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𝑛𝑘(𝑛 > 𝑘)

𝑃(𝑛, 𝑘)

  {𝑢𝑖 , 𝑣𝑖   |𝑖 = 1,2, … , 𝑛}

{𝑢𝑖𝑣𝑖 , 𝑢𝑖𝑢𝑖+1 , 𝑣𝑖𝑣𝑖+𝑘  |  𝑖 = 1,2, … , 𝑛}

 𝑛  {𝑢𝑖𝑣𝑖}

𝑢

-𝑣

gcd(𝑛, 𝑘) = 1

 𝑛 

gcd(𝑛, 𝑘) = 𝑑 ≠ 1

 𝑑 
𝑛

𝑑

 𝑃(𝑛, 𝑘)

 𝑛  𝑘 

𝑃(𝑛, 𝑘)≅𝑃(𝑛, 𝑘)

kl≡± 1 (mod n)

𝐺 = (𝑉, 𝐸) 𝐼 

 𝐼  𝐺 

𝐺

 𝑄G

𝑄

 𝛽(𝐺)

𝐺(𝐺) +

𝛽(𝐺) = |𝑉(𝐺)|

𝛽(𝑃(𝑛, 𝑘))𝛼(𝑃(𝑛, 𝑘))

 𝑛 𝑘𝛼(𝑃(𝑛, 𝑘))

 𝐷G = (V, E)

𝑉\𝐷  𝐷 

𝛾(𝐺)  𝐷 

𝑉\𝐷 𝐷 

 

 𝑃(𝑛, 𝑘)

𝑛 ≡ 0 (𝑚𝑜𝑑4) 

 k  

 𝐺 = (𝑉, 𝐸)

-kG

c:V(G)→{1,2,…,k}

 𝑢𝑣Ec(u)≠c (𝑣) c

(r+1)𝑟G

𝑣 𝑐 

𝑣

N[v]=N(v)∪{v}𝐼

𝑟

G (r+1) c

 𝐼

𝑣 ∈ 𝐼 𝐺 

𝐼

G

c G 

 𝐼

 𝐼′



 

 
 

   

 𝐼

 𝐼′ 

.

G=(V,E) 𝑆 ⊆ 𝑉(𝐺)𝑐-𝑘 

 𝑆 𝑐

𝑘 𝐺 

 𝑆

  𝐺

 𝐺 

 𝑑(𝐺, 𝑘)

.

 

𝑟 G 

𝑑(𝐺, 𝑟 + 1) = |𝑉(𝐺)| − 𝛼(𝐺)

 𝑐 𝐺

 𝐼  𝑐 (𝑟 + 1)

  𝐺  𝑟 

 𝐼 

S = 𝑉(𝐺) ∖ 𝐼 𝐺

.𝑑(𝐺, 𝑟 + 1) ≤ |𝑉(𝐺)| − 𝛼(𝐺)

𝑆 

(𝑟 + 1)𝑟 G 

𝑉(𝐺) ∖ 𝑆 

𝑑(𝐺, 𝑟 + 1) ≥ |𝑉(𝐺)| − 𝛼(𝐺)

. 𝑑(𝐺, 𝑟 + 1) = |𝑉(𝐺)| − 𝛼(𝐺)

𝑑(𝐺, 𝑟 + 1) = |𝑉(𝐺)| − 𝛼(𝐺) 𝑆

(𝑟 + 1)

G|𝑆| = 𝑑(𝐺, 𝑟 + 1)

𝐼 = V(G) ∖ S

|𝐼| = |𝑉(𝐺)| − |𝑆| = 𝛼(𝐺) 𝐼

 𝐺 S 

 𝐼 

 𝑟

 𝐼  𝐼 

  𝐺 ◼

-𝑟 𝐺

𝑑(𝐺, 𝑟 + 1) = |𝑉(𝐺)| − 𝛼(𝐺)

𝑟 𝐺 

 

 
 𝑮  𝑰  

 



 

 

 

P(n, k)n ≡ 0 (mod4) k 

 𝑃(𝑛, 𝑘) 𝑘 = 1,2,3

(𝑛, 1)𝑃(𝑛, 2)𝑃(𝑛, 3)  𝑃(5,2)

𝑃(10,3) 𝑃(14,3)𝑃(26,3)

𝑘 > 2

𝑃(2k + 1, k)𝑘 > 3 

𝑃(3𝑘 + 1, 𝑘) 𝑘 ≠ 5,9 𝑘 > 3 

𝑃(3k − 1, k)

 

𝑐: 𝑉\𝐼 → {1,2,3,4}

.

