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In this study, an extended hyperchaotic Chen system is
introduced. This system exhibits a significantly higher level of
dynamical complexity compared to many conventional nonlinear
systems. Such complexity broadens its potential for applications
in secure communication systems and contributes to enhanced
protection of sensitive information in networked environments.
However, the system’s extreme sensitivity to parameter variations
and initial conditions increases the risk of decoding errors. To
address this challenge, the synchronization problem is
investigated under the assumption of unknown parameters in the
primary system. The presented adaptive control scheme
effectively estimates these unknown parameters and ensures
reliable synchronization between master and slave systems,
improving the system’s performance in practical scenarios. The
stability of the proposed control strategy is established using
Lyapunov theory, and simulation results substantiate its
performance and reliability. Additionally, the hyperchaotic
behavior of the proposed system is validated by calculating its
Lyapunov exponents and performing dynamical analysis in
MATLAB.

1. Introduction

The widespread applications of chaotic phenomena
across various scientific and engineering
disciplines, including secure communications,
nonlinear circuits, chemical reactions, power
electronics, and laser systems, have significantly
increased the interest in studying their intrinsic
properties and control methods. One of the main
reasons for the growing attention to chaotic
systems is their unique characteristics, such as high
sensitivity to slight changes in initial conditions,
broad frequency spectra, and the existence of
strange attractors [1-3].

In recent years, extensive research has been carried
out on the stability and control of chaotic systems.
The stability of real-world systems, depending on
their applications, is generally categorized into two

types: asymptotic stability and finite-time stability
[4-7]. A wide range of methods has been developed
to achieve stabilization and control of chaotic and
hyperchaotic dynamics in such systems [8-11].

In previous studies, chaotic systems have been
broadly categorized based on their dynamical
complexity into three main types: low-dimensional
chaos, high-dimensional (hyperchaotic) systems,
and spatiotemporal chaos. One of the simplest and
widely accepted definitions found in the literature
[12-14] states that “a nonlinear system possessing
at least two positive Lyapunov exponents is
referred to as hyperchaotic.” The presence of two
or more positive Lyapunov exponents is considered
the most fundamental characteristic that
distinguishes  hyperchaotic ~ dynamics  from
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conventional low-dimensional chaos in nonlinear
systems. The first and simplest hyperchaotic
system was introduced by Réssler in 1979, which
described the behavior of a chemical reaction [15].
Since then, various hyperchaotic systems have
been developed and presented by researchers
across different scientific disciplines [16-18].
With the increasing application of chaotic and
hyperchaotic phenomena across various scientific
and industrial domains, a wide range of control
strategies have been developed to manage these
complex  dynamical  behaviors.  Common
approaches include the backstepping method [19],
linear and velocity-based feedback controls [20],
sliding mode control [21, 22], H, control
techniques [23], adaptive observers [24], and
fuzzy-adaptive control methods [25].

In [26], external disturbances and parameter
uncertainties were not considered in the study of
two hyperchaotic systems, and all system
parameters were assumed to be known and
precisely defined. Similarly, [27] employed a
sliding mode control method to stabilize the
hyperchaotic Ro&ssler system under bounded
disturbances with known limits and nonlinear
inputs. However, the Rossler system’s parameters
were entirely known, and no uncertainties were
incorporated into the system dynamics.

Chaotic signals can be used as carriers for message
transmission. Since the carrier signal must be
accurately reconstructed at the receiver to ensure
proper decoding of the message, the
synchronization of chaotic systems has received
significant attention. Notable contributions in this
area include the works of Pecora and Carroll [28].
In [29], the synchronization problem of two non-
identical hyperchaotic systems, Rdssler and Chen,
was investigated using the sliding mode control
approach under nonlinear control inputs. However,
this work did not consider critical issues such as
system uncertainties, external disturbances, and
unknown parameters. The authors of [30] proposed
a model-free deep reinforcement learning method
to synchronize a target chaotic system with a
reference system. Without requiring prior
knowledge of system dynamics, the agent learns
optimal perturbation strategies through interaction.
The method, validated on several standard chaotic
systems including Lorenz, Réssler, Chua, and the
logistic map, demonstrates high effectiveness in
synchronization control.

In this study, the synchronization problem of an
extended hyperchaotic Chen system with uncertain
parameters is investigated using an adaptive
control approach. Unlike previous works that often
assume known system parameters, this research

addresses a challenging scenario where parameter
values are inherently unknown. The proposed
methodology develops a robust adaptive control
mechanism capable of accurately estimating these
unknown parameters while ensuring complete
synchronization between master and slave systems.
This approach fills a significant gap in the literature
by providing a systematic framework to handle
parameter uncertainties in complex hyperchaotic
systems, thereby enhancing the applicability of
chaos-based secure communication techniques.
The structure of the paper is organized as follows:
Section 2 presents the system model and the
proposed control framework. Section 3 provides
numerical simulation results obtained using
MATLAB. Finally, Section 4 concludes the study.
2. Model Description

Chaotic system synchronization has found
widespread applications across various scientific
and engineering domains. In  general,
synchronization refers to the process in which the
state trajectories of two chaotic systems oscillate
identically and in unison. In this framework, one
system is considered as the master system, while
the other serves as the slave system. The primary
objective is to design an appropriate control signal
that, when applied to the slave system, ensures its
dynamical behavior closely matches that of the
master. The state-space equations of the master
system are presented in Eq. (1).

