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ABSTRACT

In industry applications, planetary gear systems are widely used in
power transmission systems. In planetary gears, dynamic loads,
noise and reduction the structural life are produced by system
vibrations. For gear transmission systems, the parametric excitation
which introduced by the periodically time—varying mesh stiffness
of each gear oscillation is the main source of vibration. Generally,
there are two methods to evaluate the gear mesh stiffnesses, the
finite element method and the analytical method. In this wok, the
periodically time—varying mesh stiffness of planetary gears is
investigated. The influence of pressure angles on mesh stiffness of
meshing gears is shown and the dynamic model of planetary gear
sets is studied. When planets of the single—stage spur planetary
gear system are meshed by new planets, the system is converted to
special type of system with meshed planets. Vibration for
geometrical structures (symmetric and anti-symmetric) of
planetary system with meshed planets is investigated. Mesh
stiffness of meshing gears by estimation function is obtained and
numerical results of natural frequencies and vibration modes are
derived. © 2021 IAU, Arak Branch.All rights reserved.

Keywords : Planetary gear; Vibration; Time—varying mesh stiffness;
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1 INTRODUCTION

ENERALLY, planetary gear systems are classified in two types of single—stage spur planetary gear system

and system with meshed planets which planets are meshed with each other. Some advantages of planetary gear
systems are: compactness, high torque to weight ratio and low noise. Some other positive points of planetary gears
are: small radial bearing loads due to axi—symmetric orientation of planetary gears, high speed reduction in small
volumes and also co—axial shaft arrangements. In dynamic model of planetary gears key design parameters are:
mesh stiffnesses, bearing (support) stiffnesses, component masses and moments of inertia. The main source of
vibrations in planetary gear systems is stiffness coefficients of the periodic time—dependent involvement of the
contact between sun—planet and ring—planet. Planetary gears are widely used in the aerospace, aircraft, wind turbine,
marine and automotive applications and mining equipment. A nonlinear time—varying dynamic model for gear
systems, considering time—varying meshing stiffness and other nonlinearities is investigated in [1,2]. Camacho et al.
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[3] presented a methodology to enhance the preliminary design of a single—stage gearbox by diminishing the
dynamic load between gears. Chen and Shao [4] introduced a mesh stiffness model of internal gear pair with a tooth
root crack in the ring gear based on the potential energy principle. Sun and Ha [5] presented the nonlinear dynamics
of a planetary gear system with time—varying mesh stiffnesses and error excitation. A finite element model of the
geared rotor system is established by Hao et al. [6] where the rotating beam elements are used and the linear mesh
stiffness of engaged helical gears is involved. Inalpolat and Kahraman [7] proposed a nonlinear time—varying
dynamic model to predict modulation sidebands of planetary gear sets with periodically time—varying gear mesh
stiffnesses and the nonlinearities associated with tooth separations. An advanced model of spur gear transmissions
developed by the authors is used to study the influence of carrier planet pin hole position errors on the behavior of
the transmission [8]. Jiang and Liu [9] developed analytical models of mesh stiffness for cracked spur gears
considering gear body deflection and dynamic simulation. Lin and Parker [10] studied on free vibration of single—
stage planetary gear sets and analyzed natural frequencies. Kahraman [11,12] investigated on dynamic and vibration
of planetary gear sets and simulation of transient gear contact done by Kazaz et al. [13]. Nonlinear dynamic
behavior of spur planetary gears examined using two models [14]: lumped—parameter model and finite element
model. Li et al. [15] established a batch module called “integration of finite element analysis and optimum design”
by taking gear systems as testing examples. Meanwhile, a dynamic lumped—parameter gear model incorporating the
effects of time—varying nonlinearity formulated by Chen et al. [16] to analyze the spur gear rattle response under the
idling condition. Lin and Parker [17] studied on free vibration of single—stage planetary gear sets. Liu et al. [18]
considered time—varying stiffness and internal and external excitations to analysis of gear system under fractional—
order PID control with the feedback of meshing error change rate. Mandol et al. [19] presented a computational
approach to predict the load withstanding capacity of a planetary gear assembly. The dynamic scenario of planetary
gear analyzed over a reasonable engineering range in terms of rotation speed and torque [20] and Parker [21] studied
on effectiveness of planet phasing to suppress planetary gear vibration. Phadatare and Pratiher [22] studied on
bifurcation, stability, and route to chaos of nonlinear dynamic of flexible rotor—bearing system. Shu et al. [23]
proposed a dynamic optimization approach to improve the dynamic performance of the multi-motor driving
transmission system by improving its vibration displacement root mean square value. The dynamic model created
using a lumped parameter model of the planctary gearbox by Tatar et al. [24] and the gears and carrier in the
planetary gearbox are assumed to be rigid. Wang et al. [25] presented an intelligent fault diagnosis method based on
an unsupervised learning algorithm called sparse filtering. Dynamical model of a spur gear pair with time—varying
stiffness and static transmission error under uncertainties established in [26,27]. Because the fault features of
planetary gear are very weak, Zheng et al. [28] presented a new fault diagnosis method for planetary gear based on
image feature extraction. Variation of wear depth on tooth profiles of internal gears determined theoretically in [29].
Finite—element theory [30] associated with the lumped mass method for study on the influence of base excitation on
the rotor—rolling bearings supports with rubber damping rings coupling dynamics model presented by Zhu et al.
[31].

