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Abstract: Casimir entropy is an important aspect of casimir effect and at the nanoscale is
visible. In this paper, we employ the path integral method to obtain a general relation for
casimir entropy and internal energy of arbitrary shaped objects in the presence of two,
three and four dimension scalar fields and the electromagnetic field. For this purpose,
using Lagrangian and based on a perturbative approach, a series expansion in
susceptibility function of the medium was obtained for the Casimir force between
arbitrary shaped objects foliated in a scalar or vector fluctuating field in arbitrary
dimensions. The finite temperature corrections are derived and using it, we obtain the
casimir entropy and internal energy of two nano ribbons immersed in the scalar field and
two nanospheres immersed in the scalar field and the electromagnetic field. The casimir
entropy of two nanospheres immersed in the electromagnetic field behave differently in
small interval of temperature variations. .
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1. INTRODUCTION

Since the zero point energy of vacuum fluctuations plays a very important role in
the theory of quantized fields, it has boob introduced into various branches of
physics [1].

The casimir effect occurs due to the boundary conditions of medium surfaces
imposed on the fluctuating field. In the other words, the casimir energy refers to
the difference between the energy of the fluctuating field when objectsare present
and when the objects are removed to infinity [2,3], therefore, the casimir entropy
has been extensively studied [4-7].
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Recently, a group of scientists presented a multi-scattering formalism to study
fluctuating fields and casimir effects [8-10]. They used multi- scattering
formalism for bodies when they were weakly coupled to the quantum fields [11-
13].

In 2012, we used path integral techniques to calculate the casimir force of
arbitrary shaped objects immersed in a fluctuating field. It was shown that, in the
first order approximation in our method might, the casimir energy be equivalent
to weak coupling limit in the multiple-scattering formalism [14].

Recently, scientists have found that the intervals of negative entropy also occur
for some geometries [15-18]. Since the specific heat of system is proportional to
the variation of the system entropy, where coupling between system and reservoir
can be negligible, [5,19-20], the specific heat of the system is defined by the
difference between the specific heat of the system as well as reservoir and specific
heat of the reservoir. Therefore, in cases where two parallel plates [17] and a
sphere beside a plate are analyzed according to Drude model [18], casimir entropy
becomes negative.

In this paper, we investigate casimir entropy, using the path integral methods for
arbitrary shaped objects which are immersed in a massless scalar field and an
electromagnetic field [14].

First, we obtain a general relation for Casimir entropy and internal energy of the
system. Then, we apply this procedure to objects immersed in (1+1)D, (2+1)D,
(3+1)D scalar fields, and the electromagnetic field.

This paper is organized as follows: in section Il, we briefly describe the free
energy and entropy based on path integral methods; in section Ill, we calculate
them for 1+1 Dimension, 2+1 Dimension and 3+1 Dimension space-time in the
scalar field; Finally in section 1V, we obtain free energy and entropy in the
electromagnetic field.

2. Free energy and entropy
The casimir free energy of a system in a quantum field theory at finite temperature
in general form becomes as follows [appendix A]

E =—kBTitrIn[G(iu|;x,x')] 1)
1=0

where, G(iy; x, x") is total Green's function of interacting system which defines
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G(x—x',w) =G°(x—x‘,a)) +
jd“zleo(x—zl,a))[a)z;z(w, 2)16%(z - X' @) +
Q

[a"a[a"2,6°(x- 2, )0 7(0,2)16°(5 - 7,0)
Q Q

(2)

[0%7(0,2,)16%(2, - X', @) +...
where 7(w, x) is the susceptibility function of the medium with frequency

variable and GO(Xl— Xp,100) is Green's function of the medium.
In terms of the susceptibility function, the expansion of free energy is achieved by

— N ﬁ n n 0 _ . 0 _ .
E= kBTZZ J-d X A7XRG T (X — X9, 1)) .G (X — Xq, 1))
1=0 n=1 n Q
x g (ivy, xq)... x(ivy, Xp)
The casimir entropy is obtained from the casimir free energy, using thermodyna
mic relation
oE
S=—— 4
oT @

