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ABSTRACT
The transport of macromolecules, such as low-density lipoproteins 
(LDLs), and their abnormal accumulation within the arterial wall 
plays an important role in formation and development of 
atherosclerosis. In this study, the numerical-analytical solution of 
the LDL mass transfer in lumen-wall of a 3D curved artery is 
investigated. The governing equations consist of, continuity, 
momentum conservation and the LDLs mass transfer equations are 
solved based on appropriate boundary conditions and the results are 
obtained in the form of main and secondary flow velocity field 
contours, shear stress profiles, concentration and penetration rate of 
the LDLs into the wall. In this investigation, a new model of the 
arterial wall, named multilayer model, was used. According to the 
results, because of centrifugal forces and formation of secondary 
flows, an increase in surface concentration and penetration rate at 
the inner part was seen compared with outer part. Also, the 
reduction of Reynolds number and curvature ratio will augment the 
LDLs accumulation at the arterial wall.
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1    INTRODUCTION

THEROSCLEROSIS is one of the most common types of cardiovascular disease, occurring mainly in large 
and medium-sized arteries [1]. Abnormal transport and accumulation of macromolecules such as low-density 

lipoproteins (LDL) is considered to be one of the main causes of this condition [2, 3]. The accumulation of these 
molecules causes the narrowing of the cross-sectional area of the vessel, resulting in its occlusion [4].
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It is shown that the hemodynamics of the vessels play an effective role in the formation and development of the 
vascular occlusion. Therefore, the coronary and carotid arteries with their curved and bifurcated geometries have 
attracted the attention of many researchers [5-10]. Prosi et al. in 2005 listed three different models for simulating the 
vessel wall [11]. In the simplest model, the vessel wall is replaced by a simple boundary condition [12]. In another 
model, the mass transfer of particles in the vessel wall is simulated by a simple mass transfer coefficient [11]. The 
most realistic model is the multilayer model, which is more consistent with the physiological nature of the blood 
vessel structure. In this model, the vessel wall is considered to consist of several distinct layers with different 
properties [13, 14]. The innermost layer of the vessel is called the intima, which is covered by a single endothelial 
cell membrane. This single-cell membrane is located between the blood flow and the vessel wall. The next layer is 
called the internal elastic layer (IEL), which is made of an impermeable tissue with small pores, and the outermost 
layer of the wall, called the media, is made of muscle and elastic cells. The distribution of LDL particles on the 
vessel wall and consequently in the layers of the wall is of great importance. The abnormal accumulation of these 
particles in the intima layer and their oxidation cause the activation of monocytes and macrophages, resulting in 
their absorption and the formation of the initial nuclei of the vessel occlusion plaques [15].

In general, researchers have used two experimental and computational methods to study the transport of LDL 
particles. The first method is based on animal experiments, which, despite its strengths, has some drawbacks, 
including common diseases between humans and animals [16]. In 2013, Zai et al. tested the effect of flow field and 
LDL particle concentration on the location of artery occlusion in a rabbit [17]. Some researchers have used 
analytical methods in simpler geometries or with simplifying assumptions. In 2008, Khakpour and Vafaei [10] and 
Yang and Vafaei [18] investigated and studied a straight artery in two separate studies. Recently, Wang and Vafaei 
[4] used an analytical method in a curved artery. In this study, they used a second-order polynomial approximation 
for the concentration distribution profile in the boundary layer and assumed that the curvature of the vessel had no 
effect on the particle concentration in a given cross-section.

In more complex geometries, the use of numerical methods is unavoidable [19]. In 2018, Roustai et al. [20] used 
a numerical solution technique to investigate the effect of structure-fluid interaction in a multilayer model. Bocak et 
al. [21] and Touri et al. [22] used the latter technique to study curved arteries. The non-Newtonian effect of blood 
flow in the human aortic artery was evaluated and quantified by Liu et al. in 2011 [23] and the effect of the arterial 
flow field on changes in mass transfer rate and macromolecule concentration by Diranlu et al. [24] in 2015.

