
.                  
Copyright: © 2024 by the authors. Submitted for 
possible open access publication under the terms

and conditions of the Creative Commons Attribution (CC BY) license 
(https://creativecommons.org/licenses/by/4.0/).

                                                                                 

Journal of Solid Mechanics Vol. 16, No. 1 (2024) pp. 74-96
DOI: 10.60664/jsm.2024.1119321

Research Paper

The Nonlinear Thermo-Hyperelastic Analysis of 
Functionally Graded Incompressible Hollow Sphere 
with Temperature Dependent Material Using Finite 
Element Method

A. Zargaripoor * , M. Shariyat

Faculty of Mechanical Engineering, K.N. Toosi University of Technology, Tehran 19991-43344, Iran

Received 8 May 2024; Received in revised form 26 June 2024; Accepted 2 July 2024

ABSTRACT
In this research, a nonlinear finite element formulation is 
investigated for analysis of the stress, displacement, and 
temperature distributions of thermo hyperelastic hollow spheres 
subjected to mechanical and thermal forces. It is assumed that the 
hollow sphere is made of functionally graded and temperature-
dependent material. By considering the concept of multiplicative 
decomposition of the deformation gradient, the coupled nonlinear 
equations are derived. Mechanical and thermal parts are considered 
for studying the thermo-hyperelastic behavior. The governing 
equations are found by considering the incompressible Mooney-
Rivlin hyperelastic model. Distribution of displacement, stress 
components, and temperature through the thickness of the hollow 
sphere are plotted for different constitutive, temperature 
dependency, and inhomogeneity parameters. The obtained results 
indicate that the temperature dependency of the material and 
inhomogeneity properties have a significant influence on 
displacement, stress components, and temperature distribution along 
the radial direction.
                               

Keywords: Hyperelastic; Functionally graded material;
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1    INTRODUCTION

N hyper-elastic materials the reaction to the stresses is not proportional to the strain. So, it is important to find a 
suitable relation between stress and strain in hyperelastic materials to analysis of their nonlinear responses The 

link between stress and strain in these materials is obtained from a strain energy function. So, some hyperelastic 
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theoretical models such as Neo-Hookean [1], Mooney-Rivlin [2], and Ogden [3] have been developed to capture the 
stress-strain response of large deformation. The strain energy function in Mooney-Rivlin and neo-Hookean models 
is composed from invariants of the left Cauchy-Green deformation tensor. While, the stress energy function in 
Ogden model is defined by the principal stretch ratio. 

Many researchers employed hyperelastic models to study thick-walled cylinders and spheres under various 
boundary conditions. These structures have many industrial applications such as pipes, cooling towers, and liquid 
storage tanks. So, it is an interesting aren to investigation for mechanical engineering.