According to the Egs.(1) and (4), in terms of total Green's function, casimir
entropy of the system is

3)

S =kg > _trlInG(ivy; %, x) + TG (ivy; x, x')ie(iu, X, X1] (5)
= dT

According to above relation, in terms of free energy, entropy can be rewritten in

the following form

E d E
S=——-T—(=
T dT (T) (®)
And internal energy of the system becomes
d E
U=-T>?—(= 7
() ™
3. Scalar field

A.1+1 Dimension

In this part, we obtain the force induced, casimir entropy, and internal energy of
the system which consist of two one dimension objects with susceptibilities
() y,(w)in the presence of fluctuating massless scalar field. In this case, the
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fluctuating field is defined in (1+1)-dimensional space-time x=(x, t). The Green's
function of the system is given by
e—iw\x—x'\

Go(a);x—x'): , (8)

2w

Using Egs.(8) and (3), the free energy of 1+1D in the first approximation
becomes

—2a,\x x|

E——kBTZJ'dxj i . S i X oy, X)) 9)

2 |k
Where o = 1 =778
c he

We assume that susceptibility is position independent. The matter distribution is
homogeneous, so the dielectric function is defined by

& (o)
2]
1, b<x<c (10)

&
0 & (o)
€
The free energy at finite temperature is given by
b-a .,d-c
E=—kgT 27 +
5 Z 205|T)2 L T 2 ol
_ 211%22 (e72a|Td _e*2(l|TC)(e2(l|Tb _eZa|Ta)]
(21 T)
which consists of self-energies and interaction energies. By defining
a_b=2r, b—a=2r", c+d=2r,, d-c=2r, r=r,—p; (12)
the free energy is obtained in terms of distances
" r
E=—kgT [l s —
B Z (ZalT) LT a|T 0(|T
3 2}(1)(2
aT)?
204 T(r'+r") +e2a,T(r'—r")

, a<x<b

&(w, x)

, c<x<d

(11)

—2o4Tr

e (e—2a|T (I"-H’") _ (13)

e _e—2a|T(r'7r") )]

According to Eq.(4), the entropy of the system becomes
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., Zeta[3 , Zeta[3
S = —Kkg[-21T —[3] T [3]
(T) (T)

nxe (Li, (6—271' (r+r'-r ")) ~Li, (e—27T (r+r'+r "))

+ 2
2(yT)
—L|2 (e—Z}/T(I’—I"—I'")) + L|2 (e—Z}/T(I’—I"+I'") ))
_ }(1;(2 ((r_H.-_rn)|0g(1_e—2yT(r+r'—r")) (14)
v

—(r+r+r")logl—e 2/T(r+r=r

—(r=r'=r"log(l—e=2T(r=r=r"
+(r=r'+r")logd—e 2 T=r=y)

where y = %and Lis (z) are polylogarithm functions which are defined by the

® K
infinite sum Lig(z) = ZZ—S In terms of temperature, the variance of entropy is
k
k=1

shown in Fig. 1 and in Fig. 2.

ST )8l

5':| 100 1:":- ::II:I ::'I:- _=:'|:-

Fig. 1 Entropy of two nano ribbons in one dimension with the same susceptibility in terms of
temperature, blue(b-a=2nm,c-b=8nm, d-c=4nm), red(b-a=2nm,c-b=8nm,d-c=8nm),green(b-
a=10nm,c-b=8nm,d-c=8nm).
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Fig. 2 Entropy of two nano ribbons in one dimension with (b-a=1nm, c-b=4nm, d-c=1nm) and
susceptibilities blue (y1=11.68 and y=2.6), red(y 1= 11.68 and y2= 1000), green(y1=11.68 and y2=
6000), orange(y1= 2 and 2= 3) in terms of temperature.