In 2017, Iasiello et al. [25] investigated the combination of mass transport of components in the wall and the 
artery lumen in the aorta-pelvic bifurcation geometry. In 2013, Rabi et al. [26] conducted a numerical study based 
on the finite volume method to investigate the effects of non-Newtonian and pulsatile blood flow on mass transport 
of components in the presence of vessel occlusion. They showed that the wall shear stress in the middle of the 
occlusion is very detrimental, and then a reverse pressure gradient will appear due to the return flow. In 2002, Wada 
and Carino [27] numerically evaluated the effect of the flow field in an artery with several different curvatures on 
the wall shear stress and the distribution of LDL concentration at its interface. More recently, in 2019, Tamim et al. 
[28] investigated the effect of the length of the initial artery organelle on the flow field and the boundary layer 
characteristics of LDL concentration. In their study, they focused only on the vessel lumen and used the second 
model to simulate the arterial wall. They showed that straighter vessels with lower Reynolds numbers have a greater 
potential for particle aggregation, with about a 1 to 2 percent increase in concentration at the wall compared to free-
flowing blood.

In many studies, wall shear stress has been considered a very important factor in the formation of artery 
occlusion. Shear stress affects the particle concentration and this condition often starts in areas with lower shear 
stress. Therefore, finding a relationship between wall shear stress and LDL particle concentration has attracted the 
attention of many researchers. In 2015, Jesionek and Kaster [29] evaluated the effect of shear stress on LDL 
transport in the wall of an artery. Their study indicated an inverse relationship between shear stress and particle 
concentration. The effect of stress and spiral flow in coronary arteries was studied in 2018 by Nisko et al. [30]. They 
found that the spiral structure of the flow determines the velocity field, which is affected by the geometry of the 
vessel. In addition, they showed that the minimum shear stress occurs at the position of maximum spiral flow
intensity. Recently, numerous studies have been conducted to study the effect of various parameters and biological 
conditions on the flow field and LDL concentration, such as non-Newtonian effect [9, 31], structure-fluid interaction 
[24, 32], hyperthermic and hypothermic effect [33], and pulsatile flow on the length of the primary organelle [34].

In view of the above, despite the research conducted in the field of LDL particle mass transfer in the blood, no 
study has been conducted on the exact solution of its concentration distribution in the boundary layer of a curved 
artery and its combination with the analytical solution in different layers of the vessel wall using a multilayer model 
that has an important effect on the formation of vessel occlusion. It should be noted that in the study conducted by 
Wang and Vafai [4], which is the closest study to the present work, the concentration distribution was assumed to be 
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a quadratic function with uncertain coefficients, such that at a certain point, the curvature of the vessel will not have 
any effect on the concentration distribution. However, in the present paper, in addition to all the physiological 
conditions used in the study by Wang and Vafai, these two simplifying approximations are discarded and an exact 
solution for the concentration at each point of a curved three-dimensional vessel is obtained; which makes the 
complexity of the solution much greater but closer to the real conditions.

In this study, the transport of LDL particles in steady and laminar flow in a 120-degree curved artery without 
occlusion, in the three-dimensional case, incompressible flow and Newtonian fluid, has been numerically solved. 
Also, the equations governing the transport of LDL in the vessel wall and the flux rate of particles penetrating into it 
have been solved by considering a new multilayer model. For the first time in this study, the effect of various 
parameters such as vessel curvature and Reynolds number on the precise concentration distribution in a cross-
section of a curved artery has been measured and evaluated.

It should be noted that the written numerical program is also capable of solving flow equations in a pulsatile 
manner, and the selection of an appropriate time step acts as a tool in numerical stability. Therefore, the 
achievements of the present study are very important and complement previous valuable research in identifying and 
predicting the points prone to occlusion in blood arteries. In the following, the effect of geometric, hemodynamic 
and physiological parameters on the distribution of LDL concentration, its penetration rate and areas prone to 
occlusion is presented in detail.

2    THE MATHEMATICAL MODEL  

2.1 Physical Model

Figure 1 shows a schematic illustration of a 120° curved left coronary artery with an internal diameter of D = 1/3 
mm and a wall thickness of 214 μm. The curvature ratio of this vessel is δc = 0.1. In order to simplify the 
simulation, it is assumed that the cross-sectional area of the vessel at different points is a circle with a constant 
radius. In the numerical program written to extract the results for a straight vessel, a very small curvature ratio (δc = 
0.01) is used. In this study, the Reynolds number is Re = 245, the Schmidt number is Sc = 1/2×105 [4 and 8], and 
the flow is considered to be steady, incompressible, and Newtonian fluid.