Taghizadeh et al.[4] presented some research about cylindrical tubes and spherical shells that composed of 
hyperelastic materials and soft tissues. Aranda-Iglesias et al. [5] presented forced and free nonlinear radial 
oscillations of a thick-walled cylindrical shell. Breslavsky et al. [6] presented dynamic and static responses of a 
cylindrical shell composed of rubber-like materials. Anani and Rahimi [7] used the theory of hyperelasticity to 
analyze the rotating thick-walled hollow cylindrical shells that made of functionally graded material. 
A.Ghorbanpour Arani et al. [8] investigated vibration and instability of visco-elasticity coupled carbon nanotube 
reinforced composite microtubes conveying fluid. A.H, Ghorbanpour Arani et al. [9] presented the analysis of free 
and forced vibrations of double viscoelastic piezoelectric nanobeam systems incorporating nonlocal viscoelasticity 
theory and Euler-Bernoulli beam model.A.Ghorbanpour Arani et al. [10] extended the original formulation of the 
quasi-3D sinusoidal shear deformation plate theory to the wave propagation analysis of viscoelastic sandwich 
nanoplates considering surface effects. A.H.Ghorbanpour et al. [11] presented analysis of the size-dependent wave 
propagation of coupled double-walled boron nitride nanotubes conveying nanoflow systems based on Timoshenko 
beam theory. Narooei and Arman [12] offered the unstressed initial configuration by using the exponential 
stretched-based hyperelastic strain energy. Ataee and Noroozi [13] illustrated an optimization problem for different 
stretch ratios and geometries in the biaxial loading of the membrane. Gharooni and Ghannad [14] worked on thick-
walled cylindrical shell that composed of rubber-like materials to present a nonlinear analytical solution. In another 
research, they worked on functionally graded cylindrical pressure vessels in the nearly incompressible state under 
non-uniform pressure loading [15]. Anani and Rahimi [16] worked on functionally graded thick-wall hyperelastic 
cylindrical and spherical shells that subjected to internal pressure. Shariyat et al. [17] presented the displacement and 
stress distribution of hyperelastic cylindrical vessels that subjected to internal pressure. Zhao et al. [18] presented the 
dynamic responces of spherical shell made of visco-hyperelastic materials subjected to radial loads. A.H. 
Ghorbanpour-Arani et al. [19] investigated nonlinear dynamic analysis of an embedded functionally graded 
sandwich nanobeam integrated with magnetostrictive layers. Haghparast et al. [20] presented theoretical 
investigation to analyze vibration of axially moving sandwich plate floating on fluid. Benslimane [21] studied an 
incompressible isotriopic nonlinear elastic thick walled spherical structure subjected to internal pressure using 
analytical formulation. Jemiolo and Franus [22] used finite element method to present a study on a hyperelastic 
cylindrical tube. Aghaienezhad et al. [23] analyse the behaviour of cylindrical and spherical shell by driving the 
incremental equilibrium equations.They assumed that the shells are subjected to external pressure. Anssari-Benam et 
al. [24] worked on incompressible hyperelastic cylindrical and spherical shells by propsing a generalized neo-
Hookean model. A.A.Ghorbanpour Arani et al. [25] investigated response of a smart sandwich plate made of 
magnetic face sheets and reinforced core with nano-fibers.A. Ghorbanpour Arani et al. [26] investigated the recent 
developments in the field of non-intrinsic repair systems with an emphasis on their use in polymer composites. 
Sourani et al. [27] analysed the nonlinear dynamic stability of carbon nanotube reinforced composite piezoelectric 
viscoelastic nano/micro plate under time dependent harmonic compressive biaxial mechanical loading.

In many cases, hyperelastic materials are exposed to finite deformations combined with temperature changes. By 
decomposing the deformation gradient tensor into a mechanical and thermal part, a suitable model for this material 
can be obtained. Recently, many studies have analyzed the thermo-hyperelastic problems. 

Yosibash et al. [28] used finite element method to analyse the thermo-hyperelastic system by considering the 
temperature dependency of the materials. Almasi et al. [29] analysed the hyperelastic cylindrical pressure using 
multiplicative decomposition of the deformation gradient tensor both numerically and analytically. Xu et al. [30]
studied an incompressible thermo-hyperelastic cylinder that subjected to an axial load at its ends. Also, they 
considered a temperature field at its lateral boundary. In another work, they used the third-order shear deformation 
theory to study the vibration of hyperelastic thick cylindrical shell an a temperature filed. [31]. Mirparizi and fotuhi 
[32] studied the wave reflection and propagation in a nearly incompressible thermo-hyperelastic finite-length solid 
using nonlinear finite element formulation. Shakeriski et al. [33] studied stress and thermal wave propagation in a 
near incompressible medium using generalized thermo-hyperelastic model. Wang et al. [34] adopted the constitutive 
relation of slightly nonlinear traveling waves in a thermo-hyperelastic cylindrical shell. Bakhtiyari et al. [35]
modified the constitutive model for shape memory polymers based on the concept of internal state variables and 
rational thermodynamics in large deformation. Mohammadlou et al. [36] presented the thermal stresses and strains 
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in a thin-walled conical shell subjected to uniform heat flow along its side surfaces and at both ends of the thermal 
insulation shell.