 𝑛 ≡ 0(𝑚𝑜𝑑4)  k

𝑃(𝑛, 𝑘) 

 

 𝑛 𝑘 𝑃(𝑛, 𝑘) 

. 𝛼(𝑃(𝑛, 𝑘)) = 𝑛 

𝑃(𝑛, 𝑘)

-𝐷𝑖

𝑖 = 1,2,3,4

𝐷1 = {𝑢4𝑙−3 , 𝑣4𝑙−1|1 ≤ 𝑙 ≤
𝑛

4
}

𝐷2 = {𝑢4𝑙−2 , 𝑣4𝑙|1 ≤ 𝑙 ≤
𝑛

4
}

𝐷3 = {𝑢4𝑙−1 , 𝑣4𝑙+1|1 ≤ 𝑙 ≤
𝑛

4
}

𝐷4 = {𝑢4𝑙 , 𝑣4𝑙+2|1 ≤ 𝑙 ≤
𝑛

4
}

𝐷𝑖

 . |𝐷𝑖| =
𝑛

2
 

𝑖 = 1,2,3,4 𝐷𝑖 

𝑃(𝑛, 𝑘)

𝐷𝑖𝑖 = 1,2,3,4

𝑘 

𝐷𝑖𝑖 = 1,2,3,4 

𝐷𝑖𝑖 = 1,2,3,4

◼

𝑃(16,3)𝐷1

𝐷2

P(16,3) 



 

 
 

   

 𝑷(𝒏, 𝟏) 

𝑃(𝑛, 1)

𝑛 > 2.

  𝛼(𝑃(𝑛, 1)) = {
𝑛   𝑛

𝑛 − 1   𝑛

𝑰 = {𝒖𝟐𝒍+𝟏|𝟎 ≤ 𝒍 < ⌊
𝒏

𝟐
⌋} ∪ {𝒗𝟐𝒍|𝟏 ≤ 𝒍 ≤

⌊
𝒏

𝟐
⌋} 

 𝑐

 𝐼

𝑃(𝑛, 1)⌊
𝑛

4
⌋

𝑢1, 𝑣1 

𝑙1 ≤ 𝑙 ≤ ⌊
𝑛

4
⌋

.

𝑐(𝑢4𝑙 ) = 2𝑐(𝑢4𝑙−2) = 1
𝑐(𝑣4𝑙−1) = 4𝑐(𝑣4𝑙−3) = 3

𝑛 ≡ 3(mod4)

 𝑢𝑛−2, 𝑢𝑛−1, 𝑢𝑛, 𝑣𝑛−2 , 𝑣𝑛−1, 𝑣𝑛

. 𝑢𝑛−2, 𝑣𝑛−1 ∈ 𝐼

  . 𝑐(𝑢𝑛−1) = 1, 𝑐(𝑣𝑛) = 4

 𝑢𝑛 , 𝑣𝑛−2

 𝐼 

 

 𝐼

. 𝑑(𝑃(𝑛, 1),4) = 2𝑛 − 𝛼(𝑃(𝑛, 1)) 

𝑛 ≡ 0 (mod4)

𝑃(𝑛, 1) 

 𝑷(𝒏, 𝟐)

 𝑃(5,2)

  𝑛 > 5𝑃(𝑛, 2)

𝛼(𝑃(𝑛, 2)) = ⌊
4𝑛

5
⌋  𝑛 > 4

G𝑟 𝐼

G G 

𝐼

𝐻 

 I rG

 G

 IH 

(r + 1) 

 𝐺

 𝐼

 𝐼 

𝐼

 𝐻 𝑥 ∈ 𝐼𝐻

-𝑟 H(r + 1)

 H 

(r + 1)

𝑥 ∈ 𝐼𝑥𝑟

𝐻

𝑥𝑥 ∈ 𝐼

 𝐺 𝐼◼

 𝐼

𝑥 ∈ 𝐼  𝐻𝑟

 𝜒(𝐻) = 𝑟 + 1 

𝜒(𝐻 − 𝐼) ≤ 𝑟 + 1 𝐻 − 𝐼

 𝐺𝐼

𝑆𝑅(𝐺, 𝐼)