This work investigates on dynamic and vibration for geometrical structures of planetary gears with symmetric
and anti-symmetric rotational structures. For rotational systems, the degrees of freedom of system components in
translational directions are negligible and components of the system have freedom only in rotational direction. On
the other hand for rotational system, translational bearing stiffnesses lead to infinity for negligible degrees of
freedom of components in translational directions. For investigation on planetary gear vibration especially natural
frequencies and vibration modes, study on the main source of vibration; i.e., the periodically time—varying mesh
stiffness of gears is necessary. So, in this study the periodically time—varying mesh stiffness of gears in the form of
Fourier series and finite element method are obtained by polynomial estimation function. The influence of pressure
angles on mesh stiffness of meshing gears is investigated. According to results of mesh stifnesses, numerical results
of natural frequencies and vibration modes for both symmetric and anti—symmetric systems with meshed planets are
derived by mean values of gears mesh stiffness.

2 MODELING OF PLANETARY GEARS DYNAMIC

Two—dimensional (2D) lumped—parameter model of single—stage spur planetary gear system is shown in Fig. 1.
Each element such as carrier (c), ring (), sun (s) and J planets is assumed to have rigid behavior, i.e., lumped
parameter system. Sun and carrier are connected to the input and output shaft respectively; the external torque and
force are applied to the input shaft (7, and F, ) and the ring gear is held stationary. Planet bearings are connected to

the carrier and they are free to rotate. Mass and moment of inertia of bearings are: m, and I, for i =c,r,s,j

i
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and j =pl,p2,..,J whereJ is number of planets and p denotes to the planet. Bearings are modeled by springs in

x and y directions which represent translational bearings stiffness (K, ,K, ,i =c,r,s ). Rotational bearings stiffness

ix o™iy
(K,p,i =c,r,s) are modeled by springs in rotational direction (@) and stiffnesses for planet bearings are
represented by K ;. Translational and rotational coordinates of the carrier, ring and sun are: x,,y, and 6, where
i =c,r,s . The radial and tangential coordinates are: f/. and n; which are known as translational coordinates of
planets center. Rotational coordinate of planets is: u, =7,6, and 6, is planets rotation. In the present model, each
element has three degrees of freedom in planar motion: two translations and one rotation, so the system has 3(J +3)
degrees of freedom. The base radius for bearings of the ring, sun, carrier and planets is shown by r,,i =c,r,s,j .

For the carrier bearing, 7 is radius of the circle which passing through the center of planets. In the present model
(Fig. 2), flexibilities of the gear teeth and gear bodies are simulated by springs (reciprocal actions of gear mesh
modeled as springs). In Fig. 2, sun—j’h planet and ring— j’h planet meshes are shown. As an example for mesh of sun—
;™ planet, the circumferential /” planet location is identified by time varying angle of v, (¢) and stiffness between

sun and ;" planet (k o (¢)) acting along the line of action.
In Fig. 2, k,(z) and k;(t) are the periodically time—varying mesh stiffness of the ring— ™ planet and also

sun—;” planet. The basis frequency of the system is @, and equal to: @, =y,0.0, /(Q, +0Q,) where y, is angular

s

velocity of the sun gear and Q_ and (), are numbers of teeth for the sun and ring gears. So the periodically time—

varying mesh stiffness of the ring— / planet and also sun—;” planet in the form of Fourier series are obtained as
Egs. (1) and (2). In Egs. (1) and (2), h, and h_ are the number of harmonic acceptable terms to explain and show

the periodic functions of k() and k(¢). k,(t) and k_,(¢) are the harmonic coefficients of Fourier series with

the average amounts of k,lp and k Slp .

