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Abstract 
Purpose – The purpose of this thesis is to study the influence of 
magnetic field on MHD natural convection flow of hybrid nanofluid in 
a square cavity with a corrugated conducting block. Also, the effect 
of fluid–solid thermal conductivity ratio is investigated. 
Design, methodology, and approach — The finite volume method is 
used to discretize the governing equations that are expressed in the 
dimensionless form. The SIMPLE method ensures the connection of 
velocity and pressure. The convergence is confirmed using a heat 
transfer balance. The quantitative and qualitative data were 
compared with those from other published studies in order to 
validate the numerical results. 
Findings - Based on heat transfer, fluid friction, and magnetic force, the 
results show that the magnetic field and the conductivity ratio of the 
wavy solid block can considerably affect the dynamic and thermal field, 
and, as a result, the rate of heat transfer and entropy generation. 

Originality and worth - To the best of the authors' knowledge, this 
numerical analysis represents the first effort to use hybrid nanofluid for 
examining the creation of entropy due to magneto hydrodynamic natural 
convective flow in a square cavity with the presence of a wavelike 
circular conductive cylinder. The irreversibility caused by the magnetic 
effect are considered. Consideration is given to the fluid-solid thermal 
conductivity ratio. 

Keywords Entropy generation, Natural convection, Hybrid nanofluid, 
Magneto-hydrodynamics, Wavy conducting cylinder 
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INDRODUCTION  