In this paper, we present a nonlinear finite element formulation for analysis of the stress, displacement, and 
temperature distributions of thermo- hyperelastic hollow spheres subjected to mechanical and thermal forces. This is 
significant because the sphere is made of temperature dependent material and this makes the problem more 
complicated to analyze. According to present literature review, there are some papers based on hyperelastic 
materials but there is no research about thermo-hyperelastic behavior of temperature dependent materials. 

In this paper, a nonlinear finite element formulation based on Mooney-Rivlin hyperelastic model is derived, then 
the influence of temperature dependency and heterogeneity of the materials is considered.

2    PROBLEM FORMULATION  

2.1. Governing Equation

Figure 1 shows a thermo-hyperelastic hollow sphere composed of incompressible, functionally graded, and 

temperature-dependent material with an inner radius of A and an outer radius of B. ( , , )r is a spherical coordinate 

in the deformed configuration and ( , , )R   is the undeformed one. So, the deformation field is described as 

follows

(1)
( )  ,  =  ,  =r r R

A R B

   
 

Here, it is presumed that the hollow sphere is made of functionally graded material, and the materials are 
temperature dependent. So, variations of a typical material property P   may be related to the inner layer, as follows:

(2)
0( , ) ( )( )mR

P R T P f T
A



Fig. 1
The schematic of FG thermo-hyperelastic hollow.
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where P is the material properties of the hollow sphere such as hyperelastic parameters 10C , 01C    and thermal 

conductivity ( )K . 0P   is the value of the mentioned property at the inner layer. Also, ( )f T   is a linear function of 

temperature and the positive definite power ( m) is the so-called inhomogeneity parameter. The linear function of 

temperature ( ( )f T ) is defined as follows

(3)

0

( )
( , ) 1

T R
f R T a

T
 

where a is constant.
In spherical coordinates, the deformation gradient tensor is described as follows [21]

1 1

sin

[ ]
sin

sin sin
sin

sin

r r r

R R R
r r

F r
R R R

r r
r

R R R

  

    

   
     

        
    
     

(4)

For one-dimensional problems and by considering the symmetry of the hollow sphere, Eq. (4) may be rewritten 
as follows [21]

(5)
0 0

[ ] 0 0 det( )

0 0

r

R
r

F J F
R

r

R

 
  
    
 
 
  

The multiplicative decomposition of the deformation gradient into a mechanical part MF and thermal part TF
and is considered.[37]

   , =T M T MF F F J J J (6)

The thermal part  TF can be described as follows [37]

( , )TF R T I (7)

0( , ) 1 ( ( ) )    R T T R T    (8)

Where ( , )R T is a function of temperature and radial of sphere and    is the thermal expansion coefficient. For 

incompressible material 1MJ  and for the total volume change J we have
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31 ( , )M TJ J J R T    (9)

Also, we know

   or  = +U r R r U R  (10)

So, the gradient deformation tensor of Eq. (5) can be rewritten as follows

1 0 0

[ ] 0 1 0

0 0 1

U

R
U

F
R

U

R

   
   
 
 
  

(11)

Also, the right Cauchy-Green tensor and the Green strain tensor are

2

2

2

(1 ) 0 0

[ ] 0 (1 ) 0

0 0 (1 )

T

U

R
U

C F F
R

U

R

   
    
 
 
  

(12)

2

2

2

1
( ) 0 0

2
1

[ ] 0 ( ) 0
2

1
0 0 ( )

2

U U

R R
U U

E
R R

U U

R R

     
   
 
 
  

(13)

By using Eq. (6) we have

2 ( , )MC R T C (14)

2 ( , )
MC CI R T I  (15)

4 ( , )
MC CII R T II  (16)

6 ( , )
MC CIII R T III  (17)
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The second Piola-Kirchhoff stress for a hyperelastic material will be obtained from a free energy function 

( , )C T as follows [38]:

( , )
2

C T

C

  


(18)

In an isothermal deformation, a strain energy function describe the free energy function. While, in a non-
isothermal deformation, a strain energy function couled be used instead of the free energy function by considering 
the thermal changes  and mechanical deformation [38]. 

