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ABSTRACT 
In this paper we studied the thermal negativity in a two-qubit XX spin ½ chain model and XXX spin 
1/2 chain model(isotropic Heisenberg model)spin-1/2 chain subjected to an external magnetic field in 
z direction. We calculate analytical relation for the thermal negativity for two qubit XX and XXX spin 
chain models in the external magnetic field. Effects of the magnetic field and temperature on the 
negativity are shown. We have also plotted two kind of behavior in the thermal negativity which 
scales by magnetic field and temperature. It is shown that when the magnetic field along in axis z is 
considerable, thermal negativity can be decrease for higher temperature. We found the critical 
temperature of negativity for XX spin chain model and XXX spin chain model with added external 
magnetic field where there are independent from magnetic field. We also have shown in both of two 
models after T=TC the negativity is zero. We find the critical temperature for this models and show 
that the critical temperature is independent of magnetic field. We found that the negativity with 
increasing the temperature T, at first the quantum correlations in the system increase, smoothly 
reaches the maximum, and then after the critical temperature turn into zero. 
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INTRODUCTION

1 In recent year, entanglement has been 
studied by physicist and chemist. It is a 
useful concept in quantum phase transition 
in physical chemistry[1-3] and condense 
matter physics.[4-8] The entanglement can 
be observed in low temperature quantum 
many body systems. The single qubit gates 
are not able to generate entanglement in an 
N-qubit, because for single qubit is 
                                                 
*Corresponding author: soltani@iausr.ac.ir 

separable state and starting from separable 
state we will obtain another separable state 
and for to prepare an entanglement state 
must using two qubit. The Heisenberg 
magnetic spin chain is a very important 
interaction in magnetic material. This 
model have been studied in very 
experimental and theoretical research.[9] 
For understanding quantum entanglement 
behavior of many body system have been 
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studied in two or more qubits consist of 
spin-half, spin – integer and mixed – spin 
of Heisenberg spin systems or another spin 
model. For measure of quantum 
entanglement used the concurrence [10,11] 
and  negativity .[12-17] For study thermal 
entanglement of a system consist of the 
higher spins used the negativity.[18] The 
quantum entanglement of two qubit in such 
models has been studied.[19] many of 
papers studied the entanglement of 
Heisenberg spin chain model with use 
concurrence. The Heisenberg model, 
including XXX (isotropic Heisenberg spin 
model) model [20], XXZ model [21], XYZ 
model [22], XX model [23], XY model 
[24,25], studied in thermal entanglement 
by concurrence. Thermal negativity of the 
two qubit XYZ Heisenberg model with 
inhomogeneous magnetic field have been 
studied.[26] They shown that induce 
entanglement have been existence. The 
effects of the staggered magnetic field on 
the thermal entanglement have been have 
been studied and it is found that the 
thermal entanglement depends on the 
anisotropy parameter and the staggered 
magnetic field. [27] The bound 
entanglement in the XY model is also 
studied. [28] 

This paper is prepared as follows. We 
review the concept of the negativity. Then 
we study the thermal negativity for two-
qubit in XX and XXX models with added 
external magnetic field and we find that 
critical temperature and we show that the 
critical temperature is independent of 
magnetic field. Finally, we conclude and 
summarize our results. 
 
NEGATIVITY OF TYPICAL PURE 
STATES 
If ρ  is the density matrix of a two qubit 
system and is the partial transpose with 
respect to system A then the negativity for 
this system is defined as [29]: 

1
( )

2

AT

N
ρ

ρ
−

=                                      (1) 
where ||...|| denotes the trace norm of ATρ .

ATρ  is the partial transpose of density 
operator with respect to the A subsystem. 
The partial transpose is defined as: 

 
(1) (2) (1) (2) (1) (2) (1) (2)AT
i j k l i l k je e e e e e e eρ ρ=  

 

where (1) (2),i je e are the bases of Hilbert 
space. 
In equation (1) ATρ  is: 

AT
i

i
ρ λ=∑  

where iλ  are eigenvalues of ATρ . If the 
system at the thermal equilibrium the 
density operator is:  
 

exp( )( ) HT
Z
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where (exp( ))Z tr Hβ= − is the partition 

function of the system.( 1 , 1B
B

k
k T

β = = ) 

The negativity is a quantitative measure 
of entanglement for any system of any 
dimension. The negativity are ranged from 
zero(quantum states are unentangled) to 
one(quantum states are maximally 
entangled). The states are unentangled if 
and only if 2

11 44 23ρ ρ ρ≥  and the states are 

entangled if and only if 2
11 44 23ρ ρ ρ〈 . [30] 

also, we can find the critical temperature 
for thermal negativity, i.e. 