1. 1 Background  
The convective heat transfer provided by a temperature gradient of an 
electrically conductive fluid in the presence of a magnetic field, called 
magnetohydrodynamic (MHD) natural convection, has been the subject of wide 
attention in the past years. This interest is due to the different applications of such 
fluids in industry and engineering: purification of molten metals, coolers of nuclear 
reactors, thermal machines, pumps, valves, MEMs, chemical and biological 
engineering and solar technology, etc. (Sathiyamoorthy and Chamkha, 2010; 
Chamkha, 2004). 
The structure and intensity of convection heat transfer are directly related to the external 
thermal solicitations, the nature of the fluid and the geometry of the space where the 
process takes place. It turns out that the thermal conductivity of non-metallic liquids 
(water, oil, ethylene glycol) is very low, and that the addition of metallic or metallic 
oXides nanometric particles which have a higher thermal conductivity in such 
liquids, therefore called nanofluid, could increase significantly the heat transfer 
by adjusting the thermal conductivity of the miXture. In this context, several 
researchers have been interested in the study of the intensification of convection heat 
transfer using nanofluids as working fluids, such as in references (Izadi et al., 2015; 
Izadi et al., 2018a; Izadi et al., 2018b; Mehryan et al., 2019a; Izadi et al., 2018c; 
Izadi et al., 2014). 
Hybrid or combined nanofluid is a new category of nanofluids formed by 
incorporating two kinds of nano-sized particles in ordinary liquids. Choosing of 
these nanoparticles materials well is also very important. Metallic nanoparticles as 
Ag, Cu, Al, and Au possess high thermal conductivity, but the use of these 
nanoparticles is limited due to his low stabilities and high reactivity into base 
liquids. The uses of metallic oXide nanoparticles such as Al2O3, CuO and TiO2 
have multiple beneficial properties as more stability and chemical inertness 
(Tayebi and Chamkha, 2016; Tayebi and Chamkha, 2017a; Tayebi and Chamkha, 
2017b; Mohebbi et al., 2018b). 
Many researchers were interested in examining the MHD convective heat transfer in 
the presence of nanofluid or Hybrid nanofluid, as in very recent investigations 
mentioned in references (Reddy et al., 2017a; Mehryan et al., 2019b; Reddy et al., 
2017b; Izadi et al., 2019a; Reddy et al., 2018; Dogonchi et al., 2019; Rashad et al., 
2018; Sajjadi et al., 2019; Izadi et al., 2019b; Izadi et al., 2019c). 
In most studies of convection problems, only the first law of thermodynamics (law 
of conservation of energy) has been used to describe the phenomenon alongside to 
laws of conservation of mass and momentum. The modern trend in the domain of 
heat transfer and thermal conception is directed towards the treatment of the 
second principle of thermodynamics and the resulting concept: the entropy 
generation that quantifies the energy quality losses caused by irreversibilities that 
occur in systems (Bejan, 1982; Bejan, 1996). 
In particular, there are some few studies that deal with the entropy generation analysis of 
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MHD convective heat transfer of nanofluids in enclosures. Selimefendigil et al. 
(2016) numerically examined laminar natural convection and entropy generation of 
nanofluids entrapped in trapezoidal enclosure by using the finite element method. 
The study is implemented for various values of Hartmann number, Rayleigh number, 
and nanoparticle volume concentration. Mejri et al. (2014) Analyzed the entropy 
generation due to MHD natural convection flow of a nanofluid filled-square 
enclosure sinusoidally heated from the side walls. In their work heat transfer and 
entropy generation due to heat transfer, fluid friction and magnetic force are examined. 
Abbassi and Orfi (2018) numerically studied MHD natural convection heat transfer in a 
cavity filled with nanofluids in the presence of a heated element placed on the bottom 
wall. They reported that the application of magnetic field with an inclination angle of 
90° has the highest values of heat transfer coefficient and total irreversibly. A CFD 
analysis via the finite element method has been performed by Hussain et al. (2017) to 
discuss the entropy generation in MHD mixed convection flow of hybrid nanofluid in an 
open cavity in the presence of an adiabatic square obstacle. Ghasemi and Siavashi (2017) 
used the parallel LBM code to numerically study MHD nanofluid natural convection and 
entropy generation in porous enclosures with different conductivity ratio taking into 
consideration viscosity-temperature dependence and viscous dissipation. It was found 
that in smaller and higher values of Rayleigh, heat transfer and fluid friction 
irreversibilities are respectively dominant, while for moderate values of Rayleigh they 
have almost the same magnitude. Mansour et al. (2017) examined the effect of viscous 
dissipation on the entropy generation due to MHD natural convection of nanofluid filled-
porous square cavity with active parts. Entropy generation and heat transfer of MHD 
mixed convection flow in a porous enclosure filled with a copper-water nanofluid in the 
presence of partial slip effect for different values of the influential parameters are 
examined by Chamkha et al. (2017). Malekpour et al. (2018a) conducted a numerical 
study to analyze the second law performance for MHD natural convection in an I-shape 
cavity filled with copper oxide-water nanofluid. They reported that determining the exact 
form of the cavity may play an important role in the prediction of heat transfer and 
entropy generation in the system. Mehryan et al. (2018b) have studied the influence of a 
periodic sinusoidal magnetic field on free convection and entropy generation of ferrofluid 
continuing in a square cavity. 
The presence of solid inner blocks in enclosures may affect the heat transfer and the fluid 
flow and in turn the entropy generation. The applications of this configuration can be 
found in solar energy systems, building designs, heat exchangers, and electronic 
materials. Alsabery et al. (2018a) conducted a numerical study to investigate the mixed 
convective heat transfer in a square enclosure filled with Al2O3-water nanofluid in the 
presence of a solid inner block by using Buongiorno’s two-phase model. It was found 
that the heat transfer rate reduced with the increasing in the size of the block and 
Richardson number. Zhao et al. (2007) examine the influence of a conducting body on 
the free convection heat transfer inside a square cavity. They found that the thermal 
conductivity has a great impact on the fluid flow. Mahapatra et al. (2013) conducted a 
numerical study to investigate cooling by natural convection in a square cavity with 
isothermal and adiabatic bodies. They indicated that the block size much affects the 
convective heat transfer rate. Sivaraj and Sheremet (2017) considered magnetic field 
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effects to study free convective heat transfer in a porous inclined square cavity with a 
heat conducting solid body. Alsabery et al. (2018b) have analyzed the second law of 
thermodynamics and convective heat transfer in a wavy porous cavity including a solid 
conductive rotating cylinder. Izadi et al. (2019d) have made a numerical study using the 
finite volume method to investigate mixed convection of a nanofluid in a 3D rectangular 
channel. Effect of opposed buoyancy force on thermohydrodynamic parameters and 
entropy generation is examined. Alsabery et al. (2018c) have investigated numerically 
the impact of a conducting solid body on natural convection within a square cavity 
heated on the corner using the two-phase nanofluid model. They reported that the rising 
of the body thermal conductivity at a fixed size improves the heat transfer rate when the 
convection is weak. Garoosi and Rashidi (2017) studied conjugate free convection in a 
heat exchanger comprising various conducting blocks using the two-phase nanofluid 
model. They reported that the heat transfer rate was considerably affected by varying the 
orientation of the conductive partition from vertical to horizontal mode. Alsabery et al. 
(2018d) studied the problem of MHD natural convection of alumina water-based 
nanofluid in a square enclosure having a conducting inner block using the two-phase 
nanofluid model. As results, they indicated that the influence of the nanoparticles 
concentration on the Nusselt number is considerable at low Rayleigh, large Hartmann 
and large values of the block size when the conduction heat transfer is dominated. 
Motivated by the citations mentioned above, the present numerical study is a first attempt 
to use hybrid water-based suspension of Al2O3 and Cu nanoparticles for study the 
entropy generation due to MHD natural convective flow in a square cavity with the 
presence of a wavy circular conductive cylinder. The influence of the Brownian motion 
is considered in determining the hybrid nanofluid properties. Hydrodynamic 
characteristics and heat transfer, as well as the entropy generation are examined for 
different volume fractions, Rayleigh number, Hartmann number and ratio fluid to solid 
thermal conductivities at constant values of size, undulation number and undulation 
amplitude of the wavy cylindrical body. This configuration has many practical industrial 
and engineering applications, such as in solar thermal 
collector’s design, thermal building design, air conditioning, cooling of electronic 
elements and nuclear reactors, chemical processing equipment, drying technology, 
lubrication and furnaces, etc. 