( , ) ( , ) ( )MC T W C T W T   (19)

where ( , )MW C T is the strain energy function which depends on mechanical deformation and  ( )W T is an 

arbitrary function of temperature.
So, for Eq. (18) we have:

( , ) ( , )
2 2 MC T W C T

C C


  

 
 

 
(20)

Applying the chain rule to Eq. (20) yields

2( , ) ( , ) ( , )
( , )M M M M

M M

W C T W C T C W C T
R T

C C C C
    

 
   

(21)

2 ( , )
2 ( , ) M

M

W C T
R T

C
   



(22)

The Cauchy stress tensor could be derived from Eq. (22)

1 TF F
J

  (23)

2
3

( , )1
(2 ( , ) )

( )
T M

M

W C T
F R T F

CT
 


 




(24)

By applying the chain rule we have

( , ) ( , ) ( , )
M M

M M

C CM M M

M C M C M

I IIW C T W C T W C T

C I C II C

   
 

    
(25)

For derivatives of Eq. (25) we have [39]:
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MC C

M

I I
I

C C

 
 

 
(26)

2 2 4 2( , ) ( , ) ( , ) ( , )( )M M M

C
C

C C C C
C

M M

II
I I C

C
II II II IIC

R T R T R T R T I I C
C C C C C

    


 


   

    
    

(27)

So, the Cauchy stress tensor could be derived by considering Eqs. (24-27) [38]

2
7

( , ) ( , )2
(( ( , ) ( )))

( , )
M M

T M M
C

C C

W C T W C T
F R T I I I C F pI

I IIR T


 


 

   
 

(28)

2.2. Mooney-Rivlin Model:

The strain energy function for incompressible and temperature-dependent material and functionally graded 
Mooney-Rivlin model can be described as follows [40]:

10 01( , ) ( , )( 3) ( , )( 3)
M MM C CW C T C R T I C R T II     (29)

The components of the Cauchy stress tensor could be derived from Eqs. (28-29)

2 2 2 210 01
7

22
( , )(1 ) (1 ) (1 )

( , )R

C CU U U
R T p

R R RR T

 
 

  
        

(30)

2 2 2 2 210 01
7

2
( , )(1 ) (1 ) ((1 ) (1 ) )

( , )

C CU U U U
R T p

R R R RR T
 

 
 

         
(31)

In the absence of body force, the equilibrium equation in the radial direction is described as:

2( )
0RRd

dR R
  

  (32)

Subsitituting R   and   from Eqs. (30-31) into Eq. (32), the governing equation of motion could be rewritten 

as:

2

1 2 3 4 52
0

U U T
U

R RR
      

    
 

(33)

where
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210 01
1 5 7

4 8
( , )(1 ) ( , )(1 )(1 )

( , ) ( , )

m m

m m

C R C Ru u u
f R T f R T

R R RA R T A R T


 
 

    
 

(34)

1
201

2 7

8
( , )(1 ) (1 )

( , )

m

m

C R u u
f R T

R RA R T




 
  


(35)

2
2 210 10 0

3 5 2 6
0

2
2 2 2 201 01 0

7 2 8
0

2 10
(1 ) ( , )(1 )

( , ) ( , )

4 28
(1 ) (1 ) ( , )(1 ) (1 )

( , ) ( , )

m m

m m

m m

m m

C aR C Ru u
f R T

R RA R T T A R T

C aR C Ru u u u
f R T

R R R RA R T T A R T




 


 

 
   

 

 
     

 

(36)

2
201

4 7

8
( , )(1 ) (1 )

( , )

m

m

C R u u
f R T

R RA R T




 
   