h' ~ . ~
k,@©)=k', +> (k) cos(wt —2A m)+k " sin(w,t —2A )] (1)

Jj=1

/iy
ky@)y=k', +> (k) cos(wt —2A,m)+k /" sin(w1 —2A, 7)] )
=

sp

In the present model, the phasing (phase angle) of sun— j* planet is A,; . The phasing of ring— ™ planet is A,j
which equal to A; +A, and A, is the phasing of sun and ring gear (the phase angle between mesh of ring — Vi
planet and mesh of sun— j” planet). Static transmission error (e () is involved as dynamic excitation at the mesh
spring and pressure angle between sun and ;" planet is a,;(t) . InFig. 1, coordinates used in this model are shown
and y, (¢) depend on the unit vector’s rotation (i unit vector) and measure counter—clockwise from the first planet,
so that y,, =0. When planets of the single—stage spur planetary gear system are meshed by new planets, the system

is converted to special type of system with meshed planets (planet 1 and planet 2 are meshed with each other, see
Figs. 3 and 4). In system with meshed planets for all planets which relating to the carrier, a planet set is considered.
In each planet set, planets are modeled as meshed planets which placing in some planet trains. For the carrier
bearing of the system with meshed planets, in Fig. 4, » is radius of the circle which passing through the center of
planets (7., for planet 1 and 7., for planet 2). For meshed planets (mesh of planet 1— planet 2), coordination of

meshed planets is labeled by angles of £ and the circumferential planet 1 location is identified by time—varying
angle of y,(¢). Each element has three degrees of freedom in planar motion: two translations and one rotation so the
systems with meshed planets have degrees of freedom as:

3(N,+N,+N_+N, .N,;) 3)
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In Eq. (3), N shows total of elements and PT and PPT denote to planet train and planet per planet train in the
planet set.

Yer Vrs Vs

Planet 2

3 Planet 1
{D L
Xey Xy X
Fig.1
Lumped parameter model of the planetary gear and system
coordinates.
Ring

Fig.2

Mesh of the sun, ring and j™ planet bearings.

 Planet Train

Fig.3
Planetary gear with meshed planets (planet 1 and planet 2 are
meshed with each other).

e Planet 2
Yo¥riYea \fry / .
Planet 1 0, )\ ’:ckm ez Carrier -
¥ ig.

Dynamic model of system with meshed planets (planet 1 and

planet 2).
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Fig. 5 shows kinematics sketches to derive relative deflection components. As an example, the gear mesh

deformation between the sun gear and the /” planet gear (5, ) is obtained from mixture of the sun and ™ planet

deflections along the line of action (see Fig. 5(a)). Similarly, the gear mesh deformation between the ring gear and
the j” planet gear (0, ) and the planet bearing radial and tangential interfaces (5, and &, ) with the carrier are

derived by kinematics analysis of Figs. 5(b) and 5(c). So compressions of the elastic elements ( 0 ) are defining as
Egs. (4)—(7):

2.1 Sun— j" planet bearings mesh

8, =cos (y, —ay; )y, —sin(y, —a,; )x, —sina, & —cosa, 1, +7,0, +u; +e (t) 4)

2.2 Ring — j’h planet bearings mesh

8, =cos (v, +a, )y, —sin(y, +a, )x, +sina, & —cosa,; 1, +1,0, —u; +e, (t) (5)

2.3 j" planet bearing radial

O =SIY; Y, +008 Y/, X, =g, (©)

2.4 " planet bearing tangential

6, =cosy; y,—siny, x_ —n, +r0, (7)