 
3. Mathematical Modeling 

 

In a square cavity containing a wavy cylindrical body, a Cu-Al2O3/water hybrid 

nanofluid is naturally convection in a constant 2D magneto-hydrodynamic 

process, as shown in Figure 1. A hot left wall and a cool right wall have a 

differential in temperature that causes free convection to flow. The horizontal 

bottom and top walls are adiabatic. For this particular range of Rayleigh 

numbers, we acknowledge that the hybrid nanofluid flow is incompressible and 

laminar. Al2O3 and Cu nanoparticles are mixed together and dispersed in host 
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water to create the hybrid nanofluid. Concentrations of hybrid nanoparticles in 

volume, f, are equal to 0, 3, 6, and 9%. For the host fluid, the Prandtl value is 

6.2. 

The wall shape of the wavy inner circular block corresponds to the following 

equation: 

                 𝑟(𝜂) = 𝑟 + (𝐴𝑐𝑜𝑠(𝑁𝜂))                                                          (1) 

 

 

 

 

 

 

 

 

Figure1: Physical model and boundary conditions 

 

where r is the base circle radius, N&A are undulation number & the amplitude, 

respectively and h is the angular position around the block wall. 

In this present configuration, the undulations number, N and its amplitude, A as 

well as the block size are kept constant corresponding to 6, 0.2 and 2r/H = 0.5, 

respectively. 

The thermophysical properties of the working nanofluid are supposed constant, 

except for density, which is varied depending on the Boussinesq model. The 

reference temperature for the Boussinesq approximation is Tc. Thermal 

equilibrium is assumed between the host liquid and the nano-sized particles. 

The thermophysical properties of the solid nanoparticles and regular water are 

exhibited in Table 1 

The hybrid nanofluid effective density is. 

𝜌ℎ𝑛𝑓 = (1 − ∅𝐶𝑢 − ∅𝐴𝑙2𝑂3
)𝜌𝑓 + 𝜌𝐶𝑢∅𝐶𝑢 + 𝜌𝐴𝑙2𝑂3

∅𝐴𝑙2𝑂3
                          (2) 

The hybrid nanofluid heat capacitance is expressed as: 
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(𝜌𝐶𝑝)ℎ𝑛𝑓 = (1 − ∅𝐶𝑢 − ∅𝐴𝑙2𝑂3
)(𝜌𝐶𝑝)𝑓 + (𝜌𝐶𝑝)𝐶𝑢∅𝐶𝑢 + (𝜌𝐶𝑝)𝐴𝑙2𝑂3

∅𝐴𝑙2𝑂3
    (3) 

The hybrid nanofluid effective thermal expansion coefficient is defined as. 