(37)

1 2 1
2 210 10 0 0

5 5 2 6

1 2 1
2 2 2 201 01 0 0

7 2 8

2 2 1

2 10 ( )
( , )(1 ) ( , )(1 )

( , ) ( , )

4 28 ( )
( , )(1 ) (1 ) ( , )(1 ) (1 )

( , ) ( , )

22
((1 ) (1 ) )(

m m

m m

m m

m m

mC R C R n T TU U
f R T f R T

R RA R T A R T

mC R C R n T TU U U U
f R T f R T

R R R RA R T A R T

CU U

R R R




 


 

 

 

 
   

 

 
     

 


   


20 01

5 7

2
( , ) ( , )(1 ) )

( , ) ( , )

m m

m m

R C R U
f R T f R T

RA R T A R T 
 

(38)

2.3. Energy Equation

From the balance energy equation in the absence of heat energy generation, the total rate of heat energy may be 
found from [41]

.Q q  (39)

where q represents the heat flux.

Here the steady-state heat conduction is considered. So, Eq. (39) can be rewritten as follows

. 0 ( , ) . .( ( , ) ) 0q q K R T T q K R T T          (40)

2 . 0K T K T    (41)

Due to the symmetry, the following identity holds in spherical coordinates:
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Re
R


 



 
(42)

2
2

2

2
( )f f

R R R

 
  

 
(43)

In spherical coordinate, the equation of heat conduction is:

2

2

2
( )( ) 0

T K T K T
K

R R R R R

   
  

   
(44)

By considering  
0( ) ( )( )mR

K R K f T
A

 , the energy equation can be described:

2

6 7 82
0

T T

R R
  

 
  

 
(45)

where

6 1  (46)

7

2n

R
 

 (47)

2
8 ( )

1

a T

aT R
 


 

(48)

2.4. Nonlinear finite element form of the governing equation

The coupled governing equations may be described as follows:

 ,   
U

M C K F
T

   
 

     
 

  (49)

The displacement and temperature are represented as follows:

     = ( )    ,  = ( )U N R U T N R T (50)
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Due to the nonlinear behavior of thermo-hyperelastic materials, it is acceptable to use high-order finite elements. 
So, the nonlinear shape functions are presented as [32]:

1

9 1 1
( )( )( 1)

16 3 3
N        (51)

2

27 1
( 1)( )( 1)

16 3
N       (52)

3

27 1
( 1)( )( 1)

16 3
N        (53)

4

9 1 1
( )( )( 1)

16 3 3
N       (54)

where  is the local coordinate and its values are between -1 and +1.  

By using the Galerkin method, the nonlinear finite element equations can be derived.

By multiplying the differential equations (33) and (45) by
2

0
4

Tl
N R dR and substituting Eqs. (50-54), we finally 

obtain the finite element model:

2 21
11 1 10 0 0

2 2
2 40 0

4 4 8

4 4

T

T T

T T

l l l

l l

N N N N
k R dR N R dR N RdR

R R R R R
N

N R dR N NR dR
R


    

   

   
   

    


 


  

 
(55)

2
12 30

4
Tl N

k N R dR
R

  


 (56)

21 0k  (57)

2 2
22 70 0 0

4 8 4
T

T Tl l lN N N N
k R dR N RdR N R dR

R R R R
      

   
      (58)

11 12 21 22 0c c c c    (59)
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f N R dR    (62)

The stiffness matrix in Eq. (49) is dependent on the unknown displacement and temperature. So, Eq. (49) can be 
solved by using a suitable iterative approximation technique. Here, the Newton-Raphson method is used . The 
iterative solution may be ended when the following condition is happened:

1

1

0.0001i i

i

 






 (63)

where j is the iteration counter.