P(5,2)  

𝛼(𝑃(5,2)) = 4



 

 

 

𝐼 = {𝑢1, 𝑢3, 𝑣4, 𝑣5}

 𝐻𝐻 − 𝐼 =

𝑆𝑅(𝑃(5,2), 𝐼) ≅ 𝐾6

χ(𝑆𝑅(𝑃(5,2), 𝐼)) = 6

𝑃(5,2)◼

𝑛 > 5 𝑃(𝑛, 2)

Ic

I

𝒏 ≡ 𝟎(𝐦𝐨𝐝𝟓)

 𝑃(𝑛, 2) 

 𝑢1, 𝑣1

𝑰 = {𝒖𝟓𝒍−𝟑, 𝒖𝟓𝒍−𝟏, 𝒗𝟓𝒍−𝟒, 𝒗𝟓𝒍|𝟏 ≤ 𝒍 ≤
𝒏

𝟓
}  

𝑙

1 ≤ 𝑙 <
𝑛

5

• 𝒍 ≡ 𝟎(𝐦𝐨𝐝𝟒)
𝑐(𝑢5𝑙−4) = 𝑐(𝑢5𝑙) = 2, 𝑐(𝑢5𝑙−2) = 1 

𝑐(𝑣5𝑙−2) = 𝑐(𝑣5𝑙−3) = 3, 𝑐(𝑣5𝑙−1) = 4

• 𝒍 ≡ 𝟏(𝐦𝐨𝐝𝟒)
𝑐(𝑢5𝑙−4) = 𝑐(𝑢5𝑙) = 1, 𝑐(𝑢5𝑙−2) = 2 

𝑐(𝑣5𝑙−2) = 𝑐(𝑣5𝑙−1) = 3, 𝑐(𝑣5𝑙−3) = 4

•   𝒍 ≡ 𝟐(𝐦𝐨𝐝𝟒)
𝑐(𝑢5𝑙−4) = 𝑐(𝑢5𝑙) = 2, 𝑐(𝑢5𝑙−2) = 1 

𝑐(𝑣5𝑙−2) = 𝑐(𝑣5𝑙−3) = 4, 𝑐(𝑣5𝑙−1) = 3
 

• 𝒍 ≡ 𝟑(𝐦𝐨𝐝𝟒) 

𝑐(𝑢5𝑙−4) = 𝑐(𝑢5𝑙) = 1, 𝑐(𝑢5𝑙−2) = 2 

𝑐(𝑣5𝑙−2) = 𝑐(𝑣5𝑙−1) = 4, 𝑐(𝑣5𝑙−3) = 3
 

• 𝒍 =
𝒏

𝟓
 

. 𝑢𝑛−3, 𝑢𝑛−1, 𝑣𝑛−4, 𝑣𝑛 ∈ 𝐼 

𝑐(𝑢𝑛−2) = 2

𝒏 ≡ 𝟏(𝐦𝐨𝐝𝟓)

 P(6,2) 

n > 6 𝑃(𝑛, 2) 

(⌊
𝑛

5
⌋ − 1) 

𝑰 = {𝒖𝟓𝒍−𝟑, 𝒖𝟓𝒍−𝟏, 𝒗𝟓𝒍−𝟒, 𝒗𝟓𝒍|𝟏 ≤ 𝒍 ≤

⌊
𝒏

𝟓
⌋}  

∪ {𝒖𝒏−𝟒, 𝒖𝒏−𝟏, 𝒗𝒏−𝟓, 𝒗𝒏}  

𝑙1 ≤

𝑙 <
𝑛

5

𝑐(𝑢5𝑙−4) = 1 + (𝑙 − 1)  (mod4) 

 

𝑐(𝑢5𝑙−2) = 3 + (𝑙 − 1)  (mod4)
𝑐(𝑢5𝑙) = 1 + (𝑙 − 1)     (mod4)
𝑐(𝑣5𝑙−3) = 2 + (𝑙 − 1)  (mod4)
𝑐(𝑣5𝑙−2) = 2 + (𝑙 − 1)  (mod4)
𝑐(𝑣5𝑙−1) = 4 + (𝑙 − 1)  (mod4) 