(𝜌𝛽)ℎ𝑛𝑓 = (1 − ∅𝐶𝑢 − ∅𝐴𝑙2𝑂3
)(𝜌𝛽)𝑓 + (𝜌𝛽)𝐶𝑢∅𝐶𝑢 + (𝜌𝛽)𝐴𝑙2𝑂3

∅𝐴𝑙2𝑂3
  (4) 

The hybrid nanofluid effective dynamic viscosity for 30nm partical-size (d𝜌) 

can be calculated using Corcione correlation (Corcione,2011) as. 

𝜇ℎ𝑛𝑓 = 𝜇𝑓/(1 − 34.87(𝑑𝜌/𝑑𝑓)−0.3(∅𝐶𝑢 + ∅𝐴𝑙2𝑜3)1.03)                            (5) 

Where the diameter of the water molecule equal to d𝑓=3.85×10−10𝑚 

(Corcione,2011). 

The effective thermal conductivity of the hybrid nanofluid is calculated 

according to the Corcione correlation (Corcione,2011). 

 𝑘ℎ𝑛𝑓 = 𝑘𝑓(1 + 4.4𝑅𝑒0.4𝑃𝑟0.66 (
𝑇

𝑇𝑓𝑟
)

10

(
𝑘𝑝

𝑘𝑓
)

0.03 

(∅𝐶𝑢 + ∅𝐴𝑙2𝑜3)0.66)       (6) 

Where the nanoparticle Reynolds number, Re is determined as. 

                                       Re=2𝑘𝑏𝜌𝑓𝑇/𝜋𝜇𝑓
2𝑑𝑝                                             (7)  

The electrical effective conductivity is defined by Maxwell (Maxwell,1881). 

 

Table 1:  The base fluid's and the nanoparticles' thermophysical characteristics 

(Mansour et al., 2016) 

Material       𝐶𝑝(𝐽. 𝐾𝑔1𝐾−1       𝜌(𝐾𝑔. 𝑚−3)       𝑘(𝑊. 𝑚1𝐾−1)    𝜎(𝑆𝑚−1)            𝛽(𝐾−1) 

Water  4,179                     997.1                0.613             0.05           21×10−5 

Cu   385                      8,933                401         5.96×107         1.67×10−5 

A𝑙2𝑂3                     765                       3,970                 40            1×10−10        0.85 × 10−5 

 

𝜎ℎ𝑛𝑓 = 𝜎𝑓(1 + 3 (
𝜎ℎ𝑝

𝜎𝑓
− 1) (∅𝐴𝑙2𝑂3

+ ∅𝐶𝑢)/− (
𝜎ℎ𝑝

𝜎𝑓
− 1) (∅𝐴𝑙2𝑂3

+ ∅𝐶𝑢))                 (8) 

Where  

 

𝜎ℎ𝑝 = (∅𝐴𝑙2𝑂3
𝜎𝐴𝑙2𝑂3

+ ∅𝐶𝑢𝜎𝐶𝑢)/(∅𝐴𝑙2𝑂3
+ ∅𝐶𝑢) 
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Partial differential equations (PDEs) are created for this problem's description 

while taking the following premises into consideration (Selimefendigil et al., 

2016; Mejri et al., 2014; Mansour et al.,2017). 

