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1. Introduction

As is well-known, the famous Young inequality for scalars says that if a, b > 0 and
v € [0, 1], then

a7 < (1—v)a+vb (1)
with equality if and only if a = b. The inequality () is also called as v-weighted

arithmetic-geometric mean inequality.
Kittaneh and Manasrah [9, 0] provided a refinement and a reverse for Young inequality
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as follows:
r(f_\/[;>2<(1—1/)a—|—1/b—a1_”by<R(\f—\/{))2, (2)

where a, b > 0, v € [0,1], » = min {1 — v,v} and R = max {1 — v,v}. The case v =
reduces (B) to an identity and is of no interest. We observe that if a, b € [m, M] C (0,00),

then ‘f - \/Z;‘ < VM —/m and by (B) we obtain the following simple reverse of Young

inequality

N[ =

(1—y)a+ub—a1_”b”<R<\/M—\/H>2. (3)

We can give a direct proof for (B) as follows. Recall the following result obtained by
Dragomir in 2006 [3] that provides a refinement and a reverse for the weighted Jensen’s
discrete inequality:

1 1< 1 O 1 ¢
n  min pit | — —h| - T; < — pih(z;))—h| — PiT;
TR IR £ o) | S oW IRIR 3 o8
(4)
1 & 1
<n max A{p;j} |=> h(z;)—h|=) z;|],
jetiE y 1231 n; ”; !

where h : C' = R is a convex function defined on convex subset C' of the linear space X,
{xj}je{l,z...,n} are vectors in C' and {pj}je{1,2,...,n} are nonnegative numbers with P, =
n

> pj > 0. For n =2, we deduce from (d) that
j=1

2min{v,1 — v} [h(x)—;-h(y)_h<x—;—y>] <vh(x)+(1—=v)h(y) —hjvz+ (1 —v)y]
(5)

< 2max {v,1 - v} {h(@;h(w i (x;yﬂ

for any z, y € R and v € [0, 1]. If we take h () = exp (x), then we get from (H) that

2min {r,1 - v} [eXp () ;reXp W) _ oxp (x ;r y)] (6)

<wvexp(z) + (1 —v)exp(y) — exp [ve + (1 — v) y]

< 2o, 1 v} [exp (z) —;—exp (y) exp (9”2“’)}

for any x, y € R and v € [0, 1]. Further, denote exp(x) = a, exp(y) = b with a, b > 0,
then from (B) we obtain the inequality (B).
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Let H be a complex Hilbert space and B (H), the Banach algebra of bounded linear
operators acting on H. We denote by B* (H) the convex cone of all positive operators
on H and by BTt (H) the convex cone of all positive definite operators on H. Let H and
K be complex Hilbert spaces. Following [2] (see also [IH, p. 18]) we can introduce:

Definition 1.1 A map ® : B(H) — B(K) is linear if it is additive and homogeneous,
namely ® (A + uB) = AP (A) + u® (B) for any A\, p € C and A, B € B(H). The
linear map ® : B(H) — B(K) is positive if it preserves the operator order, i.e. if
A € Bt (H) then ®(A) € Bt (K). We write ® € B[B(H),B(K)]. The linear map
¢ : B(H) — B(K) is normalized if it preserves the identity operator, i.e. ® (1) = 1k.
We write ® € Py [B(H),B(K)].

We observe that a positive linear map ® preserves the order relation, namely A < B
implies ® (A) < ®(B) and preserves the adjoint operation ® (A*) = ®(A)". If
® € Py [B(H),B(K)] and aly < A < Bly, then alg < @(A) < Blg. If the
map ¥ : B(H) — B(K) is linear, positive and ¥ (1) € BTt (K) then by putting
O =012 (1) WU Y2 (1) we get that & € Py [B(H),B(K)], namely it is also nor-
malized. For some recent inequalities for positive maps of Hilbert space operators see
[@-7], [R, I1-14], [16-18] and the references therein.

In this paper, we establish some inequalities of Callebaut and Holder type for positive
linear maps of continuous functions of selfadjoint linear operators in Hilbert spaces.
Applications for power function are provided as well.

2. Callebaut’s type inequalities

The following refinement of Cauchy-Bunyakowsky-Schwarz inequality for n-tuples of
nonnegative real numbers (ay, ..., ay), (b1,...,b,) was established by Callebaut [, 1965]
and can be stated as follows:

n 2 n n n n
(Z aﬂ?i) < Z a?“*”b?’\ Z a?kb?(lfA) < Z a? Z b2, (7)
i=1 i=1 i=1 i=1 =1

for any A € [0,1]. In this section we obtain, as a main result, the following refinement
and reverse of the second part of Callebaut inequality (@) in the case of positive maps:

0<2r ((2 (¢ () 2.2) (@ (£ (4) 2.2) — (@ (f (D g (A)w,2)?)  (8)
<(@(g* (A) w,2) (@ (f* (4)) z,)

— (@ (12 () 207 () @) (@ (207 (4) g (4)) 2, )

R ((® (¢ (4)) ,2) (@ (42 (A)) 2 2) = (@ ( (A) g (4)) 2. 2)°) .