2.5 Equations of motion

The basic dynamical equilibrium equations contain 3(J + 3) nonlinear ordinary differential equations. Final equations

of motion for single—stage spur planetary gear system of Fig. 1 are obtained by Newton’s second law as:

2.5.1 Carrier equations

v, >

u;
! ‘ ™, Vr HC
mj &; W@yl nj &
T Wisasp " o - y
\y r Radial
Vs nj ) . Line of action &jr .
A \ Line of action ‘ 2 " Ve Tangential
P ' N\ 41‘% i
~ » A \ ¥ . x
s \ O T _lﬁ’;»c
(a) (b) (©

Fig.5
Kinematics sketches to derive relative deflection components.

mx, +K [(siny, (¢)y, +cos v, (t)x, =& )eosy, (1) —(cosy, (t)y, —

siny, (%, —11, +7.6,)sin, (O1+K,, v, =0 ®
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m.y, +K,[(siny, )y, +cos y,; (t)x, =& )siny, () +(cosy; )y, —
siny, (¢)x, —n,; +r.0,)cosy, ()]+K,,y. =0

16 +K (cosy, (0)y, —siny, ()x, —1, +1.6)+K .6, =0

2.5.2 Sun gear equations

msx.s _kéj (t )(cos (V// ®) — Oy ( ))yé —Sin('//j (t)_abj ( ))xs _Sinag‘ ( )gj —cosa,; (f)ﬂ,- +
10, +u, +e, (1 )sin(w, ()-c, )+ K, x, = F, ()

m.y, +kg @)cos (y,; () —a,; )y, —sin(y, t)-a, ()x, —sina, ()5, —cosa, ()7, +
1,0, +u, +e, (t)cos (v, ()—a, (N +K, v, =F, )

1.6 +kg (@)cos (y, (t)—a,; @)y, —sin(y, (¢)-a; ¢))x, —sing,; (£)§, —cosa,, (1)n, +
r0 +u, +e; (t))+K509S =7.(t)

2.5.3 Ring gear equations

m.x, —k, (t)cos (y, (t)+a, @)y, —sin(y, ¢)+a, ())x, +sing, ¢)S; —cosa, (t)n, +
0. —u; +e, (t))sin(y, ()+a, ()+K, x, =0

m,y, +k, ()cos (v, t)+a, @)y, —sin(y, )+, ¢))x, +sina, (), —cosa, (1)n, +
0. —u, +e, (1))cos(y,; (t)+a, ¢)]+K, y, =0

Iré, +k,; (@)(cos (y; ()+a, 1)y, —sin(y,; )+a, ())x, +sina, (), —cosa, (t)n, +
r0. —u, +e, (t ))+Kr96r =0

2.5.4 " planet equations

mjfj —ky@)cos (y;(t)—a,; 1))y, —sin(y; t)-a,; ())x, —sing, (t)S; —cosa, (t)n, +

r.0. +u; +e (t ))sinasj (t)+k4 (t)(cos (l/{/. (t)+a”. ®))y, —sin(l//j (t)+aﬂ. ®))x, +sinal,/. (t)fj —cosa,; (t)l]/. +

r0. —u; +e, (t)sina, (1)-K , (siny; )y, +cos y, (t)x, —&)=0

m,1j, —k () (cos (v, () —a,; )y, —sin(y, (¢)-a,; (¢))x, —sing, (£)&, —cosa, (1)n, +

10, +u; +e, (1))cosa, (t)—k, (t)(cos (v, (O )+a, (), —sin(y, ()+a, ()x, +sina, ()&, —cosa, ()7, +

0. —u; +e, (t)cosa, (t)—K;(cosy, (t)y, —sin y,()x, —n, +1.0,)=0

1_1214/ +kéj (COS (l/// ) —oy (t))ys _Sin(V/j (t)_ay' (t ))xs _Sinabj (t)é:/ —cosay (f)ﬂ,- +
r. X ‘ ’

+1,0, +u,; +e, (1) =k, t)(cos (v, (O)+a, 1))y, —sin(y,; (O)+a, ())x, +sina, ()&, —cosa, (), +
r0. —u; +e, (1))=0
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Similarly, for the planetary gear system with meshed planets (system of Figs. 3 and 4 for one planet train with
planet 1 and planet 2) the following equations of motion are obtained:

2.5.6 Carrier equations

mX, +K x. +[K, (x cosy,(t)+y, siny,(1)-E, )cosy,(t)—
(—x, siny, () +y, cosy, () +r1,,6, _npl)Sin%(t)]"’ [KpZ('xc cosy,(t)+y. Sinl//z(t)_gpz)cosy/z(t)_ (20)
(=x,siny, () +y, cosy, (1) +1.,0, —1,,)siny, (1)] =0

mc).;‘c +Kc_yyc +[Kp1(xe COSV/I(t)—i_yC Sinl/’l(t)_gpl)Slnl//l(t)_F
(=x, siny, () +y, cosy, () +7,0, —n, ) cosy, ()] + [K ,,(x, cosy, (¢)+y, siny, () —S,,)siny, (¢) + 21
(—x.siny, () +y. cosy, (1) +r.,0, _771;2)005‘//2(0] =0

1,0 +K .0, +[K , (—x, siny,(t)+y, cosy, (t)+7.,0, —1,)r., ]+

. 22)
(K, (=x, siny, (1) +y, cosy, () +7,,0, —17,,)7.,]1=0
2.5.7 Sun gear equations
mxx‘x +K.s‘xx.\‘ _kxp](t)‘lr_yx COS(WI (t)_Cl.vpl(t))_Xs Sin(l//l (t)_cxxpl(t))_krjv 9& - (23)
1 sinaépl(t)—%1 coS ocspl(t)-kupl +espl(t)]sin(l//1 (t)—aspl(t N=F_ ()
mx)‘/.x +Ksyyx +k.vp1(t)'[y.v Cos(l//l (t)_a.vpl(t))_xx Sin(l/ll (t)_avpl(t))+rv9v - (24)
pl Sinczsp](t)_np] COS(ZSp] (t)+up1 +espl(t)]cos(')”1 (t)_axp](t )] :F;y (t)
Ixév +Kx5’ex +kvp1(t)[yv Cos(l//l(t)_aspl(t)) _'xs Sln(l//l(t)_avpl([))+rvev - (25)
L sinea, (6)—n, cosa,, () +u,, +e,, (), =7,()
2.5.8 Ring gear equations
m i, K%, =k (OLy, cosp, () +a,, ) —x, sin(y, () +a,, () +7,6, +
. . (26)
p2 Slna}p2(t) _ﬂpZ Cosa}pZ(t) _up2 +e;p2(t)]81n(l//2(t) +arp2(t)] = 0
mr.).).r +K}yyr +klp2(t)'[yr COS(I//Z(I)J'_a;pZ(t))_xr Sin(WZ(t)+a)p2(t))+rr9V + (27)
o Sing, () =1, cos,,({)—u,, +e,,()]sin(y, )+, ()] =0
1.6 +K,,0, +k,,, @)Ly, cos(y,t)+a,, ) —x, sin(y, )+, () +r,0, + 28)

p2 Sina/pz(t)_an cosa,pz(t)_upz +e/772(t)]rr =0

2.5.9 Planet 1 equations

mp]fpl +Kp1(xc COS'//l(t)+yc Sin‘//](t)_gpl)_ksp](t)'[y,y COS(Wl(t)_aspl(t))_xs Sin(l//l(t)_aspl(t))‘l'”sgs -
pl Sinasm(t)_np] Cosqsm(t)"'u,n +esp1(t)]Sinaxpl(t)_kplpz(t)[_épl Sin(ﬂp][)2(t)_ap]p2(t))_ p2 Sin(ﬂ[)2p](t)_a[)1p2(t))+ (29)
77;;1 Cos(ﬂp]p2(t)_ap1p2(t))+np2 cos(ﬂprl(t)_allll)Z(t))+upl +up2 +ep]p2(t)]5in(ﬂp]p2(t)_ap]p2(t)) =0

© 2021 IAU, Arak Branch



391 A. Shahabi and A.H. Kazemian

mmijp] -K, (-x, siny, () +y, cosy,(t)+r.,0, —r]p])+kxpl(t).[y5 cos(y, (t)—a,, () —x, sin(y, (t)—qypl(t))ﬂﬂv -
plsinotspl(t)—ryplcoscr:pl(t)+up1 +exp1(t)]cosaspl(t)+kp1p2(t).[—§plsin(ﬁplpz(t)—aplpz(t))—gfpzsin(ﬂpzpl(t)—aplpz(t))+ (30)
M, C0S(B,,,, ()=t () +177,,€08(B,,, () —,,,, ) +u, +u,, +e, ,,{¢)]cos(B,,,¢)-a,,,t) =0