 

3.1 Continuity equation  

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0                                 (9) 

3.2 Navier-Stokes  

u
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= −

1

𝜌ℎ𝑛𝑓

𝜕𝑝

𝜕𝑥
+

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
(

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2)                      (10𝑎) 

u
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
= −

1

𝜌ℎ𝑛𝑓

𝜕𝑝

𝜕𝑦
+

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
(

𝜕2𝑣

𝜕𝑥2
+

𝜕2𝑣

𝜕𝑦2) +
(𝜌𝛽)ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝑔(𝑇 − 𝑇𝑐) −

𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵2

𝑂𝑣                                                                                                                                

(10b) 

 

 

 

3.3 Energy equation for hybrid nanofluid flow. 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼ℎ𝑛𝑓 (

𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
)                                       (11𝑎) 

3.4 Energy equation for the conducting solid block. 

𝜕 (𝑘𝑠
𝜕𝑇
𝜕𝑥

)

𝜕𝑥
+

𝜕 (𝑘𝑠
𝜕𝑇
𝜕𝑦

)

𝜕𝑦
= 0                                                (11𝑏) 

3.5 Entropy generation equation. 

The irreversibilities resulting from heat transfer (slht), fluid friction (slfr), and 

magnetic field effect (slm) are what lead to the formation of dimensional local 

total entropy (slt), which is represented by the following equations (25, 26). 

𝑆𝑙𝑡 =
𝑘ℎ𝑛𝑓

𝑇𝑟𝑒𝑓2
 [ (

𝜕𝑇

𝜕𝑥
)2 + (

𝜕𝑇

𝜕𝑦
)2]  +

𝜇ℎ𝑛𝑓

𝑇𝑟𝑒𝑓
 [ 2(

𝜕𝑢

𝜕𝑥
)2 + 2(

𝜕𝑣

𝜕𝑦
)2 + (

𝜕𝑣

𝜕𝑥
+

𝜕𝑢

𝜕𝑦
)2] +

𝜎ℎ𝑛𝑓

𝑇𝑟𝑒𝑓
𝐵20𝑣2                                                                                       (12) 

𝑆𝑙𝑡 = 𝑆𝑙ℎ𝑡 + 𝑆𝑙𝑓𝑟 + 𝑆𝑙𝑚                                    (13) 
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Where  

𝑇𝑟𝑒𝑓 =
𝑇ℎ + 𝑇𝑐

2
 

The following characteristic variables are introduced. 

𝑋 =
𝑥

𝐻
, 𝑌 =

𝑦

𝐻
, 𝑈 =

𝐻

𝛼𝑓
𝑢, 𝑉 =

𝐻

𝛼𝑓
𝑣, 𝑃 =

𝑝𝐻2

𝜌ℎ𝑛𝑓𝛼𝑓2
, 𝜃 =

𝑇 − 𝑇𝑐

𝑇ℎ − 𝑇𝑐
, 𝑘∗ =

𝑘𝑓

𝑘𝑠
 

𝑆𝑙𝑡 = 𝑆𝑙𝑡

(𝑇𝑟𝑒𝑓𝐻)
2

𝑘𝑓(𝑇ℎ − 𝑇𝑐)2
 

The dimensionless governing equations, as follows. 

𝜕𝑈

𝜕𝑥
+

𝜕𝑉

𝜕𝑦
= 0                                           (14) 

 

𝑈
𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
= −

𝜕𝑃

𝜕𝑌
+

𝜇ℎ𝑛𝑓

𝛼𝑓𝛼ℎ𝑛𝑓
(

𝜕2𝑈

𝜕𝑋2
+

𝜕2𝑈

𝜕𝑌2
) 

                                                                                                                             (15𝑎) 

𝑈
𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
= −

𝜕𝑃

𝜕𝑌
+

𝜇ℎ𝑛𝑓

𝛼𝑓𝛼ℎ𝑛𝑓
(

𝜕2𝑉

𝜕𝑋2
+

𝜕2𝑉

𝜕𝑌2
) +

(𝜌𝛽)ℎ𝑛𝑓

𝜌ℎ𝑛𝑓𝛽𝑓
𝑅𝑎𝑃𝑟𝜃 

−
𝜌𝑓

𝜌ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

𝜌𝑓
𝐻𝑎2𝑃𝑟𝑉                                                                        (15𝑏) 

      𝑈
𝜕𝜃

𝜕𝑥
+ 𝑉

𝜕𝜃

𝜕𝑦
=

𝛼ℎ𝑛𝑓

𝛼𝑓
(

𝜕2𝜃

𝜕𝑥2
+

𝜕2𝜃

𝜕𝑦2
)                                            (16) 