X = A(Ym — X)) + Wiy
Ym = dXpm + Yy — kxmzr2n (1)
Zym = XpYm — bZp
Win = YmZm + TWp,
In Eq. (1), %, Yim » Zmo Wi, € R represent the state
variables of the master system, while a,b,c,d, 7,k
are constant, but unknown parameters of the master
system. The state-space equations of the slave
system are presented in Eq. (2).

Xs = a;(0) (ys — x5) + wy + Uy ()
Vs = di(O)xs + ¢, ()ys — ky (E)x52F + U, (£) )

Zg = x5y5 — by (0)zs + Us(¢)

Ws = YsZs + 11 (E)wg + Uy (£)
In Eq. (2), =x 7, 2,w, € R denote the state
variables of the slave  system, and
a, (1), by (t), c1(¢),dy (t), 1, (t), ke (t) represent the
time-varying parameters that are to be identified
through  the  adaptive  rule.  Moreover,
U, (8), U, (1), U (), U,(t) are the control signals.
In this study, an indirect adaptive control approach
is employed to estimate the unknown parameters of
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the master system and to achieve synchronization
between the master and slave systems [31, 32].
Theorem 1. If the error between the state variables
and parameters of the master and slave systems is
defined as in Eq. (3), then the conditions necessary
for designing an adaptive control law to ensure
synchronization between the two systems are
established.
P eo=a()—a e =b(©) b
€3 =2y — 23 e.=c(t)—c,eq=d;(t) —d (3)
ey =Wy —ws \€k= k() —k e =m(@) -1

By defining the adaptation laws for parameter
estimation and control signals as given in Eq. (4),
the synchronization error of the state variables
converges to zero, and the parameter estimation

errors remain bounded.
U, ) = (K1 - a1(t))91 +a;(t)e; + ey
Uy () = dy(t)es + (Kz + C1(f))92 + ky (£) (522 — Xmzd)
{ Us(t) = —x5ys + (K3 - b, (t))e3 (4)
{ Up(t) = —yszg + (1,(6) + KoDey

al(t) = el(ym - xm)
by(t) = —zpes
él(t) = Ymé€:2
dl (t) = Xm€
ki(t) = —xpzke;
7:‘1 (t) = Wneéy

In Eq. (4), the constants K;,K,,K;,and K, > 0 are
assumed to be positive definite.

Proof: Based on the error definition given in Eq.
(3), the error system dynamics are formulated as
shown in Eq. (5).

( €y = a(m = Xm) + Wi — a1 () (ys — x;) — wy — U3 ()

{éz = dxy + Y — kxpziy — dy (%5 — ¢, (O + ky (2,28 — U, (£) 5
€3 = XnYm — bz — X5ys + by (D)z, — Us(2) ( )

{ €4 = YmZm + Wi — Y5z = 11 (E)w; — Uy(£)

The Lyapunov function is selected as given in Eq.

(6).

V:%(ef+e§+e§+ef+e§+e§+e§ ©6)
+el+ef+e?)

By substituting the values from Eq. (4), the
derivative of the Lyapunov function is obtained as
shown in Eq. (7).

V =—Kef — Kref — Kze — K,ef (7

By selecting positive constants K, K,,K;, and
K, > 0, the derivative of the Lyapunov function
V becomes negative semi-definite. According to
Lyapunov’s theorem, given that V is positive
definite and V is negative semi-definite, the
synchronization errors of the state variables
(eq, e, €3,€,) and the parameter estimation errors
(ew €pr €cr €4, €1, €,) are guaranteed to be bounded.
Theorem 2: If the function g(t) is uniformly
continuous (g(t) exists and is bounded) and if

tlim fotg(‘[)d‘[ the exists, then it follows that
tlim g(t) = 0. By choosing g(t) = V, we obtain:

g(t) = V = —2(K161é1 + Kzezéz + K3€3é3 (8)
+ Kye,é,)

Based on Lyapunov’s theorem, it has been
demonstrated that the synchronization errors of the
state variables (e;,e,, es,e,) are bounded, and the
parameters K;,K,, K5, and K, >0 are chosen as
positive and bounded constants. Moreover, by
substituting the values from Eq. (4) into Eqg. (5), the

error system dynamics can be expressed as Eq. (9):
( é; = (a—a; () m — xm) — K1
{ 6y = (d = dy(O))xm + (¢ = 1 (O)yim — (k — ks (D)) xmzZ — Kz, (9)
é; = —(b - bl(t))zm — Kses

L . ey = (=1 (wy — Kaey
( é1 = eq(m — xm) — Kie
{ €y = eqX + ec¥m — exXimZpm — Koy

€3 = —epZy — Kzes
k e, = e Wy, — Kyey
E=AE+F,E = [e;, e;e3,e,4]"
A = —diag(Ky, K>, K3, K,),

eq(Vm — Xm)

2
F = |€a%m + ecYm — €kXmZm
—€pZm

€W,

Given that the matrix A in Eq. (9) is Hurwitz and
the term F is bounded, it follows that E (the
derivative vector of the state variable errors) is also
bounded.