(IL)zu.pl +kxpl(t)'[ys COS(V/I(t)_aSpI(l))_'xx Sin(l//l(t)_axpl(t))-i_erS -

1 sinozspl(t)—npl cososzl(t)-l—upl +esp1(t)]+kp1p2(t).[—§pl sin(p’plpz(t)—ozplpz(t))—(fp2 sin(ﬂpzpl(t)—aplpz(t)ﬁ
'7p1 Cos(ﬂplpZ(t)_a[)lp2(t))+77p2 Cos(ﬂpz[ll(t)_apl[JZ(t))+upl 'H”pz +ep][)2(t)] =0

(€2))

2.5.10 Planet 2 equations

mp2§p2 _Kp2(xc cos‘//Z(t)-I-yc SinWZ(t)_pr)_krI)Z(t)'[yr COS(W2(1)+a,p2(t)) _xr Sin(l//2(t)+alp2(t))+rr9r +
2 SinalpZ(t)_an Cosa,pz(t)_“,;z +erpz(t)]5ina,pz(t)_kplpz(t)~[_§p1 Sin(ﬂplpz(t) _aplpZ(t))_ngZ Sin(ﬂpZ/)l(t)_(Z]?]pZ(t))-I— (32)
M, €08(B,1,, () =,y €))+177,,€08(B,,,, (€)=, () +u, +u,, +e, ,E)]sin(fB,,, ¢)-a,,, ) =0

mp27.7.[12 _Kp2(_xc Sinl//2(t)+yc COSWZ(t)+’/'c201‘ _77132)+k)732(t)'[y/ cos(l//2(t)+a;p2(t))_xr Sin(l//2(t)+a»p2(t))+rr9r +
osina,, () =1, 008, ,()—u,, e, ,({t)]cosa,, ) +k, ,0).[-E, sin(B, ,(t)-a, ,()-E,,sin(B,,, ) -a,,, )+ (33)
o Cos(ﬂplpz(t) _ap1pz(t))+77pz COS(ﬂpZPl(t)_aplpz(t)) +”p1 +”p2 +eplp2(t)]cos(ﬂp2pl(t)_ap]pz(t)) =0

(rpz)z
2SI, ) (E) =17, c08 0t (E)—u,, +e,, ()] +k,,,(0).[=5, sin(B,,,, ()~ ,,,, () =S, sin(B,,,, () -, (1)) +
s Cos(ﬂ[)lpZ(t)_a[)1p2(t))+77p2 COS(ﬂprl(t)_a[)IpZ(t))-'_upl +u,, +eplp2(t)] =0

Uy T,y (0).[y, cos(y, () +a,, () —x, sin(y, (1) +a,, ) +7,6, +
(34)

3 NATURAL FREQUENCIES AND VIBRATION MODES

Equations of motion for both planetary systems (single—stage spur planetary system and system with meshed
planets) in matrix form are written as follows:

Mi(t)+[ K, (¢)+K, |q@)=T(¢)+F() (35)

where, M is inertia matrix, K, is diagonal support (bearing) stiffness matrix and K, (t) is symmetric stiffness
matrix from coupling between components. 7T(¢) is external torque applied on the sun gear and F(¢) shows the

static transmission error excitation. Vectors of general coordinates for single—stage spur planetary system and
system with meshed planets are:

q:[xc ’yc’gc’xr’yr’er’xs ’ys’05’gpl’npl’upl’“"éj’nj’uJ]T (36)

q:[xc ’yc’ec’xr’yr’er’xs ’ys’95’épl’npl’upl’é:pZ’an’up2""]T (37)

Note that in Egs. (20)—(34) when numbers of planets are increased in the systems, new coordinates are exerted in
equations. In order to evaluate natural frequencies, the associated eigenvalue problem of Eq. (35) is:

© 2021 IAU, Arak Branch
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[-o’M+(K, +K,, (1))lp, =0 (38)

where, @, are natural frequencies and ¢, are vector of vibration modes. For planetary gear systems vibration modes

are classified into three types of translational, rotational and planet modes [10]. To evaluate vibration of symmetric
planetary gear system with meshed planets, all planet trains in the planet set must be: equally spaced, the same (all
properties) and three or more than three numbers. So the system leads to symmetric structure [10] and when
positions of planet trains are unequally spaced around the carrier, the system leads to anti—symmetric structure. Note
that for planetary gear system with meshed planets, vibration modes are depended on number of components.

