 2 O EA. (avvjz (o Noan
+EA—w—ea———‘ —dx —lea) — =O
g”ax-{ (0)6)?2} 2 '[ ox ox? (°)ax-“

REFERENCES

[1] Ilijima S., 1991, Helical micro tubes of graphitic carbon, Nature 354: 56-58.
[2] Terrones M., Banhart F., Grobert N., Charlier J., Terrones C., Ajayan H., 2002, Molecular junctions by joining single-
walled carbon nanotubes, Physical Review Letters 89: 07550.
[3] Nagy P., Ehlich R., Biro L.P., Gjyulai J., 2000, Y-branching of single walled carbon nanotubes, Applied Physics A 70:
481-483.
[4] Chernozatonskii L.A., 1992, Carbon nanotubes connectors and planar jungle gyms, Applied Physics A 172: 173-176.
[5] Liew K.M., Wong C.H., He X.Q., Tan M.J., Meguid S.A., 2004, Nanomechanics of single and multiwalled carbon
nanotubes, Physical Review B 69: 115429.
[6] Pantano A., Boyce M.C., Parks D.M., 2004, Mechanics of axial compression of single and multi-wall carbon
nanotubes, Journal of Engineering Materials and Technology 126: 279-284.
[7] Pantano A., Parks D.M., Boyce M.C., 2004, Mechanics of deformation of single- and multi-wall carbon nanotubes,
Journal of the Mechanics and Physics of Solids 52: 789-821.
[8] Qian D., Wagner G.J., Liu W.K., Yu M.F., Ruoff R.S., 2002, Mechanics of carbon nanotubes, Applied Mechanics
Reviews 55: 495-533.
9] Salvetat J.P., Bonard J.-M., Thomson N.H., Kulik A.J., Forro L., Benoit W., Zuppiroli L., 1999, Mechanical properties
of carbon nanotubes, Applied Physics A 69: 255-260.
[10] Sears A., Batra R.C., 2006, Buckling of carbon nanotubes under axial compression, Physical Review B 73: 085410.
[11] Yoon J., Ru C.Q., Mioduchowski A., 2002, Noncoaxial resonance of an isolated multiwall carbon nanotube, Physical
Review B 66: 233402.
[12] Wang X., Cai H., 2006, Effects of initial stress on non-coaxial resonance of multi-wall carbon nanotubes, Acta
Materialia 54: 2067-2074.

© 2022 TAU, Arak Branch



M.G. Sobamowo 250

Wang C.M., Tan V.B.C., Zhang Y.Y., 2006, Timoshenko beam model for vibration analysis of multi-walled carbon
nanotubes, Journal of Sound and Vibration 294: 1060-1072.

Zhang Y., Liu G., Han X., 2005, Transverse vibrations of double-walled carbon nanotubes under compressive axial
load, Physics Letters A 340: 258-266.

Elishakoff I., Pentaras D., 2009, Fundamental natural frequencies of double-walled carbon nanotubes, Journal of Sound
and Vibration 322: 652-664.

Buks E., Yurke B., 2006, Mass detection with nonlinear nanomechanical resonator, Physical Review E 74: 046619.
Postma H.W.C., Kozinsky I., Husain A., Roukes M.L., 2005, Dynamic range of nanotube- and nanowire-based
electromechanical systems, Applied Physics Letters 86: 223105.

Fu Y.M., Hong J.W., Wang X.Q., 2006, Analysis of nonlinear vibration for embedded carbon nanotubes, Journal of
Sound and Vibration 296: 746-756.

Dequesnes M., Tang Z., Aluru N.R., 2004, Static and dynamic analysis of carbon nanotube-based switches,
Transactions of the ASME 126: 230-237.

Ouakad H.M., Younis M.I., 2010, Nonlinear dynamics of electrically actuated carbon nanotube resonators, Journal of
Computational and Nonlinear Dynamics 5: 011009.

Zamanian M., Khadem S.E., Mahmoodi S.N., 2009, Analysis of non-linear vibrations of a microresonator under
piezoelectric and electrostatic actuations, Journal of Mechanical Engineering Science 223: 329-344.

Belhadj A., Boukhalfa A., Belalia S., 2016, Carbon nanotube structure vibration based on nonlocal elasticity, Journal
of Modern Materials 3(1): 9-13.

Abdel-Rahman E.M., Nayfeh A.H., 2003, Secondary resonances of electrically actuated resonant microsensors, Journal
of Micromechnics and Microengineering 13: 491-501.

Hawwa M.A., Al-Qahtani H.M., 2010, Nonlinear oscillations of a double-walled carbon nanotube, Computational
Materials Science 48: 140-143.

Hajnayeb A., Khadem S.E., 2012, Nonlinear vibration and stability analysis of a double-walled carbon nanotube under
electrostatic actuation, Journal of Sound and Vibration 331: 2443-2456.