       
𝜕 (𝑘∗ 𝜕𝜃

𝜕𝑋
)

𝜕𝑋
+

𝜕 (𝑘∗ 𝜕𝜃
𝜕𝑌

)

𝜕𝑌
= 0                                                             (17) 

𝑆𝑙𝑡 =
𝑘ℎ𝑛𝑓

𝑇𝑟𝑒𝑓2
[(

𝜕𝜃

𝜕𝑋
)

2

+ (
𝜕𝜃

𝜕𝑌
)

2

] 

+
𝜇ℎ𝑛𝑓

𝜇𝑓
𝑥 [2 (

𝜕𝑈

𝜕𝑋
)

2

+ 2 (
𝜕𝑉

𝜕𝑌
)

2

+ (
𝜕𝑉

𝜕𝑋
+

𝜕𝑈

𝜕𝑌
)

2

] +
𝜎ℎ𝑛𝑓

𝜎𝑓
𝑥𝐻𝑎2𝑉2    (18) 

𝑆𝑙𝑡 = 𝑆𝑙𝑓𝑟 + 𝑆𝑙ℎ𝑡 + 𝑆𝑙𝑚                                                                             (19) 
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Where 𝑥 is the irreversibility factor, which is given as follows: 

𝑥 =
𝜇𝑓𝑎𝑓2𝑇𝑟𝑒𝑓

𝑘𝑓𝐻2(𝑇ℎ − 𝑇𝑐)2
 

The total entropy generation averaged on the total volume of the studied 

geometry is: 

𝑆𝑇 =
1

𝑉
∫ 𝑆𝑙𝑡𝑑𝑉                                                            (20) 

𝑆𝑇 = 𝑆𝐻𝑇 + 𝑆𝐹𝑟 + 𝑆𝑀                                                  (21) 

Stream function is defined as: 

𝑈 =
𝜕𝜓

𝜕𝑌
, 𝑉 =

𝜕𝜓

𝜕𝑋
                                                                                (22) 

The non-dimension number coming in the preceding equations are determined 

as : 

𝑅𝑎 =
𝑔(𝑇ℎ − 𝑇𝑐)𝛽𝑓𝐻3

𝑣𝑓𝛼𝑓
, 𝑃𝑟 =

𝑣𝑓

𝛼𝑓
, 𝐻𝑎 = 𝐻𝐵0√

𝜎𝑓

𝜇𝑓
 

The dimensionless boundary conditions are written as: 

 Left wall (X=0, 0≤Y≤1):U=V=0,𝜃 = 1 

 Right wall (X=1,0≤Y≤1):V=0,𝜃 = 0 

Adiabatic walls (Y=0,Y=1,0≤X≤1):U=V=0,
𝜕𝜃

𝜕𝑌
= 0 

Solid-nanofluid interfaces of solid block : U=V=0, 𝜃ℎ𝑛𝑓 = 𝜃𝑠 ,𝑘∗(
𝜕𝜃

𝜕𝑛
)ℎ𝑛𝑓 =

(
𝜕𝜃

𝜕𝑛
)𝑠                                                                                                        (23) 

Calculation of the local Nusselt number on the left heated wall is performed as: 

𝑁𝑢 = (−
𝑘ℎ𝑛𝑓

𝑘𝑓
)

𝜕𝜃

𝜕𝑋
                                                             (24) 
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The mean Nusselt number is calculated as: 

𝑁𝑢𝑎𝑣𝑔 = ∫ 𝑁𝑢𝑑𝑌 
1

0

                                                                          (25) 

Local Bejan number is expressed as: 

𝐵𝑒𝑙 =
𝑆𝑙ℎ𝑡

𝑆𝑙𝑡
                                                                                       (26) 

The average Bejan number (𝐵𝑒𝑎𝑣𝑔) is calculated as: 

𝐵𝑒𝑎𝑣𝑔 =
1

𝑉
∫ 𝐵𝑒𝑙𝑑𝑉                                                                (27) 