3    RESULTS AND DISCUSSIONS  

3.1. Verification of the results

In order to validate the calculation methodology as well as the accuracy of the results obtained, a comparision of 
the results obtained in this study and those found in the literature. The parameters of the material based on the 
Mooney-Rivlin model are listed in Table 1.[21]

Table 1 The parameters of the hyperelastic model [21]

10( )C MPa 01( )C MPa

0.162 5.9

In this section, we consider a thick sphere with the following characteristics: A=0.1 m, B=0.2 m. The applied 
internal and external pressures are Pi=0.5 Mpa and Po=0 Mpa, respectively.

The stress componenrts of the hyperelastic hollow sphere predicted by our formulation and Ref [21] are 
compared in Figs. 2 and 3, respectively. As it is observed, the results obtained with our formulation have 
considerable accuracy, as they are very close to the results obtained by Ref [21]. 

3.2. Parametric studies

Here, the influences of the constitutive, heterogeneity, temperature dependency, and loading parameters on the 
displacement, stresses, and temperature distribution are studied. In this research, a thermo-hyperelastic constitutive 
model is formulated for rubber that is in the incompressible material category. It should be noted that the physical 
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and thermophysical properties of the rubber-like hyperelastic material used in this investigation, belong to the 
category of FG materials with exponential function variation material used properties in the radial direction. 

3.2.1. The influence of the constitutive parameters of the thermo hyperelastic material

Here, three distinct materials are considered to investigate the influence of the constitutive parameters of thermo 
hyperelastic on the displacement, stress, and temperature distribution of the FG hollow sphere. It is assumed that the 
inner and outer radius of the sphere are 3 mm and 8mm, respectively, and the internal pressure of the sphere is 1 
MPa. The mechanical and thermal properties of the thermo hyperelastic model of the considered three materials are 
reported in Table 2.

Fig. 2
A comparison between the present finite element formulation result and Ref [21] for the radial stress distribution through the 
thickness of the hyperelastic sphere.

Fig. 3
A comparison between the present finite element formulation result and Ref [21] for the hoop stress distribution through the 
thickness of the hyperelastic sphere.
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Table 2 The parameters of the Mooney-Rivlin model of the considered three different materials

Material 10( )C MPa 01( )C MPa ( )WK mK
1( )K Reference

Silicon Rubber 0.200912 0.004235 1.9 286e-6 [42]

Vulcanized Rubber 0.390 0.015 0.15 225e-6 [43]

PVC 1.478 3.315 0.16 65.5e-6 [17]

According to Figure 4 and Table 2, the silicon rubber is softer than other thermo hyperelastic materials and its 
diformation because of an internal pressure of 1 MPa is about 1.86mm, indicates a large elongation. Also, it is clear 
that,  PVC is the stiffest material. Material listed in Table 2 may be sorted in ascending order according to their 
rigidity as silicon rubber, vulcanized rubber and PVC, respectively. 

Figures 5 and 6 show the distribution of radial and hoop stress through the thickness of different materials. 
According to these figures, radial and hoop stress are the smallest for PVC. In addition, PVC has a significant 
variation in the magnitudes of radial and hoop stress than the other materials.

For a homogeneous elastic pressure vessel whose magnitudes of the elastic modulus and Poisson’s ratio 
quantities do not vary in radial direction , the radial distribution of the stress components are independent of material 
propereties. However, for a multi-layer composite vessel or a multi-layer vessel whose material properties vary from 
one layer to another, the distribution of the stress components vary in the radial direction. For a hyperelastic 
material, the slope of the stress-strain curve (i.e., the elastic modulus) is load-dependent and is not independent of 
the magnitude of the induced stress. Therefore, the apparently single-layer hyperelastic vessel may be assumed to be 
constructed from infinte sub-layer whose elastic moduli are not only different but also dependent on the imposed 
stresses. It is evident that the entire distribution of the mentioned elastic moduli becomes quite different for a 
different hyperelastic material. Therefore, distribution of the stress components are material-dependent in 
hyperelastic vessels.