𝑢𝑛−4, 𝑢𝑛−1, 𝑣𝑛−5, 𝑣𝑛

𝐼

𝑐(𝑢𝑛) = 4, 𝑐(𝑢𝑛−2) = 2, 𝑐(𝑢𝑛−3) = 3 

 
𝒏 ≡ 𝟐(𝐦𝐨𝐝𝟓) 

 . 𝑛 = 5𝑞 + 2 

𝑃(𝑛, 2)(⌊
𝑛

5
⌋ − 1) 

𝑰 =

{𝒖𝟓𝒍−𝟑, 𝒖𝟓𝒍−𝟏, 𝒗𝟓𝒍−𝟒, 𝒗𝟓𝒍|𝟏 ≤ 𝒍 < ⌊
𝒏

𝟓
⌋}  

∪ {𝒖𝒏−𝟓, 𝒖𝒏−𝟑, 𝒖𝒏−𝟏, 𝒗𝒏−𝟔, 𝒗𝒏}  

𝑙

1 ≤ 𝑙 < ⌊
𝑛

5
⌋𝑐

𝑢𝑛−6, 𝑣𝑛−5, 𝑣𝑛−4, 𝑣𝑛−3, 𝑣𝑛−2

 

c(𝑣𝑛−3) = 4, 𝑐(𝑣𝑛−2) = 1. 

 𝑞  



 

 
 

   

• 𝒒 ≡ 𝟎, 𝒒 ≡ 𝟏(𝐦𝐨𝐝𝟒)
𝑐(𝑢𝑛−6) = 1, 𝑐(𝑣𝑛−4) = 4, c(𝑣𝑛−5) = 2  
 

• 𝒒 ≡ 𝟐(𝐦𝐨𝐝𝟒)
𝑐(𝑢𝑛−6) = 2, 𝑐(𝑣𝑛−4) = 3, 𝑐(𝑣𝑛−5) = 3

• 𝒒 ≡ 𝟑(𝐦𝐨𝐝𝟒) 

𝑐(𝑢𝑛−6) = 4, 𝑐(𝑣𝑛−4) = 2, 𝑐(𝑣𝑛−5) = 1

𝒏 ≡ 𝟑(𝐦𝐨𝐝𝟓) 

 𝑛 = 5𝑞 + 3 𝐼

𝑰 = {𝒖𝟓𝒍−𝟑, 𝒖𝟓𝒍−𝟏, 𝒗𝟓𝒍−𝟒, 𝒗𝟓𝒍|𝟏 ≤ 𝒍 ≤

⌊
𝒏

𝟓
⌋}  

∪ {𝒖𝒏−𝟏, 𝒗𝒏}  

 𝑞  

 

• 𝒒 ≡ 𝟐(𝐦𝐨𝐝𝟒)

 𝑃(𝑛, 2) ⌊
𝑛

5
⌋ 

𝑙≤ 𝑙 ≤ ⌊
𝑛

5
⌋𝑐 

.𝑢𝑛−1, 𝑣𝑛 ∈ 𝐼. 𝑐(𝑢𝑛−2) =

1, 𝑐(𝑣𝑛−2) = 4
 

• 𝒒 ≡ 𝟐(𝐦𝐨𝐝𝟒)

 𝑃(𝑛, 2)  (⌊
𝑛

5
⌋ − 1) 

𝑙1 ≤ 𝑙 < ⌊
𝑛

5
⌋ 𝑐 

𝑣𝑛, 𝑣𝑛−3 , 𝑣𝑛−7

𝑢𝑛−1, 𝑢𝑛−4, 𝑢𝑛−6𝐼

𝑐(𝑢𝑛−3) = 1, 𝑐(𝑢𝑛−5) = 2  

𝑐(𝑣𝑛−1) = 𝑐(𝑣𝑛−2) = 3  

 

𝒏 ≡ 𝟒(𝒎𝒐𝒅𝟓) 

. 𝑛 = 5𝑞 + 4 

 

𝑃(𝑛, 2)  ⌊
𝑛

5
⌋ 

𝑰 =

{𝒖𝟓𝒍−𝟑, 𝒖𝟓𝒍−𝟏, 𝒗𝟓𝒍−𝟒, 𝒗𝟓𝒍|𝟏 ≤ 𝒍 ≤ ⌊
𝒏

𝟓
⌋}  

∪ {𝒖𝒏−𝟐, 𝒗𝒏−𝟑, 𝒗𝒏}  

 𝑙

1 ≤ 𝑙 ≤ ⌊
𝑛

5
⌋ 𝑐

.𝑢𝑛−2, 𝑣𝑛−3 , 𝑣𝑛 ∈ 𝐼

  