The force induced resulting from the fluctuating massless scalar field on two
objects is given by
F _OE _ —Kg M(_log[l_e—ZyT(r+r‘+r")]+|og[l_e—2yT(r—r'+r")]
or 2y (15)
+log[l- e 27T (r+r=r") 1-log[1- e 27T (r=r=r") )
And internal energy is
20m, 2.
U= kB 3(;{1 r 3+ )2(2r ) " ;(14/:{23 [Li4(e—2}’T(r+r'+I’"))
4y°T 27T
—Li4(e727T(r7r'7r”))+ Li4(e72;/T(r7r'+r"))

—L|4 (e*Z}/T(I'+I"*r") )]

__Xx2
4,372

H(=r + 1 1) Lig(e 2T

+(=r+r'=r")Lig(e 2T r=r=r?)

—(r+r'=r")Lig(e 2T+ =",

[(r+r r..)Lis(e727T(r+r'+r")) (16)
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B. 2+1 dimension space-time

The behavior of two objects in the presence of the fluctuating massless scalar
field, which is defined in 1+2 dimensional space- time, is investigated. Therefore,
the green's function of the system become

Go(a),x—x')=2i—ZKo(ia)|x—x'|) (17)

in which Kk (iw|x—x’)) is the modified Bessel function of the second kind. Given
Eq.(3), in the first approximation, the free energy is obtained by

kBT
4r?
where self energles are ignored. In objects whose susceptibilities are frequency
independent, the casimir entropy of the system becomes

5= 5" [a?x[ 4% (0 2o OKG GAT e
|

E=-— Id xjd x'K2 RS IACRIACRS] (18)

Ar (19)
=217 |x= x| Ko (T |[x = x Ky (AT [x = x )]
and the internal energy of the system is given by
k
U =8> [da[ dx (022 (x) T2

|x=x|Ko (T [x =X YKy (AT [x=x)

C. 3+1-dimensional space-time
In this section, we restrict ourselves to (3+1)-dimensional space-time x=(x, t). In
this case, the Green's function of the system becomes

l e —ie|x—x|
G - 21
o(@X-x)= a7 x| (21)
and the free energy in the first approximation is given by
_ J‘ds J‘d & 2abT 4 (%, Ul)Zz(X u) (22)
When susceptlbilities are independent of frequency, we have
kgT 3, (¥ 12(X) 1
d x| d°x , 23
16”I x'[ |x—x'|2 (l—e_zﬂx_xl] )
The system's internal energy and entropy are achieved by
. —27T|x=x
U :k_BJ'd3XJ'd3X-7/-|—2 a®r(x) e . (24)
87 X = x| (1_6—27T\><—><\)2



8 * Journal of Optoelectronical Nanostructures Autumn 2016 / Vol. 1, No. 3

—2yT|x—x]

X X" 2yT|x—x'le 1
— Ko g3 fase 202200 27 peoxfe ™ 770 (9
167 |X—X'|2 (1_6—2;/T\x—x\)2 1_e—2yT\x—x\
In the lower temperature, we can use the expansion form of the previous relation
to obtain

_ 3,0 () p(x), 1 1
- lﬁﬁjd X-[d |x—x‘|2 ;/T|x—x'|Jr

(26)

(m G g 4077
945

We conS|der two spheres, with radius a and b. The distance between their centers

is R>a+b . The susceptibilities of the spheres are (x)= po(r—a) and

7>(X) = x,8(r —b) , where r and r' are radial coordinates in spherical coordinate

systems, and R lies along the z axis of both coordinate systems. The distance
between points on the spheres is

|x—x'|3 +..],

|x—x|= \/RZ +a’ +b? —2abcosy — 2R(acos @ —bcosd), @7)
CoSy =cos@cosf'+singsin@'cos(p—¢")
According to Eq.(26), we have

S———Ide Q' nzrel .

+
7T |x—x'|3 2|x—x'|2

5 . (28)
+m|x—x'|—m|x—x‘|3+...],
4 45
by using
IdQIdQ‘|x—x'|p=(47r)2RpPp(é,B)
P, =1
2 - 2 A2
P, :—(In[uhéln[M]
480 1-(a-h)? (b-1)% - a2
A 2 2
+6|n[%1),
(a-1)2-b 29)
1-(a+b)>2
P :——,\I —~ A~
== e (a- b)]
Py (4,6) = — L [a+a+B)P3 4+ (-a—b)P3

4ab (p+2)(p+3)
~(1-a+b)P3 —(@+a-b)P*3]
p=0,123,..
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a ~ b -p
Where 4=— and b=—and _R" 9 pp+ip (4 ), the casimir entropy of
R R Pa=1y p éR RTTPp(@b) by
this system is obtained by
K . .
S=—2B | L (4n)2R 3P 4(a,6)+ L (47)2R 2P, (4,D)
167 yT 2

(30)

3
+@(4;z)2 RR;(4,b)

4 5.0 \2p3p (4 1
1 (yT)’ (47)°R°Ps(&,b) +...]