The distribution of the temperature through the thickness is indicated in Figure 7. It is clear that the temperature 
in vulcanized rubber is the highest and silicon rubber has the lowest one. Also, the variation of the temperature in 
vulcanized rubber is considerable.

Fig. 4
The through-thickness distribution of the displacement of the hollow sphere for different materials.
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Fig. 5
The through-thickness distribution of the radial stress of the hollow sphere for different materials.

Fig. 6
The through-thickness distribution of the hoop stress of the hollow sphere for different materials.

3.2.2. The effects of the internal pressure

In this section, displacement, stress components, and temperature distribution through the thickness are plotted 
for various internal pressures to analyse the influence of the internal pressure on the responses of the hollow FG 
thermo hyperelastic sphere. It is assumed that the sphere is made of PVC. Table 2, listed the mechanical and thermal 
paroperties of the material . Here, the internal pressures are from 1 to 5MPa. 

Figures (8-11) show that if the internal pressure increases, the effect of the constitutive and kinematic 
nonlinearities on the resultant deformation and stress components will be more remarkable. Also, by increasing the 
internal pressure, the displacement, stresses, and temperature increase. In addition, if the internal pressure increases, 
the variations of displacement, stress components, and temperature will be more sighnificant in the vicinity of the 
interior boundary.
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Fig. 7
The through-thickness distribution of the temperature of the hollow sphere for different materials.

Fig. 8
The through-thickness distribution of the displacement of the hollow sphere for different internal pressures.

3.2.3. The influence of the temperature-dependency of the thermo-hyperelastic material

Figures 12-15 indicate the effect of the temperature dependency of the thermo-hyperelastic material on the 
distributions of deformation, stress components, and temperature through the thickness. According to Figure 12, the 
radial displacement decreases through the thickness of the hollow sphere. Also, The radial displacement is 
maximum at the interior boundary and is zero at the exterior surface. Also, the radial displacement decreases by 
increasing the temperature dependency parameter (a) for different radius of sphere.

The distribution of radial stress through the thickness is shown in Figure 13 for various values of the temperature-
dependency parameter. The magnitude of radial stress decreases through the thickness. In addition, if the 
temperature dependency parameter (a) increses, the radial stress decreases in different radius of sphere. Also, at 
points far from the inner boundary, the radial stress indicates considerable variances for varioud values of (a).
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Fig. 9
The through-thickness distribution of the radial stress of the hollow sphere for different internal pressures.

Fig. 10
The through-thickness distribution of the hoop stress of the hollow sphere for different internal pressures.

Figure 14 shows the effect of the temperature-dependency parameter on the distribution of hoop stress. 
According to this figure,  the hoop stress rises through the thickness. In addition, if the temperature dependency 
parameter (a) increses,the hoop stress reduces in each arbitrary radius.

The distribution of temperature through the thickness is plotted in Figure 15. This figure shows that the value of 
temperature decreases through the thickness. Also, by rising the value of the temperature-dependency parameter, the 
magnitude of temperature decreases. It is clear that, the temperature dependency of the material has not sighnificant 
effect on the distribution of temperature. 

3.2.4. The effects of the heterogeneity of the material

Figures 16-19 show the distribution of displacement, stress components, and temperature through the thickness of 
the hollow sphere for various material parameters (m). According to Figure 16, in the interior boundary, the radial 
displacement is maximum and it reduces through the thickness.Also, it is zero in the exterior boundary because the 
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exterior boundary is fixed.  Moreover, the radial displacement in different radiu of sphere reduces by rising the 
material parameter (m). This distribution occurs because of increasing material strength by increasing (m). 

Figure 17 shows the variation of radial stress for various values of material parameters (m). According to this 
figure, at first, the radial stress in different radius of sphere, reduces by rising (m) and then increases. Also, at points 
far from the inner boundary, the radial stress indicates considerable differences for different m. 