𝑐(𝑢𝑛−1) = 1 

𝑉\𝐼

𝐼

 𝐼 𝑛 > 5 

 𝑃(𝑛, 2)

  𝐼 𝑛 > 5  

𝑑(𝑃(𝑛, 2),4) = 2𝑛 − ⌊
4𝑛

5
⌋.  

 𝑷(𝒏, 𝟑) 

 𝑃(𝑛, 3) 

𝑛 ≠ 10,14,26.

𝑛 > 6 

𝛼(𝑃(𝑛, 3)) = {
𝑛       𝑛 

𝑛 − 2       𝑛 
   

 𝑛 

𝑰 = {𝒖𝟐𝒍−𝟏|𝟏 ≤ 𝒍 ≤
𝒏

𝟐
} ∪

{𝒗𝟐𝒍 |𝟏 ≤ 𝒍 ≤
𝒏

𝟐
}  



 

 

 

 𝑛 

𝑰 = {𝒖𝟐𝒊−𝟏|𝟏 ≤ 𝒊 ≤ ⌊
𝒏

𝟐
⌋} ∪ {𝒗𝟐𝒊|𝟏 ≤ 𝒊 <

⌊
𝒏

𝟐
⌋}  

 𝑃(𝑛, 3) 

𝒏 ≡ 𝟎  (𝐦𝐨𝐝𝟒)
 𝑃(𝑛, 3) 

.

𝒏 ≡ 𝟏  (𝐦𝐨𝐝𝟒) 

 

𝐈 = {𝒖𝟏, 𝒖𝟑, . . . , 𝒖𝒏−𝟐, 𝒗𝟐, 𝒗𝟒, . . . , 𝒗𝒏−𝟑}  

 𝑙 < 𝑛  𝑢𝑙 , 𝑣𝑙

𝑐(𝑢𝑙) = {
2     𝑙 ≡ 0  (mod4)

1     𝑙 ≡ 2  (mod4)
  

𝑐(𝑣𝑙) = {
3     𝑙 ≡ 1  (mod4)

4     𝑙 ≡ 3  (mod4)
  

𝒏 ≡ 𝟐  (𝐦𝐨𝐝𝟒) 

 𝑛

 𝑛 .

 

 𝑛 = 10,14,26 𝑃(𝑛, 3)

 

𝛼(𝑃(𝑛, 3)) = 𝑛

 𝑃(10,3)

𝑰 = {𝒖𝟏, 𝒖𝟑, … , 𝒖𝟗, 𝒗𝟐, 𝒗𝟒, … , 𝒗𝟏𝟎}  

𝐻 − 𝐼 = 𝑆𝑅(𝑃(10,3), 𝐼)

𝜒(𝐻 − 𝐼) =

𝜒(𝑆𝑅(𝑃(10,3), 𝐼)) = 5

𝑃(14,3)𝑃(26,3)

𝜒(𝑆𝑅(𝑃(14,3), 𝐼)) =
𝜒(𝑆𝑅(𝑃(26,3), 𝐼)) = 5  

 𝑃(𝑛, 3)

𝑛 = 10,14,26 .◼

𝑛 > 14𝑛 ≠ 26𝑐

𝑰 = {𝒖𝟏, 𝒖𝟐, … , 𝒖𝐧−𝟏, 𝒗𝟐, 𝒗𝟒, … , 𝒗𝐧}  

• 𝐠𝐜𝐝(𝒏, 𝟑) = 𝟑

𝑛

3
  𝑃(𝑛, 3)

𝑙

1 ≤ 𝑙 <
𝑛

6
− 1  

 𝑙

𝑐(𝑢6𝑙−4) = 𝑐(𝑢6𝑙) = 3, 𝑐(𝑢6𝑙−2) = 2   

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 𝑐(𝑣6𝑙−1) = 4  

 𝑙

𝑐(𝑢6𝑙−4) = 𝑐(𝑢6𝑙) = 2, 𝑐(𝑢6𝑙−2) = 3  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 𝑐(𝑣6𝑙−1) = 1 

𝑐(𝑣𝑛−5) = 𝑐(𝑣𝑛−3) = 𝑐(𝑣𝑛−1) = 2 

𝑐(𝑢𝑛−8) = 4  

 

• 𝐠𝐜𝐝(𝒏, 𝟑) = 𝟏

c

𝑃(𝑛, 3)⌊
𝑛

6
⌋ 



 

 
 

   

• 𝒏 ≡ 𝟒  (𝐦𝐨𝐝𝟔) 

𝑙1 ≤ 𝑙 < ⌊
𝑛

6
⌋

. 