In Eg. (8), considering the existence and
boundedness of all K;,e;,é; for i =1,2,3,4, the g
exists and is bounded as well. Moreover, based on
Lyapunov’s theorem, the boundedness of the
Lyapunov function V has been established; hence:

}1_)12_[) g(@dr = }1_}12_[) V(r)dt = V() — V(0) < 0 (10)

Since all conditions of Theorem 2 hold for the

function g(t) = V, it follows that:
lim g(t) =0 - tlLrgV(t) =0 - lime(t)=0,i=1234 (11)

Therefore, it is proven that the synchronization
errors of the state variables (e, e, es,¢e4)
asymptotically approach zero, while the parameter
estimation errors (eg, ey, €, 4, € €r) remain
bounded.

The block diagram of this control loop is illustrated
in Fig. 1.
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Figure 1. Identification loop of the system.

3. Simulation Result

In this section, the performance of the proposed
adaptive control scheme is evaluated through
numerical simulations conducted in the MATLAB
environment. The simulation experiments are
designed to validate the effectiveness of the control
strategy introduced in Section 2, particularly in
achieving synchronization between the master and
slave systems and in accurately estimating the
unknown system parameters.

To this end, the control signals and adaptation laws
defined in Eq. (4) are applied to the slave system,
whose dynamics are described in Eq. (2). The true
parameter values of the master system are selected
as listed in Table 1, and the corresponding initial
estimates used in the adaptive mechanism are
provided in Table 2.

Table 1. System parameters used in the simulation.

Parameter Value
a 35
b 3
c 12
d 7
r 0.3
k 0.01

Table 2. Initial estimated values of the system parameters.

Parameter Value
a,(0) 30
b,(0) 4
c1(0) 115
d,(0) 75
r;(0) 0.9
k,(0) 0.1

Moreover, the initial conditions for both the master
and the slave systems are specified in Tables 3 and
4, respectively, to ensure a consistent simulation
setup.

Table 3. Initial conditions of the master system.

Parameter Value
X%, (0) -0.1
Y (0) 0.2
Z,,(0) -0.6

| Wy, (0) | 04 ]

Table 4. Initial conditions of the slave system.

Parameter Value
x,(0) 1
¥5(0) 05
2,(0) 1
w,(0) -1

The adaptation gain constants are chosen as
follows: K, = K; = K, = 10, K, = 80. These values
are selected to guarantee both fast convergence of
synchronization errors and robustness against
parameter uncertainties. The simulation results,
including time responses of the system states,
synchronization errors, and parameter estimates,
are graphically illustrated in Figs. 2 to 5. These
results demonstrate the dynamic behavior of both
the master and slave systems over time,
highlighting the convergence of synchronization
errors toward zero, which confirms the
effectiveness of the proposed adaptive control
scheme.

40 Master 50
Slave
20
= 0 > 0
-20
-40 -50
0 2 4 6 0 2 4 6
Time [sec] Time [sec]
100 200
100
50
N 2 0
0
-100
-50 -200
0 2 4 6 0 2 4 6
Time [sec] Time [sec]

Figure 2. State trajectories of the master and slave

systems.
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Figure 3. Enlarged view of the state trajectories of the

master and slave systems.
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Figure 4. Synchronization errors of the state variables.
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Figure 5. Parameter estimation errors.

As shown in Fig. 6, the control signals exhibit a
consistent and stable dynamical behavior that
reflects the effectiveness of the proposed control
strategy. Their temporal patterns indicate
appropriate responsiveness to system states and
disturbances, confirming that the control
mechanism successfully regulates the system
dynamics to achieve the desired synchronization
performance.
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Figure 6. Control input signal.

As observed from the simulation outputs, the
synchronization errors of the state variables
(e1,e,,e3,e4) asymptotically converge to zero
over time, confirming the  successful
synchronization of the slave system with the
master. Additionally, the estimation errors
associated with the unknown parameters remain
bounded throughout the simulation period. These
findings verify the theoretical analysis and
highlight the robustness and effectiveness of the
proposed adaptive control approach in handling
complex hyperchaotic dynamics with unknown
parameters.

4. Conclusion

In this paper, an extended hyperchaotic Chen
system with unknown parameters was investigated,
and a robust indirect adaptive control strategy was
developed to achieve complete synchronization
between the master and slave systems. The
proposed scheme not only estimates the unknown
parameters with high accuracy but also
compensates for dynamic variations by leveraging
an adaptive mechanism rooted in Lyapunov
stability theory. Rigorous mathematical analysis
confirms that the synchronization errors
asymptotically converge to zero, while the
parameter estimation errors remain bounded. The
practical effectiveness and reliability of the control
strategy  were further validated through
comprehensive  MATLAB simulations, which
demonstrated the system's ability to maintain
synchronization despite parameter uncertainties.
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