The variation of hoop stress is shown in Figure 18 for different values of material parameter (m). In contrast with 
radial stress which has the same distribution for different (m), the most interesting part of the results is distribution 
of hoop stress which changing from monotonically increasing in R to monotonically decreasing in R as a function of 
gradient parameter (m).  This variation is very valuable for the design of hollow spheres to delay or avoid failure.
Figure 19 shows the variation of temperature for different values of material parameter m. According to this figure 
by increasing the value of material parameter in an arbitrary radius, the magnitude of temperature decreases. 
Moreover, the maximum value of temperature takes place at the inner boundary of the sphere and reaches 280 K at 
the outer surface satisfying the boundary condition.

Fig. 11
The through-thickness distribution of the temperature of the hollow sphere for different internal pressures.

Fig. 12
The through-thickness distribution of the displacement of the hollow sphere for different temperature-dependency parameters.
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Fig. 13
The through-thickness distribution of the radial stress of the hollow sphere for different temperature dependency parameter.

Fig. 14
The through-thickness distribution of the hoop stress of the hollow sphere for different temperature dependency parameters.

4    CONCLUSIONS

Here, a nonlinear finite element formulation is developed for deformation, stress, and thermal analyses of 
functionally graded thermo hyperelastic hollow spheres with temperature-dependent material. Mooney-Rivlin strain 
energy function is used to model hyperelastic behavior. It is assumed that the material parameter changes in radial 
direction continuously according to a power law. By applying the internal pressure and thermal boundary conditions, 
displacement, stress components, and temperature distribution are developed for a hollow thermo hyperelastic 
sphere. To show the effect of constitutive parameters on the distribution of deformation, radial/hoop stresses, and 
temperature, three hyperelastic materials such as silicon rubber, vulcanized rubber, and PVC are considered. In 
addition, the influence of the temperature-dependency of thermo-hyperelastic material and inhomogeneity is shown 
by considering the different values of temperature dependency parameter (a) and material inhomogeneity parameters 
(m). Also, the variation of displacement, radial/ hoop stresses, and temperature are shown for various values of 
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internal pressures. Here, the internal pressure and thermal boundary conditions applied to the FG thermo 
hyperelastic sphere and it is realized that the magnitude of displacement, stress components, and temperature 
increases by rising the values of interior pressure. Also, by increasing temperature dependency parameter (a), 
displacement, stress component, and temperature decrease. In addition, by rising the inhomogeneity of the material 
(m), in each different radius of sphere, radial deformation decreases while the magnitude of radial stress increases. 
The above-presented results show that the constitutive parameter, temperature dependency of material, and 
inhomogeneity parameter have a remarkable effect on the mechanical and thermal behavior of thick hollow FG 
thermo hyperelastic sphere. Thus by choosing a proper hyperelastic material, inhomogeneity (m), and temperature 
dependency parameter (a), engineers will design a precise thermo hyperelastic sphere for some important 
requirements.

Fig. 15
The through-thickness distribution of the temperature of the hollow sphere for different temperature dependency parameters.

Fig. 16
The through-thickness distribution of the displacement of the hollow sphere for different heterogeneity parameters.
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Fig. 17
The through-thickness distribution of the radial stress of the hollow sphere for different heterogeneity parameters.

Fig. 18
The through-thickness distribution of the hoop stress of the hollow sphere for different heterogeneity parameters.
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Fig. 19
The through-thickness distribution of the temperature of the hollow sphere for different heterogeneity parameters.

5    NOMENCLATURE

     10 10,C C Mooney Rivlin coefficents

      E Green’s strain tensor
      F Deformation gradient
      h                       Heat transfer coefficient
     , ,C C CI II III      Right Cauchy-Green tensor invariants

     J                       Jacobian
     K                      Thermal conductivity
     ( )iN R              Shape functions

      q                       Heat flux

      T                     Temperature
      0T                      Reference temperature

      U                     Displacement vector
       R                      Reference coordinate
                           Thermal expansion coefiicient
                          Strain energy function

                           Second Piola-Kirchhoff stress

                          Traction
                          Density            
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