 𝑙

𝑐(𝑢6𝑙−4) = 𝑐(𝑢6𝑙) = 1, 𝑐(𝑢6𝑙−2) = 2  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 3, 𝑐(𝑣6𝑙−1) = 4  

 𝑙

𝑐(𝑢6𝑙−4) = 𝑐(𝑢6𝑙) = 2, 𝑐(𝑢6𝑙−2) = 1  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 4, 𝑐(𝑣6𝑙−1) = 3    

𝑐(𝑢𝑛−4) = 4, 𝑐(𝑢𝑛−2) = 1, 𝑐(𝑣𝑛−1) = 2   

• 𝒏 ≡ 𝟐  (𝐦𝐨𝐝𝟔) 

 𝑃(𝑛, 3)  ⌊
𝑛

6
⌋

𝑙

1 ≤ 𝑙 < ⌊
𝑛

6
⌋ − 1

  

 𝑙

𝑐(𝑢6𝑙−4) = 𝑐(𝑢6𝑙) = 2, 𝑐(𝑢6𝑙−2) = 3  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 4, 𝑐(𝑣6𝑙−1) = 1  

 𝑙

𝑐(𝑢6𝑙−4) = 𝑐(𝑢6𝑙) = 3, 𝑐(𝑢6𝑙−2) = 2  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 4, 𝑐(𝑣6𝑙−1) = 1    
 

𝑙 = ⌊
𝑛

6
⌋ − 1

𝑐(𝑢6𝑙−4) = 𝑐(𝑢6𝑙) = 4, 𝑐(𝑢6𝑙−2) = 2  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 1, 𝑐(𝑣6𝑙−1) = 3    

𝑐(𝑢𝑛−2) = 3  

 
𝒏 ≡ 𝟑  (𝐦𝐨𝐝𝟒)

 

𝑰 = {𝒖𝟏, 𝒖𝟑, . . . . , 𝒖𝒏−𝟐, 𝒗𝟐, 𝒗𝟒, . . . . , 𝒗𝒏−𝟑}  

𝑃(7,3) ≅ 𝑃(7,2)

𝑛 > 7

𝑟 𝑟 = 1,3,5

𝑙1 ≤ 𝑙 <
𝑛

6

 

 𝑙

𝑐(𝑢6𝑙−4) = 𝑐(𝑢6𝑙) = 1, 𝑐(𝑢6𝑙−2) = 2  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 𝑐(𝑣6𝑙−1) = 3  

 𝑙

𝑐(𝑢6𝑙−4) = 𝑐(𝑢6𝑙) = 2, 𝑐(𝑢6𝑙−2) = 1  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 𝑐(𝑣6𝑙−1) = 4  

𝑙 = ⌊
𝑛

6
⌋

 

• 𝒏 ≡ 𝟏  (𝐦𝐨𝐝𝟔)
𝑐(𝑢6𝑙−4) = 1, 𝑐(𝑢6𝑙 ) = 3  𝑐(𝑢6𝑙−2) = 4  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 3, 𝑐(𝑣6𝑙−1) = 2  

 

• 𝒏 ≡ 𝟑  (𝐦𝐨𝐝𝟔) 

𝑐(𝑢6𝑙−4) = 2, 𝑐(𝑢6𝑙 ) = 3  𝑐(𝑢6𝑙−2) = 1  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 𝑐(𝑣6𝑙−1) = 4  

 

• 𝒏 ≡ 𝟓  (𝐦𝐨𝐝𝟔) 

𝑐(𝑢6𝑙−4) = 𝑐(𝑢6𝑙) = 1, 𝑐(𝑢6𝑙−2) = 2  

𝑐(𝑣6𝑙−5) = 𝑐(𝑣6𝑙−3) = 𝑐(𝑣6𝑙−1) = 3  

𝑉\𝐼

 𝐼

 𝐼

 𝑛 > 14 𝑃(𝑛, 3) 𝑛 ≠ 26 

 𝐼 .