945

The casimir entropy becomes positive in all temperatures Fig. 3 .

ST s

Fig. 3 Entropy of the two spheres of radius a and b and distance between their centers R,
immersed in scalar 3+1 dimension field in terms of temperature, blue(a = 1nm,b = 2nm,R = 10nm),
red(a = Inm,b = 2nm,R = 20nm) and susceptibilities (1= 11.68 and y2=2.6).

4. Electromagnetic field
We use the previous approach in the previous section to find the partition function
in terms of the susceptibility of the medium as follows

E keSS D™ Fany 4760 (= writn) GO (%0
=kg ZZ ;. X d"GG (4 = Xp,i01) .G (X =0, 100)
1=0 n=1 Q

x(iv, %) 7 (v, Xn)

(31)

where the free Green's function of the electromagnetic field is Gi(j)(xi —Xj,iy) . We
introduce r =x-x" and find
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yr
, -2t
. e ¢
GO(F,iv) =2
. c2 Axr (32)
2 = 2

c c fil 3 3¢ 1. 3,

Oi(l+—+——=)——=(A+—+——=)]+=9;0°(r

[ Ij( l)|r Ulzrz) r2 ( l)|r Ulzrz)] 3 1j ( )

We calculate the interaction energy, casimir entropy, and internal energy of a
system which are composed of two dielectrics with volumes Vi and V, and
susceptibilities », and ,, respectively. The first relevant nonzero term

corresponds to n=2, which is given by
1, -~ . . . .
E =—EkBTZId3xId3x'Gi?(x—x',w,)G?i (x'=x, i) (v, X) 1o @iy, X7 (33)
I=1

Substituting the Green's function (32) for (33), we find

E=—kgT Y [d%[d*x 7 (i, ) 72 ivr X )n(or [x=x) (34)
1=1
Where
—Z—U'x—x' U y4 Y143 Yiy2 b
P (2 s(H? e g -

h(1)|,|X—X'|)=e 1 5+ T+ Tt =+ 5
87 [x=x|" |x=xT" |x=x]" |[x=xT |x=x]
Whenever the susceptibilities are independent of frequency, we do the
summation over | and use the expansion of exponential term, the free energy,
internal energy and entropy of the system, respectively, are obtained by

55 3
E=—kgT y12 | d3x| d3x +
oA 2'[ '[ ;/T|x—x‘|7 2|x—x'|6
36
A AN +... <o
4|x—x'|5 240|x—x'|3
q 99 4 2
U =kgzizo | d3x] d3xT T2+
B 2‘[ '[ ;/|x—x'|7 4|x—x‘|5
R ik o (37)
80|X—X'|3 6048|X—X'|
3 4
S =—kgz1zo | d3x | d3x -
o ZJ. '[ 2|x—x'|6 2|x—x‘|5
(38)

3 5+5
- 73T 3+ al — .
60|X—X'| 5040|X—X|

For two spheres of radii a and b, the distance between their centers R>a+b, with

]




Casimir effects of nano objects in fluctuating scalar and electromagnetic. .. *11

susceptibilities x; (x) = x15(r—a) and y,(x) = x,5(r —b), where r and r' are radial
coordinates in spherical coordinate systems, Casimir entropy in natural unit
becomes

S =—(41)? xo [g R™P4(4,b)—7RP5(4,b)T

27° 27° (39)
L REPL(A,DT +—R7IP(4,0)TO +...
o R @B)T + SRR (A6)TO 4. ]
Casimir entropy of the system related to temperature is shown in fig.4, in which
entropy becomes negative in small interval of temperature variations.