Xu K.Y., Guo X.N., Ru C.Q., 2006, Vibration of a double-walled carbon nanotube aroused by nonlinear intertube van
der Waals forces, Journal of Applied Physics 99: 064303.

Lei X.W., Natsuki T., Shi J.X., Ni Q.Q., 2012, Surface effects on the vibrational frequency of double-walled carbon
nanotubes using the nonlocal Timoshenko beam model, Composites Part B 43: 64-69.

Ghorbanpour A.A., Zarei M.S., Amir S., Khoddami M.Z., 2013, Nonlinear nonlocal vibration of embedded DWCNT
conveying fluid using shell model, Physica B 410: 188-196.

Yoon J., Ru C.Q., Mioduchowski A., 2002, Non-coaxial resonance of an isolated multiwall carbon nanotube, Physical
Review B 66: 233402-233414.

Yoon J., Ru C.Q., Mioduchowski A., 2003, Vibration of an embedded multiwalled carbon nanotube [J], Composites
Science and Technology 63: 1533-1542.

Ansari R., Hemmatnezhad M., 2011, Nonlinear vibrations of embedded multi-walled carbon nanotubes using a
variational approach, Mathematical and Computer Modelling 53(5-6): 927-938.

Ghorbanpour Arani A., Rabbani H., Amir S., Khoddami Maraghi Z., Mohammadimehr M., Haghparast E., Analysis of
nonlinear vibrations for multi-walled carbon nanotubes embedded in an elastic medium, Journal of Solid Mechanics
3(3): 258-270.

Yoon J., Ru C.Q.C., Miodochowski A., 2003, Vibration of an embedded multiwalled carbon nanotubes, Composites
Science and Technology 63: 1533-1542.

Wang C.M., Tan V.B.C., Zhang Y.Y., 2006, Timoshenko beam model for vibration analysis of multi-walled carbon
nanotubes, Journal of Sound and Vibration 294: 1060-1072.

Aydogdu M., 2008, Vibration of multi-walled carbon nanotubes by generalized shear deformation theory, International
Journal of Mechanical Sciences 50: 837-844.

Sobamowo M. G., 2016, Nonlinear vibration analysis of single-walled carbon nanotube conveying fluid in slip
boundary bonditions using variational iterative method, Journal of Applied and Computational Mechanics 2(4): 208-
221.

Sobamowo M.G., 2017, Nonlinear analysis of flow-induced vibration in fluid-conveying structures using differential
transformation method with cosine-after treatment technique, Iranian Journal of Mechanical Engineering Transactions
of the ISME 18(1): 5-42.

Sobamowo M.G., 2017, Nonlinear thermal and flow-induced vibration analysis of fluid-conveying carbon nanotube
resting on Winkler and Pasternak foundations, Thermal Science and Engineering Progress 4: 133-149.

Sobamowo M.G., Ogunmola B.Y., Osheku C.A., 2017, Thermo-mechanical nonlinear vibration analysis of fluid-
conveying structures subjected to different boundary conditions using Galerkin-Newton-Harmonic balancing method,
Journal of Applied and Computational Mechanics 3(1): 60-79.

Arefi A., Nahvi H., 2017, Stability analysis of an embedded single-walled carbon nanotube with small initial curvature
based on nonlocal theory, Mechanics of Advanced Materials and Structures 24(11): 962-970.

Cigeroglu E., Samandari H., 2014, Nonlinear free vibrations of curved double walled carbon nanotubes using

differential quadrature method, Physica E 64: 95-105.

© 2022 TAU, Arak Branch


javascript:void(0)
javascript:void(0)
javascript:void(0)
javascript:void(0)

251

Analysis of Nonlinear Vibration of Piezoelectric Nanobeam ...

Eringen A.C., 1983, On differential equations of nonlocal elasticity and solutions of screw dislocation and surface
waves, Journal of Applied Physics 54(9): 4703-4710.

Eringen A.C., 1972, Linear theory of nonlocal elasticity and dispersion of plane waves, International Journal of
Engineering Science 10(5): 425-435.

Eringen A.C., 2002, Nonlocal Continuum Field Theories, Springer, New York.

Eringen A.C., Edelen D.G.B., 1972, On nonlocal elasticity, International Journal of Engineering Science 10(3): 233-
248.

Yang F., Chong A., Lam D.C.C., Tong P., 2002, Couple stress based strain gradient theory for elasticity, International
Journal of Solids and Structures 39(10): 2731-2743.

Park S., Gao X.-L., 2008, Variational formulation of a modified couple stress theory and its application to a simple
shear problem, Zeitschrift fiir Angewandte Mathematik und Physik 59(5): 904-917.

Peddieson J., Buchanan G.R., McNitt R.P., 2003, Application of nonlocal continuum models to nanotechnology,
International Journal of Engineering Science 41(3-5): 305-312.