0
0

C

C

T T N
T T N
< → ≠
≥ → =  
where TC is the critical temperature. 
If d is the smaller of the dimensions of 

the bipartite system we can define the 
negativity for higher dimension as: [31] 
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NEGATIVITY OF TWO QUBIT XX 
MODEL WITH AN EXTERNAL 
MAGNETIC FIELD 
In this section we study a system 
consisting of two qubit XX spin chain 
model the spins 1/2 with added magnetic 
field interaction. The Hamiltonian of this 
model is: 
 

ܪ ൌ ൫ܬ ଵܵ
௫ܵଶ

௫ ൅ ଵܵ
௬ܵଶ

௬൯ ൅ hሺ ଵܵ
௭ ൅ ܵଶ

௭ሻ      (3) 
 

where , ,x y z
i i iS S S  are elements of spin for 

1
2

S = , J is the exchange coupling and h is 

a magnetic field in the z direction. The 
eigenvalues and eigenstates of energy are 
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The thermal density matrix operator is

(T)
He

Z

β

ρ
−

= , where ( )HZ Tr e β−=  the 

partition function is ( 1
kT

β = ). The 

elements of the density matrix of 
Hamiltonian (3) are: 

 

ଵଵߩ ൌ ଵ
௓

݁ିఉ୦ ,   ߩସସ ൌ ଵ
௓
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where: 
 

2cosh 2cosh
2
JZ hβ β= +                      (5)  

 

By using of partial transpose we  
 

calculate the eigenvalues of ATρ as: 
 

1,2 22λ ρ=  
22

3,4 11 22 11 22 23
1[( ) ( ) 4 ]
2

λ ρ ρ ρ ρ ρ= + ± − +   (6) 

 
 

By using the eq. (1) we found the 
thermal negativity as: 

 
2 2

2 2

1 [ cosh sinh sinh
2 2

cosh sinh sinh ]
2

JN h h
Z

Jh h

ββ β

ββ β

= − + +

+ − +
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The critical temperature ( CT ) for this 

model is found that: 

2 (1 2)C
JT

Ln
=

+
 

 
In figure 1, we have plotted the 

negativity as a function of the magnetic 
field h for different values of the 
temperature T=0.2, 0.3, 0.4, 0.5. As is 
seen, in the absence of the magnetic field 
the system is entangled. By increasing the 
magnetic field, entanglement decreases 
and will be zero for sufficient values of the 
magnetic field. In addition, in figure 2, we 
have plotted the negativity as a function of 
the temperature, T, for different values of 
the magnetic field h=0.5, 0.7, 0.9, 1.0. It is 
clear it seen, that at T=0, the system is 
entangled for some small values of the 
magnetic field. In this case, by increasing 
the temperature, entanglement decreases 
and will be zero at a critical temperature. 
For some values of the magnetic field, the 
entanglement first is zero and by 
increasing the temperature, system will be 
entangled. But by more increasing the 
temperature, the entanglement will be zero 
at a critical temperature due to the 
sufficient thermal.   
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Fig.1. The negativity for ant ferromagnetic case J 
=1 as a function of magnetic field for a XX model 

with added magnetic field. 
 

 
Fig.2. The negativity for ant ferromagnetic case J 
=1 as a function of temperature for a XX model 

with added magnetic field. 
 
NEGATIVITY OF TWO QUBIT XXX 
MODEL WITH AN EXTERNAL 
MAGNETIC FIELD 
In this section, we study thermal negativity 
of two qubit in a XXX spin chain model 
with an external magnetic field. The 
Hamiltonian of this model is 
 

1 2 1 2 1 2 1 2( ) ( )x x y y z z z zH J S S S S S S h S S= + + + +  (8) 
 

The eigenvalues and eigenstates of 
energy are: 
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The elements of the density matrix of 

Hamiltonian (8) are: 
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By using the eq.(1) the thermal 

negativity found as:  
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The critical temperature for this model 

is found as:  

3C
JT

Ln
=  

In figure 3 and figure 4, we have plotted 
the negativity as a function of the magnetic 
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field h for different values of the 
temperature T=0.2, 0.3, 0.4, 0.5, the 
temperature, T, for different values of the 
magnetic field h=0.5, 0.7, 0.9, 1.0. As is 
seen, in the absence of the magnetic field 
the system is entangled. By increasing the 
magnetic field, entanglement decreases 
and will be zero for sufficient values of the 
magnetic field and by increasing the 
temperature, entanglement decreases and 
will be zero at a critical temperature. For 
some values of the magnetic field, the 
entanglement first is zero and by 
increasing the temperature, system will be 
entangled. But by more increasing the 
temperature, the entanglement will be zero 
at a critical temperature due to the 
sufficient thermal.   
 

 
Fig.3. The negativity for ant ferromagnetic case J 

=1 as a function of magnetic field for a XXX model 
with added magnetic field. 

 

 
Fig.4. The negativity for ant ferromagnetic case J 
=1 as a function of temperature for a XXX model 

with added magnetic field. 

CONCLUSION  
We have investigated the effect of a 
magnetic field h on the thermal negativity 
of XXX and XX spin-1/2 chain model of 
two qubit with an external magnetic field. 
We have calculated thermal negativity for 
the antiferromagnetic case. Our 
calculations show that in the 
antiferromagnetic case that when the h 
magnetic field interaction along the z axis 
is considerable, thermal negativity can be 
decreased for higher temperatures. We 
found that the negativity with increasing 
the temperature T, smoothly reaches the 
maximum, and then turns into a zero.  Also 
we found that the critical temperature (TC) 
of negativity for XXX and XX spin-1/2 
chain model of two qubit with an external 
magnetic field and we also plotted that the 
after critical temperature (TC) the 
negativity is zero. We found that the 
critical temperatures are independent of 
magnetic field.  
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