Considering the geometry under study, the most appropriate coordinate system is the toroidal coordinate system, 
whose components are r, θ, and φ, respectively. The mutual relationships between the components of this system 
and the Cartesian coordinate system are expressed as follows:

Fig. 1
120° curved artery geometry.
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2.2 Governing Equations

To obtain the distribution of LDL concentration in the blood, first the velocity field in the vessel channel must be 
determined and then the mass transfer equations must be solved using it. Therefore, the governing equations in the 
vessel channel include the continuity equation, conservation of momentum, and mass transfer as follows:
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The boundary conditions of the above equations are as follows: at the vessel inlet, the velocity profile is 
developed and at its outlet, a zero velocity gradient is considered. Also, at the vessel wall interface, the no-slip 
condition is valid for the two velocity components and the filtration velocity for the radial component. Regarding the 
boundary conditions of the concentration equation, a reference concentration of c0=28.6×10-3 nmol/mm3 for the inlet 
and a zero gradient for the outlet and a balance of convective, diffusive and introduced fluxes into the vessel are 
applied [4].

In this study, a four-layer model was used to study the mass transfer of LDL particles in the arterial wall. In this 
regard, the vessel wall was considered to consist of four layers including endothelium, intima, IAL, and media. To 
obtain the distribution of LDL concentration in the vessel wall, an analytical solution was used by applying the 
following assumptions:

a) Due to the transverse pressure gradient, the axial and secondary velocities in the vessel wall are negligible.
b) Due to the negligible thickness of the wall compared to the diameter of the vessel (ratio of approximately 
0.06), the arterial wall can be considered directly.
Using the above assumptions, the mass transfer equation in the three layers of endothelium, intima, and IAL will 

be as follows:
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The general solution is as follows:
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In the media layer, considering an irreversible first-order chemical reaction, the mass transfer equation and its
general solution are obtained as follows:
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In equations (7) and (9), I and K are the modified Bessel functions of the first and second kind, respectively, and 
Ci are eight constants related to the general solution in the four wall layers, which can be calculated by applying the 
boundary conditions of concentration and its mass flux as follows at the interface between the layers and also in the 
vessel channel.
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In order to make the governing equations dimensionless, the following dimensionless parameters have been 
used:
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In the above equations, r represents the radial component, D is the diameter of the artery, u is the dimensionless 
component of the velocity in the radial direction, wm is the average axial velocity, v is the dimensionless component 
of the velocity in the circumferential direction, w is the dimensionless component of the velocity in the direction of 
curvature, p is the dimensionless pressure, ρ is the density, t is the dimensionless time, Re is the Reynolds number, ν 
is the kinematic viscosity, Sc is the Schmidt number, De is the LDL mass diffusion coefficient, Dn is the Dean 
number, δc is the curvature ratio, c is the dimensionless concentration, and c0 is the input reference LDL 
concentration. The values of the parameters used in the above equations are presented in Table 1.

In this paper, the image method first introduced by Chorin [35] for solving the momentum conservation 
equations is used. In this regard, the system of governing equations is decomposed by a second-order finite 
difference scheme in a forward-in-time and central-in-space manner. Although, in this method the transient response 
is also physically correct, in this study the focus is on the steady-state response in which the transient terms have 
been eliminated. In order to obtain the physical pressure field, a non-uniform displaced grid with no nodes located 
on the boundaries and much denser in the vicinity of the wall is used. It should be noted that in the written 
computational program, a maximum residual error of order 6-10 is considered to achieve the steady-state solution.

Table1
Values of physiological blood parameters and LDL.