Lu P, Lee H., Lu C., Zhang P., 2006, Dynamic properties of flexural beams using a nonlocal elasticity model, Journal
of Applied Physics 99(7): 073510.

Reddy J., 2007, Nonlocal theories for bending, buckling and vibration of beams, International Journal of Engineering
Science 45(2-8): 288-307.

Reddy J., Pang S., 2008, Nonlocal continuum theories of beams for the analysis of carbon nanotubes, Journal of
Applied Physics 103(2): 023511.

Lim C.W., 2010, On the truth of nanoscale for nanobeams based on nonlocal elastic stress field theory: Equilibrium,
governing equation and static deflection, Applied Mathematics and Mechanics 31(1): 37-54.

Lim C.W., 2010, Is a nanorod (or nanotube) with a lower Young’s modulus stiffer? Is not Young’s modulus a stiffness
indicator ?, Science China Physics, Mechanics & Astronomy 53(4): 712-724.

Hosseini S., Rahmani O., 2016, Thermomechanical vibration of curved functionally graded nanobeam based on
nonlocal elasticity, Journal of Thermal Stresses 39(10): 1252-1267.

Tylikowski A., 2012, Instability of thermally induced vibrations of carbon nanotubes via nonlocal elasticity, Journal
of Thermal Stresses 35(1-3): 281-289.

Ebrahimi F., Mahmoodi F., 2018, Vibration analysis of carbon nanotubes with multiple cracks in thermal environment,
Advanced Nano Research 6(1): 57-80.

Zhang Y., Liu X., Liu G., 2007, Thermal effect on transverse vibrations of double-walled carbon nanotubes,
Nanotechnology 18(44): 445701.

Murmu T., Pradhan S., 2009, Thermo-mechanical vibration of a single-walled carbon nanotube embedded in an elastic
medium based on nonlocal elasticity theory, Computational Materials Science 46(4): 854-859.

Karli_ci_c¢ D., Jovanovi ¢ D., Kozi ¢ P., Caji_ ¢ M., 2015, Thermal and magnetic effects on the vibration of a cracked
nanobeam embedded in an elastic medium, Journal of Mechanics of Materials and Structures 10(1): 43-62.

Zarepour M., Hosseini S. A., 2016, A semi analytical method for electro-thermo-mechanical nonlinear vibration
analysis of nanobeam resting on the Winkler—Pasternak foundations with general elastic boundary conditions, Smart
Materials and Structures 25(8): 085005.

Ke L., Xiang Y., Yang J., Kitipornchai S., 2009, Nonlinear free vibration of embedded double-walled carbon nanotubes
based on nonlocal Timoshenko beam theory, Computational Materials Science 47(2): 409-417.

Togun N., 2016, Nonlocal beam theory for nonlinear vibrations of a nanobeam resting on elastic foundation,
Boundary Value Problems 2016(1): 57.

Ansari R., Gholami R., Darabi M., 2012, Nonlinear free vibration of embedded double-walled carbon nanotubes with
layerwise boundary conditions, Acta Mechanica 223(12): 2523-2536.

Ma’en S.S., 2017, Superharmonic resonance analysis of nonlocal nano beam subjected to axial thermal and magnetic
forces and resting on a nonlinear elastic foundation, Microsystem Technologies 23(8): 3319-3330.

Fallah A., Aghdam M., 2011, Nonlinear free vibration and post-buckling analysis of functionally graded beams on
nonlinear elastic foundation, European Journal of Mechanics A/Solids 30(4): 571-583.

Fallah A., Aghdam M., 2012, Thermo-mechanical buckling and nonlinear free vibration analysis of functionally graded
beams on nonlinear elastic foundation, Composites Part B: Engineering 43(3): 1523-1530.

Murmu T., Pradhan S., 2010, Thermal effects on the stability of embedded carbon nanotubes, Computational Materials
Science 47(3): 721-726.

Simsek M., 2014, Large amplitude free vibration of nanobeams with various boundary conditions based on the nonlocal
elasticity theory, Composites Part B: Engineering 56: 621-628.

Murmu T., Pradhan S.C., 2009, Thermo-mechanical vibration of a single-walled carbon nanotube embedded in an
elastic medium based on nonlocal elasticity theory, Computational Materials Science 46: 854-859.

Abdullah S.S., Hosseini-Hashemi S., Hussein N.A., Nazemnezhad R., 2020, Thermal stress and magnetic effects on
nonlinear vibration of nanobeams embedded in nonlinear elastic medium, Journal of Thermal Stresses 43(10): 1316-
1332.

© 2022 TAU, Arak Branch


https://www.researchgate.net/journal/Computational-Materials-Science-0927-0256
https://www.researchgate.net/journal/Computational-Materials-Science-0927-0256
https://www.researchgate.net/journal/Computational-Materials-Science-0927-0256
https://www.researchgate.net/journal/Computational-Materials-Science-0927-0256
https://www.researchgate.net/journal/Computational-Materials-Science-0927-0256

