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.2 3

R 2

R 2

( , ) R 2

( , ) 

ˆ ˆ ˆ(( ( ) ( ) )) (( ( ) ))

     + (( ( ) ( ))) (( ( ))).

n n

n n

C a x ug x ua x

a x ug x ua x

1 2

1 2

0 0

0 0

 

.5 3CR 2 

( , ) 

ˆdeg( ( ))

ˆ ˆdeg( ( )) deg( ( ))

ˆdeg( ( ))

deg( ( ))

ˆ ˆ{ .( ( ) ( ) )},

ˆ{ .( ( ) )},
ˆ ( )

ˆ{ .( ( ) )},

{ .( ( ) ( ))},

a x
j

j

a x g x
j

j

a x
j

j

a x
j

j

A x a x ug x

x
A x u g x

a x

A x ua x

A x a x ug x

1

1

2

1

1

1 1

1

2
1

1

3 2

1

4 1

1

0

0

0

0

0

0

0

0

deg( ( )) deg( ( ))

deg( ( ))

{ .( ( ))},
( )

{ .( ( ))}.

a x g x
j

j

a x
j

j

x
A x u g x

a x

A x ua x

1

2

1

5
1

1

6 2

1

0

0

0

0

A A A A A A1 2 3 4 5 6

C  

[ , ]R x2

( )c xC 

( )f x1( )f x2( )f x3

( )f x4[ , ]R x2

ˆ ˆ ˆ( ) ( ) ( ( ) ( ) ) ( ) ( ( ) )

       ( ) ( ( ) ( )) ( ) ( ( )).

c x f x a x ug x f x ua x

f x a x ug x f x ua x

1 1 2 2

3 1 4 2

0 0

0 0

ˆdeg( ( )) deg( ( ))f x a x1 1 1

ˆ ˆ( ) ( ( ) ( ) ) span( )f x a x ug x A1 1 10

span( )A1

A1[ , ]R x2

ˆ ( )q x1

ˆ ( )r x1[ , ]q x 

ˆ ˆ( ) ( ) ( ),
ˆ ( )

x
f x q x r x

a x
1 1 1

1

1

ˆ ( )r x1 = 0

ˆ ˆdeg( ( )) deg( ( ))r x a x1 1 1

ˆ ˆ ˆ ˆ( ) ( ( ) ( ) ) ( ) ( ( ) )
ˆ ( )

ˆ ˆ ˆ                                      ( ) ( ( ) ( ) ).

x
f x a x ug x q x u g x

a x

r x a x ug x

1 1 1
1

1 1

1
0 0

0

ˆdeg( ( ))r x1ˆdeg( ( ))a x1 1

ˆ ˆ ˆ( ) ( ( ) ( ) ) span( )r x a x ug x A1 1 10

ˆ ˆ ˆdeg( ( )) deg( ( )) deg( ( ))q x a x g x1 1 1

ˆ ˆ( ) ( ( ) ( ) ) span( )f x a x ug x A A1 1 1 20

ˆ ( )q x2ˆ ( )r x2[ , ]q x

ˆ ˆ ˆ( ) ( ) ( ),

ˆgcld( ( ), )
ˆ ( )

x
q x q x r x

x
g x x

a x

1 2 2

1

1
1

1

ˆ ( )r x2 = 0

ˆ ˆ ˆdeg( ( )) deg( ( )) deg( ( ))r x a x g x2 1 1

ˆ ˆ ˆ ˆ( ) ( ( ) ) ( ) ( ( ) ),
ˆ ˆ( ) ( )

x x
q x u g x r x u g x

a x a x
1 2

1 1

1 1
0 0

ˆ ˆ( ) ( ( ) ( ) ) span( )f x a x ug x A A1 1 1 20

ˆdeg( ( )) deg( ( ))f x a x2 2 1

ˆ( ) ( ( ) ) span( )f x ua x A2 1 30

ˆ( )q x

ˆ( )r x[ , ]q x  

ˆ ˆ( ) ( ) ( ),
ˆ ( )

x
f x q x r x

a x
2

2

1

ˆ( )r x = 0 
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ˆ ˆdeg( ( )) deg( ( ))r x a x2 1

ˆ ˆ ˆ. ( ) ( ( ) ) ( ) ( ( ) ) span( )f x ua x r x ua x A2 2 2 30 0

deg( ( )) deg( ( ))f x a x3 1 1

( ) ( ( ) ( )) span( )f x a x ug x A3 1 40

( )q x1( )r x1[ , ]q x

 

( ) ( ) ( ),
( )

x
f x q x r x

a x
3 1 1

1

1

( )r x1 = 0

deg( ( )) deg( ( ))r x a x1 1

( ) ( ( ) ( )) ( ) ( ( ))
( )

                                      ( ) ( ( ) ( )).

x
f x a x ug x q x u g x

a x

r x a x ug x

3 1 1
1

1 1

1
0 0

0

deg( ( )) deg( ( )) deg( ( ))q x a x g x1 1 1

. ( ) ( ( ) ( ) ) span( )f x a x ug x A A3 1 4 50 

( )q x2( )r x2[ , ]q x

( ) ( ) ( ),

gcld( ( ), )
( )

x
q x q x r x

x
g x x

a x

1 2 2

1

1
1

1

( )r x2 = 0

deg( ( )) deg( ( )) deg( ( ))r x a x g x2 1 1

 