ST ¥s

Fig. 4 Entropy of the two spheres, of radius a and b and distance between their centers R(a =
Inm,b = 2nm,R = 10mm), immersed in electromagnetic field in terms of Z = 4aRT ,with
susceptibilities, blue(y1y2= 1), red dash (y1y2= 6), red(y1y2= 20), green(y1y2= 50)

5. Conclusion

In this paper, casimir entropy and internal energy of arbitrary shaped objects im
mersed in the fluctuating massless scalar field and the electromagnetic field are
calculated by path integral methodes. The casimir entropy of the objects which
are immersed in the massless scalar field in all temperatures becomes positive.
However, the value of entropy observed in small interval of temperature
variations of two nanospheres in the presence of electromagnetic field is negative.
The result is in agreement with multiple scattering methods.
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Appendices

A. Massless Scalar field
The Lagrangian of total system consists of a massless scalar field in N+1-
dimensional space-time x=(x,t). Lagrangian of the scalar field, medium and
interaction between scalar field and medium, respectively, are given by

L= %aw(x)a%(x) +§£dW(Y£ () -0™2(0)+ idwf oV, (e (1-1)

where f (x,w) isthe coupling of the scalar field with its medium. When we have

the total Lagrangian, we can quantize the total system using path-integral
techniques Generating functional is an important quantity in any field theory with
n-point correlation functions, which is obtained by taking successive functional
derivatives. Here, two-point correlation functions in terms of the susceptibility
of the medium is calculated [21,22]. The interacting generating-function becomes

il % s o o
ald detgd“’f o) 53007 2 59, 00

W[J3,J,]=e WolJ. J]
i¢ton ° h 6 0,h O
AL detgd“’f )G 53007 53,0
_e (2-1)

_ifdnxjdtjdnx'jdtﬂ(x)G°(x—X‘>J(X')
e

7$Id”xfdtj.d”x'.|'dt 'Tda)Jw(x)Gg(xfx')Jw(x')
Xe 0

Where
n —i(k—ko)(x=X")
7)™ ki -k +ie
ko ek () (3-1)
GE,(x-x'):iM”(x—x')j_Os—z,
27 kg -0 +ie
The two-point function can be obtained as
2 2
n )
G(x—-x)=|=-| ———WI[J,J 1. . 4-1
(x=x) (.] 53005307 L ol s (4-1)

Using Eq.(1-2), we find the following expansion of Green's function in
frequency variable
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G(X—X',a))zGO(X—X',a))+

jd“zleo(x— 2, 0)[0? 7 (0, )]6%(z; - X', ) +
Q

(5-1)
[d"2 [ d"2,6°(x - 21, 0) [0 (0, 216 (11 - 22, D) 7@, 2,)]
Q Q
Go(zz - X\ ) +...
Where free energy of the system given by
E =—kgT >_trIn[G(ivy; X, x)] (6-1)

1=0
B. Electromagnetic field
The casimir energy of the medium in the presence of electromagnetic is
obtained from two-point Green's function. For this purpose, the total Lagrangian
density can be written in coulomb gauge v.A(x) =0 ,as follows

L= %(E2 _B?) +%J.da)(Y'(§ (0~ o2Y2 (X)) + [ dof (x, @) AR, () (1-2)
0 0
The interacting generating functional is given by

w-| D[A]D[Ya,]exp[%'[dd'x(—%A,- KijAj —%Jda)Yia,(atz +0?)5Yj0
0
(2-2)

+£dwf (% @) AYip + i A +£(detiiw))]'

2
Where K;; =[a—g—v2j5ij -0 . Using the well-known relation and following
C

the same process that we did for the scalar case, we obtain the following
expansion for Green's function

G(x-x',») =G (x—x" @)+
jd“zleo(x— 2, 0)[0? 7 (0, )]6%(z; - X', ) +
Q

[d"a [ d"2,6°(x - 21, 0) [0 (0,216 (11 - 22, D 7@, 2,)]
Q Q

(3-2)

Go(zz—x‘,a))+...
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