Ref.  Value  Parameter  
[18]3.1 mmArtery Diameter (D)
[27]2.31×10-5 mm/sFiltration Velocity (Vw)
[4]169 mm/sMean Axial Velocity (wm)

[4]28.6×10-3 nmol/mm3Inlet LDL Concentration (c0)

[4]245Reynolds Number (Re)

[8]1.2×105Schmidt Number (Sc)

[3]1.057×10-3 g/mm3Density (ρ)

[4]2.87×10-5 mm2/sDiffusion Coefficient (De)

[4]3.70×10-3 g/mmsDynamic Viscosity (μ)
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The LDL mass transport equations in the blood flow channel and the vessel wall are related using the boundary 
condition of continuity of concentration and flux at the blood flow channel-wall interface. According to the Chorin 
algorithm, at each time step, first the auxiliary velocity field (defined by breaking the momentum conservation 
equation) is obtained, then the pressure field is determined from the solution of the Poisson pressure equation using 
one of the appropriate linear system solving methods, and finally the new values of the velocity and concentration 
fields are calculated and the next time step begins.

3    VALIDATION OF THE NUMERICAL METHOD  

To verify the accuracy of the method used in solving the governing equations, due to the lack of a comprehensive 
and appropriate laboratory study, the closest existing numerical and experimental works to the present study in terms 
of geometric and physiological conditions have been selected.

For this purpose, the results of the present numerical method have been compared with the analytical and 
numerical results presented by reputable references. It is worth noting that this comparison can indicate the accuracy 
of the numerical method and analytical modeling of LDL particle mass transfer in the wall of a curved coronary 
artery.

  

Table 2  

Comparison of particle concentrations with existing corresponding results.
Present Study Ref. [3]  Ref. [11]  Parameter  

2.31×10-52.31×10-51.76×10-5Filtration Velocity
1.0251.02461.0262Surface Deposition

Fig. 2
Comparison of changes in surface concentration of LDL particles versus filtration rate.
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Fig. 3
Comparison of changes in surface concentration of LDL particles along the artery axis.

It should be noted that in the study by Wang and Vafai, the concentration distribution was considered with two 
approximations. First, despite the presence of concentration curvature in a cross-section, it should be completely 
uniform and second, the concentration distribution function should be a quadratic function. In the present study, for 
the purpose of validation, all geometric and physiological conditions similar to the models used in these studies have 
been selected.

Figures 4 to 7 show a comparison of the distribution of LDL particle concentrations in the radial direction at the 
end of the vessel in the different layers constituting the arterial wall, which indicates a favorable agreement between 
the results obtained and the results of corresponding studies. It is observed that the difference between the models 
used decreases with advancing towards the outside of the vessel wall and the slope of the concentration distribution 
graph becomes horizontal at the end of the media layer, indicating that the mass transfer rate from this layer to the 
adjacent tissue is zero.

Fig. 4
Comparison of the radial distribution of LDL concentration in the endothelial layer.



Numerical and Analytical Solution of Low-Density Lipoprotein Deposition ….                          474

Journal of Solid Mechanics Vol. 16, No. 4 (2024)  

Fig. 5
Comparison of the radial distribution of LDL concentration in the intima layer.

Fig. 6
Comparison of the radial distribution of LDL concentration in the IEL layer.

Fig. 7
Comparison of the radial distribution of LDL concentration in the media layer.
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4   GRID INDEPENCY

In order to investigate the independence of the computational grid of the written numerical code, grids with multiple 
sizes have been studied. The results for three different sizes in the form of wall shear stress, LDL surface 
concentration, maximum velocity and axial velocity contour for the developed region of a curved artery with a 
curvature ratio of 0.1 are presented in Table 3. Numerous numerical studies indicate that the optimal values of grid 
points in the radial, circumferential and axial directions are 60, 35 and 50, respectively, so that a maximum error of 
about 1.5% is generated.

  

Table 3  

Independence from computational grid: shear stress, surface concentration, maximum velocity and axial velocity contour.
Axial velocity contour  wmax  cw  wτ  Grid Size

1.98731.015113.814530×20×30

2.00721.016713.834140×25×40

1.99961.016813.835660×35×50

5   RESULTS AND DISCUSSIONS   

In curved vessels, due to the complexity of the flow behavior due to centrifugal forces, a detailed study of the flow 
field is absolutely necessary. Therefore, first, the main and secondary velocity fields inside the geometry under 
consideration (Figure 1) are studied, and then the distribution of LDL concentration in different geometric and 
physiological states, as well as the mass flux rate penetrating the wall, are investigated.