 𝑃(𝑛, 𝑘) ≅ 𝑃(𝑛, 𝑙)

𝑘𝑙 ≡ ±1(mod𝑛)

 𝑃(𝑛, k) 

 𝑘

 𝑃(2k + 1,2) ≅ 𝑃(2k + 1, k) 

𝑃(2k + 1, k)



 

 

 

𝑃(13,6)  𝑃(15,7) 

 𝑘 > 3 

𝑃(3k + 1,3) ≅ 𝑃(3k + 1, k)

𝑃(3k + 1, k)

𝑃(19,6)  𝑃(16,5)  

 

 𝑘 > 3𝑘 ≠ 5,9

𝑃(3k − 1,3) ≅ 𝑃(3𝑘 − 1, k)

𝑃(3k − 1, k)

 𝑃(17,6) 𝑃(20,7)

𝑃(14,3) ≅ 𝑃(14,5)𝑃(26,3) ≅ 𝑃(26,9)

𝑃(14,5)𝑃(26,9)

𝑃(𝑛, 𝑘)

𝑛 ≡ 0 (mod4)  𝑘

𝑃(𝑛, 1) 𝑃(𝑛, 2)  𝑃(𝑛, 3)𝑃(5,2)

𝑃(10,3) 𝑃(14,3)𝑃(26,3)

𝑘 > 3𝑃(2k + 1, k)

𝑃(3𝑘 + 1, 𝑘)𝑃(3𝑘 − 1, 𝑘)

𝑛 

𝑃(5,2)𝑃(10,3) 𝑃(14,3)𝑃(26,3)

.

 . 

 



 

 
 

   

[1] M. Mahdian and E. S. Mahmoodian. 

The roots of an IMO97 problem. Bull. 

Inst. Combin. Appl., 28:48–54, 2000. 
 

[2] Mark E. Watkins. A theorem on Tait 

colorings with an application to the 

generalized Petersen graphs. J. 
Combinatorial Theory, 6:152–164, 1969. 

 

[3] Babak Behsaz, Pooya Hatami, and E. 
S. Mahmoodian. On minimum vertex 

covers of generalized Petersen graphs. 

Australas. J. Combin., 40:253–264, 2008. 
 

[4] Mehdi Behzad, Pooya Hatami, and E. 

S. Mahmoodian. Minimum vertex covers 

in the generalized Petersen graphs 𝑃(𝑛,2). 
Bull. Inst. Combin. Appl., 56:98–102, 

2009. 

 
[5] J. B.Ebrahimi, Nafiseh Jahanbakht, 

and E. S. Mahmoodian. Vertex 

domination of generalized Petersen 

graphs. Discrete Math., 309(13):4355–
4361, 2009. 

 

[6] Nazli Besharati, J. B. Ebrahimi, and 
A. Azadi. Independence number of 

generalized petersen graphs. Ars 

Combinatoria, 124 (17): 239–255, 2016. 
 

[7] Alice Steimle and William Staton. 

The isomorphism classes of the 

generalized Petersen graphs. Discrete 
Math., 309(1):231–237, 2009. 

 

[8] Douglas B. West. Introduction to 
Graph Theory. Prentice-Hall, Inc, United 

States of American, 2001. 

 

[9] Mohammad Ghebleh, Luis A. 
Goddyn, E. S. Mahmoodian, and Maryam 

Verdian-Rizi. Silver cubes. Graphs 

Combin., 24(5):429–442, 2008. 
 

[10] A. Ahadi, Nazli Besharati, E. S. 

Mahmoodian, and M. Mortezaeefar. 

Silver block intersection graphs of steiner 
2-designs. Graphs Combin., 29(4):735–

746, 2013. 

 

[11] Diane Donovan, E. S. Mahmoodian, 
Colin Ramsay, and Anne Penfold Street. 

Defining sets in combinatorics: a survey. 

In Surveys in combinatorics, 2003 
(Bangor), volume 307 of London Math. 

Soc. Lecture Note Ser., pages 115–174. 

Press, Cambridge, 2003. 

 

 

 



 

 

 