4 NUMERICAL RESULTS

Mesh stiffness of gears depends on different factors such as tooth parameters (gears pressure angle), geometric
parameters (gears diameter) and material properties and varies with the gears rotation in the mesh cycle. Contact
stiffnesses of tooth pairs in some contact points (coefficients of Fourier series), are obtained separately for both
external (sun—" planet) and internal (ring— ;" planet) gears by finite element method for some pressure angles, see
Fig. 6.

(c) (d)
Fig.6
Model of gear meshes by (a) finite element with (b) 20° (c) 25° and (d) 30° pressure angle of gears.

So the periodically time—varying mesh stiffness of the ring— j” planet and also sun— ;" planet caused by the
change in the number of contact tooth pairs for rotational system in the form of Fourier series is obtained as Egs. (1)

and (2) by polynomial estimation function with system parameters of [10]. Moreover, 206000

5 for Young’s
mm

modulus, 0.3 for Poisson’s ratio and 7850 k % ; for density and 5 mm for gears modules are considered. All sun—

/" planet and ring— /" planet meshes have the same phase (A, = A,]. ). So, all sun— j” planet and ring— ;" planet mesh

stiffnesses have the same profile. Time—varying mesh stiffness of sun— j” planet and ring— / planet are shown in
Figs. 7 and 8 by estimation function along the line of action. Moreover, in Figs. 7 and 8, the influence of sun— ;”
planet and ring— j” planet pressure angles on gears mesh stiffness is shown. The influence of the higher pressure
angle of gears on mesh stiffness is perceptible. Similarly for the system with meshed planets by parameters of Figs.
9 and 10, time—varying mesh stiffness of sun—planet 1, ring—planet 2 and planet 1—planet 2 are shown in Fig. 11 by
estimation function along the line of action. When planets of the single—stage spur planetary gear system are meshed
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by new planets, the system is converted to the system with meshed planets which shown in Fig. 3. In Fig. 3, an
example of system with meshed planets is presented with four equally spaced planet trains (SS) and in each train;
two planets are meshed with each other. Position of each planet in one train has 90 degree deference with planet of
other train as Fig. 9. So positions of planet 1 are: 0, 90, 180 and 270 degree and positions of planet 2 are: 40, 130,
220 and 310 degree in four planet trains. Positions of planet 1 and planet 2 in one train can be unequally spaced with
planet 1 and planet 2 of other train. It means that the system with meshed planets leads to anti-symmetric structure
(ASS). For anti-symmetric system with meshed planets, positions of planet 1 are: 0, 80, 180 and 260 degree and
positions of planet 2 are: 40, 120, 220 and 300 degree in four planet trains of this study. According to Eq. (3):

N,=LN,=LN, =LN, =4 and N, =2, so the system of Fig. 11 has 33 degrees of freedom and natural

frequencies and vibration modes of SS and ASS are tabulated in Table 1.

To evaluate natural frequencies and vibration modes, the system with meshed planets is rotational and system
parameters are considered as Figs. 9 and 10. Time—varying mesh stiffness of meshing gears is considered as mean
values of Fig. 11 for all planet trains.
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Fig.9
Example of the system with meshed planets and system
parameters.
Ring: Ky Ky = 2 % 10°N/m Kop = 6% 10°N.m/rad
I, =06kg.m? m,=55kg r =320mm
Planet 2:
Kpa = 2% 10°N /m Carrier: me = 11kg
o Io = 123 kg.m?
otes = 29 1oy = 180mm
o g = 280mm
Kews Koy = 2% 10*N fm
Planet 1: Kpy = 2% 10°N/m
Keg =10
Output Shaft
Sun: my =1.5kg
iy =29
Input Shaft I, = 0.06 kg. m?
7 = 110mm Flg,lo
o oy = 22107 Parameters of the system with meshed planets.
Kp=0
10 X 10% (N/m) 10 = 10% (N/m)
8 1 8+
= © 1 . of
= =
= 4 = 4
2 2F
o (o}
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Time (s)
(©