5.1 Lumen

In this section, in order to study the complexities of flow in bends, the axial velocity field and secondary flow are 
investigated for Reynolds number 245. Figure 8-a shows the progression of axial velocity contours and Figure 8-b 
shows the formation of secondary flow lines along the bend of the vessel for every 30 degrees. According to Figure 
8, at the beginning of the bend of the vessel, the flow has a slight deviation from the symmetry state. Gradually, as 
the flow progresses and centrifugal forces develop, the particles, after colliding with the outer wall from the upper 
and lower half-planes, return to the inner wall of the bend, which causes the formation of a secondary flow 
perpendicular to the main flow in the bend. These secondary flows, which are called secondary Dean flows, also 
include a pair of vortices with opposite directions, which is clearly visible in Figure 8-b. The effect of artery 
curvature on the axial velocity field and secondary flow is shown in Figures 9a and 9b, respectively. As the vessel 
becomes more curved, the tendency of particles to move away from the center of curvature increases, and as a result, 
the position of the maximum axial velocity shifts. Therefore, the velocity gradients in the vicinity of the outer wall 
of the bend increase and more shear stresses will result. According to Figure 9b, the center of the secondary flow 
vortices changes location with the curvature of the vessel, which is a very important hemodynamic phenomenon. In 
vessels with very small curvature, the very weak secondary flows rotate approximately around the angle φ = 270° 
and 90°. However, as the vessel becomes more curved, this angle decreases to 45°.
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(a) (b)

Fig. 8
(a) Axial velocity contours and (b) secondary streamlines at different sections of the curved vessel, δc=0.1.

In curved paths, centrifugal forces cause the formation of secondary flows and consequently a peripheral 
boundary layer (similar to the axial boundary layer). Two components of the wall shear stress, one along the vessel 
axis τrθ and the other in the peripheral direction τrφ, are important. These two components, along with their 
resultant in the developed region of a curved artery, are shown in Figure 10. As can be seen, the peripheral 
component of the stress is zero due to the symmetry at angles 0° and 180° and has a maximum value corresponding 
to the angle corresponding to the center of the Dean vortices. Due to the influx of particles to the outer part of the 
curvature and the formation of more intense velocity gradients, the value of the wall shear stress is higher in the 
outer part of the bend (φ = 0°) and lower in the inner part of the bend (φ = 180°).
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(a) (b)

Fig. 9
(a) Axial velocity contours and (b) secondary streamlines in vessels with different curvatures, Re=245.

5.2 LDL Deposition and Diffusion

In this section, the effect of geometric and physiological parameters such as vessel curvature, curvature ratio, and 
Reynolds number on the distribution of LDL concentration within the blood vessel boundary layer and different 
layers of the wall, as well as the mass flux rate penetrating into the vessel wall, has been investigated.

Figures 11a and 11b show the changes in the dimensionless surface concentration and dimensionless boundary 
layer thickness of LDL (Δ+=Δ/R) in a cross-section for different curvature ratios. According to Figure 11, both 
parameters decreased in the outer part of the bend and increased in the inner part. As expected, with increasing 
vessel curvature ratio, these parameters will experience more severe changes in a given cross-section.
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(a)

(b)

(c)

Fig. 10
(a) Circumferential component, (b) axial component, and (c) resultant wall shear stress in a curved artery, δc=0.1.
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(a)

(b)

Fig. 11
(a) Surface concentration and (b) boundary layer thickness of LDL concentration in vessels with different curvatures, Re=245.

The effect of artery curvature on the concentration distribution of LDL particles in the different layers forming 
the artery wall is depicted in Figure 12. Due to the higher surface concentration in the inner part of the curvature, the 
concentration distribution in the endothelium layer in this part increased by about 1.5%, and these changes gradually 
disappeared in the subsequent layers, so that in the last layer the concentration distribution was almost independent 
of the vessel curvature. The results confirm the assumption that the wall layers are straight due to their small 
thickness. It should be noted that, considering the formation of the initial plaque nuclei in the intima layer, a detailed 
study of the concentration distribution and the effect of various factors on it is very important. As can be seen, the 
concentration distribution in this layer has a very gentle slope and its input and output fluxes are almost the same 
under normal conditions.
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(a) Endothelium

(b) Intima

(c) IEL
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(d) Media

Fig. 12
Effect of arterial curvature on the transverse distribution of LDL concentration in different layers of the curved arterial wall, 
δc=0.1.