3.3. Numerical procedures 
 
The above dimensionless governing equations [equation (14)-(19)] with 
associated dimensionless boundary conditions [equation (23)] were 
numerically discretized using the finite volume method developed by 
Patankar (1980). The second order upwind scheme was applied for 
discretization of the diffusive and convective terms. The SIMPLER 
algorithm has been applied for the velocity–pressure coupling which is an 
extensively used and well-served algorithm in fluid flow calculations. The 
resulting algebraic equations systems are solved using the sweeping (line 
by line [LBL]) method. The convergence criteria for all dependent 
variables is 10—5. Other tests were carried out by performing an energy 
balance. In fact, as the horizontal walls are adiabatic, all the energy that is 
generated in the cavity through the hot left wall must come out through the 
cold right wall. This energy balance has been verified at 1 per cent. 
To evaluate the influence of the grid size on the results obtained, the 
problem was solved numerically by considering different grid sizes. Table 
II shows the variation of Nusselt number on the hot wall according to the 

number of nodes in the grid for the case of Ra = 105, Ha = 25, k* = 0.1, 
and f = 0.06. According to the table, we retain the mesh (121 121) for the 
rest of the calculations which ensures a mesh-independent solution. 
The most important point is to check the accuracy of the results obtained. 
For this purpose, the adopted model has been validated by performing 
calculations on the configuration presented by House et al. (1990) and by 
Ilis et al. (2008). The results were in good agreement with the 
corresponding results as shown in Figures 2-5 and Table III. 
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Table II.Grid independence test mean Nusselt numbers for Ra=105 

,Ha=25 ,𝑘∗=0.1 ,and ∅ = 0.06  

Grid size     41x41     61x61     81x81     101x101     121x121      

141x141 

𝑁𝑢𝑎𝑣𝑔         5.129       4.345      3.954       3.893          3.864          3.861 

 

 

Figure 2. Comparison of isotherms and streamlines with House et al. 

(1990) for k*=5 and Ra = 105 

 

Conclusion 

The issue of entropy generation for convective heat transfer of a Cu-

𝐴𝑙2𝑂3 /water hybrid nanofluid in a square enclosure while taking into 

account a wavy circular conducting cylinder and magnetic field is 

numerically analyzed in this paper. Statistical outcomes have been 

attained for 
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Figure 9. 

Variation of (a) Nuavg, (b)entropy generation due to heat transfer, (c) total entropy generation and (d) Beavg with Hartman number for 

different values of k* 

 

several values of the Rayleigh number, 𝐴𝑙2𝑂3-Cu hybrid 

nanoparticles volumetric fraction, Hartmann number, fluid to solid 

thermal conductivity ratio. The size of the wavy cylinder, undulation 

number of the corrugated wall and its amplitudes are kept constant. 

The principal conclusions of this investigation are as follows: 

• The flow circulation is intensified when Hartmann number and 

thermal conductivity ratio were increased. 

• Increasing buoyancy forces causes the entropy generation due to 

heat transfer, fluid flow, magnetic effects as well as the total 

entropy generation to increase and average Bejan number to 

decreases. 
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• When conduction is the dominant mechanism of heat transfer, 

elevating the thermal conductivity ratio reduces the heat transfer 

rate and heat transfer irreversibility. 

• The conductivity ratio effect is more considerable on heat 

transfer rate and heat transfer irreversibility at low Rayleigh and 

on average Bejan number at moderate Rayleigh. 

• When the convection is strong, regardless Hartmann number, an 

increase in the conductivity ratio leads to an increase in Nusselt 

number and heat transfer irreversibility, but to a decrease in the 

total irreversibility and average Bejan number 

• Heat transfer rate and heat transfer entropy generation decreased 

as the Hartmann number was increased, while, the total entropy 

produced within the cavity shows maximum values 

corresponding to minimum values of average Bejan number for 

optimal values of the Hartmann number for each value of 

thermal conductivity ratio. 

• The presence of hybrid nanoparticles in the water was improved 

the heat transfer rate, irreversibility due to heat transfer, fluid 

flow, and magnetic effects as well as total entropy generation 

while it does not affect average Bejan number. 
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Figure 10. 

Variation of (a) Nuavg, (b) entropy generation due to heat transfer, (c) total entropy generation and (d) Beavg with volume fraction for 

different values 
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