( ) ( ( )) ( ) ( ( ) ),
( ) ( )

x x
q x u g x r x u g x

a x a x
1 2

1 1

1 1
0 0 0

( ) ( ( ) ( )) span( )f x a x ug x A A3 1 4 50

deg( ( )) deg( ( ))f x a x4 2 1

. ( ) ( ( )) span( )f x ua x A4 2 60

( )q x( )r x

[ , ]q x  

( ) ( ) ( ),
( )

x
f x q x r x

a x
4

2

1

( )r x = 0 

deg( ( )) deg( ( ))r x a x2 1 

( ) ( ( )) ( ) ( ( )) span( ).f x ua x r x ua x A4 2 2 60 0

 

A A A A A A1 2 3 4 5 6

A A A A A A1 2 3 4 5 6

.6 3CR 2

( , )C⊥

R 2

C

( , ) R 2

lcm( , )m  =

( , ,..., , | , ,..., , ) ,

و                                                                           

( , ,..., , | , ,..., , )

u u u u u u u u u C

v v v v v v v v v C

1 2 1 1 2 1

1 2 1 1 2 1

0 0

0 0

( )m u C1

( )

 ( ) ( ) ( ) ( )

 ( ) ( ) ( ) ( )

 ( ) ( ) ( ) ( ) .

m

m m m m

m m m m

m m m m

j j j j

j j

u v

u v u v u v u v

u v u v u v u v

u v u v u v u v

1

1 1 1 1
1 2 1 1 2 1

1 1 1 1
1 2 1 1 2 1

11
1 1 1 1

1 1 1 1
1 1

0 0

0 0

0 0

0

 

( ) |o m

( )

  ( ) ( ) ( ) ( )

  ( ).

j j j j

j j

v u v u v u v u

v u

11

1 1 1 1
1 1

0 0

0 0

( )v C

.7 3 [ ] 

( ( ) ( )) ( ( ))k kC a x ug x ua x1 2

( )x,k1

( ) ( ) ( )
( )

kx
x a x g x

a x
2

1

1
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* *(( ( )) ) ( ( ) ).
( ) ( )

k k

k k

x x
C u x u

a x a x2 1

1 1

.8 3

ˆ ˆ ˆ(( ( ) ( ) )) (( ( ) ))

   ( ( ) ( )) ( ( )),

n n

n n

C a x ug x ua x

a x ug x ua x

1 2

1 2

0 0

0 0

R 2

( )f x,1( )h x

,1

* *

* *

((( ( )) )) (( ( ) ))
ˆ ˆ( ) ( )

    (( ( ( )) )) (( ( ) )).
( ) ( )

n n

n n

x x
C uf x u

a x a x

x x
uh x u

a x a x

2 1

2 1

1 1

1 1

0 0

0 0

C C C

C C C

ˆ ˆ ˆ( ( ) ( )) ( ( )),C a x ug x ua x1 2 

( ( ) ( )) ( ( )).C a x ug x ua x1 2

.7 3( )f x

,1( )h x,1

* *(( ( )) ) ( ( ) ),
ˆ ˆ( ) ( )

x x
C uf x u

a x a x2 1

1 1

* *(( ( )) ) (( ( ) )).
( ) ( )

x x
C uh x u

a x a x2 1

1 1

.3 3

R 2

( , )

.9 3

       : ,

( ) ( , ),

qR

x uy y x y

2
2

 

xyq 

ˆˆ ˆr a ub= +r a ub= +

R 2: qR R 4
2 2

ˆ ˆˆ ˆ ˆ( | ) ( ( ), ( )) ( , , , ),r r r r b a b b a b

( )                           :

ˆ ˆ ˆ ˆ ˆ ˆ(( , ,..., | , ,..., )) ( ( , ,..., )), ( ( , ,..., )),

qR R

r r r r r r r r r r r r

2
2 2

1 1 1 1 1 1 1 10 0 0 0

ˆ ˆ ˆ( , ,..., )r r r1 10
R2

( , ,..., )r r r1 10
R2

nMd

( , , )n M dnMd

( , , )n M d

nMd

.10 3n

Md

.11 3C

[ , , ]n k d

,k d n 1

CMDS

.12 3 

( )[ ; ]u x

x

16 16
2 1



( ) 4. 16

( )o 2

16

{ , ,..., , },14 15
16 10

( )( )x x3 12x 2 1−

 

((( ) ( ) ))C u x x u2 12
4

C( )C

u u2 12 10

2 12

2 2 12 12

1 1 1

1 1

0 0 0

0 0
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( )C[ , , ]8 2 5

16

(( ( ) ( ) ))C u u x x u4 3 12 2
4 | 

C( )C

u u u4 3 12 2 1

4 4 3 2 2 12

3 3 12 12

1 1 1

1 1

0

( )CMDS[ , , ]8 2 7

16

(( ( ) ) (( ) ( ) ( ) ))

 

C u x u u x x u12 2 4 3 3
4 40

C

u u

u u u

12

2 4 3 3 1

0 0
 

( )C

12 12

4 4 2 3

2 2 3 3

1 1

1 1 1

1 1

0 0 0 0

0 0

( )C

[ , , ]8 3 416

q qR u2Aut( )q 

Aut( )R 2

( ) ( ) ( )a ub a u b

[ , ]R x

x

2

1

[ , ]R x

x

2

1

C   

R 2( , ) 

ˆ ˆ ˆ ˆ( , ,..., , | , ,..., , )c c c c c c c c1 2 1 1 2 10 0

C

ˆ ˆ ˆ ˆ( ( ), ( ), ( ),..., ( ) | ( ), ( ), ( ),..., ( ))c c c c c c c c1 1 2 1 1 20 0

CC

[ , ]R x2 

R 2

( , ) 

R 2
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