Figure 13 and Figure 14 show the effect of Reynolds number and Schmidt number on the mass flux rate 
penetrating the wall, respectively. As the Reynolds number increases and inertial forces become dominant, particles 
have less opportunity to accumulate around the wall and, as a result, they will have less concentration and 
penetration. A similar trend is observed for the effect of Schmidt number. The growth of Schmidt number can be 
due to the decrease in LDL diffusion coefficient and the dominance of momentum diffusion in the blood flow. 
Changes in the particle flux rate penetrating the wall from different points of a certain cross-section in a curved 
artery are presented in Figure 15. According to the figure, particles will have more penetration possibility near the 
inner wall of the bend than the outer wall.

Fig. 13
The effect of Reynolds number on the infiltration flux rate into the curved artery wall, δc=0.1.
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Fig. 14
Effect of Schmidt number on the infiltration flux rate into the wall of a curved artery, δc=0.1.

Fig. 15
Effect of arterial curvature on the rate of LDL penetration into the wall, Re=245.

The effect of vessel curvature on the distribution of LDL concentration in the boundary layer of a curved 
coronary artery is shown in Figure 16 and at various points of a given cross-section in Figure 17. In arteries with less 
curvature, more LDL particles accumulate near the wall, creating a thicker boundary layer. In addition, due to the 
greater inertia in the outer part of a given curved artery, the boundary layer formed in these areas was much thinner 
than on the opposite side. In other words, wherever the thickness of the boundary layer is greater, a greater 
concentration of particles in the wall and a greater rate of their penetration are also observed. In fact, the formation 
of this very thin layer, which is also called the concentration polarization region, enhances and facilitates the 
penetration of fat particles into the vessel.
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Fig. 16
The effect of arterial curvature on the distribution of LDL concentration in the blood vessel boundary layer, Re=245.

Fig. 17
Distribution of LDL boundary layer concentration at different points of a curved artery cross-section, δc=0.1.

Fig. 18
Changes in LDL surface concentration versus vessel wall shear stress.

Finally, the relationship between LDL surface concentration and wall shear stress is depicted in Figure 18. There 
is always an inverse relationship between these two parameters. In other words, the points with the lowest wall shear 
stress in the vicinity of the inner walls of the bends in the blood vessels are the most susceptible areas for the 
formation and spread of blockages in the vessels.
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6    CONCLUSIONS

In this study, LDL mass transport was studied in the lumen and wall of a 120-degree curved coronary artery. This 
type of vessel is one of the vessels that often become clogged. The main goal of this study was to better understand 
fluid dynamics, how LDL particles are distributed, their penetration rate, and to discover the points susceptible to 
complications.

The governing equations, including the continuity equation, momentum conservation, and LDL mass transport, 
were investigated under the assumption of laminar, incompressible, and Newtonian flow in three dimensions. The 
effects of physiological parameters such as the vessel curvature ratio, Reynolds number, and Schmidt number on the 
primary and secondary flow fields, the characteristics of the concentration boundary layer, the mass flux entering the 
wall, and its distribution in the layers forming the vessel wall were evaluated and measured. In this regard, areas 
with maximum LDL concentration that are susceptible to the development of atherosclerosis were identified. 
According to the results, the decrease in the curvature of the vessel and the decrease in the Reynolds number 
increase the probability of the formation of this disease in the inner wall of the bend. Also, the results showed that 
the accumulation of LDL particles and their penetration rate into the wall is more intense in the vicinity of the inner 
part of the curvature than in the outer part. In addition, the effects of the curvature of the vessel on the concentration 
distribution within the wall layers gradually decay and the direct assumption about them is acceptable with a 
maximum relative error of 1.5%.
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