Variations of vibration modes for the system with meshed planets and four equally and unequally spaced planet
trains are presented in Fig. 12. Moreover, typical vibration mode of the system with meshed planets for SS and ASS
are shown in Figs. 13 and 14. Equilibrium and deflected positions are shown by dashed and solid lines. Table 1 for
SS shows that, 9 natural frequencies with multiplicity two (M =2 and 18 natural frequencies) have translational
modes and 9 and 6 natural frequencies with multiplicity one (M =1) have rotational and planet modes [10]. Unlike
the SS, results show for ASS natural frequencies of translational modes have multiplicity one and according to Table
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1, 18 natural frequencies with multiplicity one have translational modes and multiplicity of other natural frequencies
of ASS is similar to the SS.
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Fig.12
Variations of vibration modes for the system with meshed planets and four equally (a) and unequally (b) spaced planet trains.

(a) Rotational mode: (b) Planet mode:
o, =813.2Hz w, =535.1Hz

(c) Translational mode: (d) Translational mode:
w, =6132Hz w, =6249Hz
Fig.13
Types of vibration modes of the ASS with four planet trains (planet 1: 0, 80, 180 and 260 degree and planet 2: 40, 120, 220
and 300 degree).

(a) Rotational mode: (b) Planet mode:
o, =808.9Hz @, =528.7Hz
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(d) Translational mode:
w, =617Hz w, =617Hz

Fig.14
Types of vibration modes of the SS with four planet trains (planet 1: 0, 90, 180 and 270 degree and planet 2: 40, 130, 220 and
310 degree).

Table 1
Natural frequencies and vibration modes of ASS and SS with four planet trains.
ASS with four planet trains SS with four planet trains Vibration mode
0 0 Rotational
813.2 808.9 Rotational
1251.8 1245.6 Rotational
. 3043.3 3037 Rotational
Natural frequenctes [H2] 4697 4688.4 Rotational
5289.9 5277.7 Rotational
6224.1 6213.6 Rotational
8084.3 8068.4 Rotational
8891.5 8874 Rotational
— 617 Translational
— 1484.9 Translational
— 2799.3 Translational
Natural frequencies [HZ] o 4402.5 Translagonal
with M=2 — 4749.1 Translational
— 6237 Translational
— 7049.9 Translational
— 8067.1 Translational
— 8857.2 Translational
535.1 528.7 Planet
1912.9 1905.7 Planet
Natural frequencies [HZ] 38514 38423 Planet
with M=1 4804.2 4792.8 Planet
5758.9 5744 4 Planet
8082.7 8066.1 Planet
613.2,624.9 — Translational
1489, 1478.8 Translational
2806.1,2791.9 — Translational
. 4412.6,3993.5 — Translational
Natural frequencies [Hz] 4757.1,47403 — Translational
6349.3, 6223.8 — Translational
7068.3, 7030 — Translational
8101.8, 8022.7 Translational
8901 .4, 8814.6 Translational

5 CONCLUSION

In this paper, dynamic and vibration of single—stage spur planetary gear and planetary gear with meshed planets are
investigated. For single—stage spur planetary gear the periodically time—varying mesh stiffness of the ring—" planet
and also sun—" planet in the form of Fourier series and finite element method are obtained by polynomial estimation
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function. The influence of gears pressure angle on mesh stiffness of gears is obtained. Similarly, for planetary gear
with meshed planets mesh stiffness of meshing gears are obtained by estimation function. For an example of
planetary gear with meshed planets, numerical results of natural frequencies and vibration modes are derived by
mean values of gears mesh stiffness. According to numerical results, the influence of the higher pressure angle of
gears on mesh stiffness is perceptible. Like the structures of the single—stage spur planetary gear system, for
structures of the planetary gear system (symmetric and anti—symmetric) with meshed planets, vibration modes are
depended on number of system components. It means that characteristics of natural frequencies are similar for both

systems.
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