N

for any x € K, where f, g : I — R are continuous functions on the interval I, A is a
selfadjoint operator with Sp(A) C I, v € [0,1], r = min{1l —v,v}, R = max {1 —v,v}
and ¢ € P[B(H),B(K)]. This result can be obtained as a particular case of the more
general result incorporated in

Theorem 2.1 Let f, g : I — R be continuous functions on the interval I and A, B be two
selfadjoint operators with Sp (A), Sp(B) C I. If v € [0,1] and ®, ¥V € P [B(H),B(K)],
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then
0<7((2 (97 (A) ) (¥ (S*(B)) ) — A) g (A))x,x) (9)
x (W (f (B)g(B))w,z) + (@ (f*(4)) z, 37> <‘I’( (B)) z,2))
< 171/)<q)(g2( )l’ z) (W (f 2(B) ,93>+1/<<I>(f2(A )z, ) (¥ (92(3)):p,x>
(@U@ @) ) (¥ (f“ 7 (B)g" (B)) x.z)
SR((2 (s (4 )m><@(f2 B))a,x) =2(2(f (4) g (4))a,x)
X (U (f(B)g(B)z,x)+ (P (f*(A)) $,$> <‘I’ (9% ( B))x,@)

for any x € K, where r = min{1 — v,v} and R = max {1l — v, v}.

Proof. Let ¢, s € I such that g (), g (s) # 0. If we use the inequalities (B) for a = £

and b= L g g then we get

r (;c(g - 58)2 <(1-v) gig; +y£28 ~ <f2 (t))lv <f2 (s)>,, "

<#(5t5 5o -

where v € [0,1], r = min {1 — v,v} and R = max {1 — v,v}. Therefore,

r<f2(t)_2f(t)f(8) f2(8)><(1_y)fj(t) f2<s>_<f2<t>>“<f2<s>>”

g>(t)  gt)g(s)  g°(s) g2 (t) g% (s) \g*(t) g (s)
(11)
)y ffs) 2
<250 2050 7))
If we multiply () by g2 (t) g° (s), then we get
0<7r(f2(t)g° (s) = 2f (1) g (t) f (s) g (5) + f* (s) g° (1)) (12)

<(L=v) (1) 8 () +vg” (1) f2 (5) = L2 (1) g™ (1) £ () 077 (s)
SR(f2(1) g% (s) —2f (1) g (1) f(s) g (s) + [ (s) * (1)),
which holds for any t,s € I. Fix t € I and use the continuous functional calculus for A
to get
0<r(f2(t)g* (A) —2f (1) g (t) f(A) g (A) +¢° (1) f ( ) (13)
< (L=w) 2 () g* (A) +vg® () £ (4) - f2<1 V(1) g™ (1) 12 (A) g (4)
SR(f2(t)g* (A) —2f (1) g (t) F (A) g (A) + ¢* (1) f*(A)) .

)
2
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If we take in the inequality (I3) the map @, then we get
0<r (2@ (g°(A) —2f (1) g ()@ (f(A) g(A) +¢* () D (*(A))) (14)
<SA-v) 2@ (4°(A) +vg® (1)@ (f*(4))
= P @) g 0 @ (12 (4) 920 (4))
SR(2(6)®(9°(A) =27 (1) g (1) @ (f (A) g (A) + g% (1) @ (> (A)))

for any t € I. If we take the inner product in (I4), then we get

. f2(1—1/) (t) 9211 (t) <(I> <f21/ (A) 92(1—1/) (A)) :B,J:‘>
SR(fP (1) (@ (% (A) za) —2f () g (1) (2 (f (A) g (4)) )
+g° () (@ (f* (4)) z,2))

for any t € I and = € K. If we use the functional calculus for the operator B we have by
(I3) that

0<r ((2 (97 (A) z,2) f2(B) — 2(@ (£ (A) g (4)) z,2) f (B) g (B) (16)
+(@ (£ (4) z,7) g* )
<(1=v){2(4*(A)) z, x>f2 )+ v{®(f*(A)) ,z) ¢° (B)
( (1-

— (@ (/2 () g2 (W) 2.2 207 (B) g (B)
<R((® (9 (A) w.x) 2 (B) = 2(2 (f (4) g (4)) ,) f (B) g (B)
(@ (f? (A) z.2) g (B))

for any € K. If we take in the inequality (IB) the map ¥ and the inner product for
y € K, then we get

0<r((@(g°(4)) z,2) (¥ (f*(B)) y,y) — f(A) g (A)z,z) (17)
X (¥ (f(B)g(B)y,y) +(® (fQ(A))wﬂf><‘1’( (B)) y,v))
<1 =v) (@ (¢* (A) z,2) (¥ (£ (B)) y.y)
+v (@ (f*(4) z, >< (9" (B) v:v)
=@ (£ @ (@) )
<R ((2(g* (4) w,z) (¥ (f*(B)) v,
( 2

y
\If<f2(1” )gQVB)yy>

y) — (f(A)g(A)z,z)

x (¥ (f (B)g(B))y,y)+ (@ (f (A)$$><‘I’(92(B)?/?/>)
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for any z, y € K. If we take in (1) y = z, then we get the desired result (9). [ |

Remark 1 In particular, under the assumptions of Theorem 21 we have

<r((@ (s’ (), >< ( (B)) z,z) - A) g (4)) z, ) (18)
< (f (B)g(B) +(2 (f*(4)) =, $><q>( (B)) @, x))

v)(® (9" (A ) >< (f2(B) @, x) +v (@ (f* (4) 2,2) (2 (g° (B)) x, )
_<q)<f21/(A 201-v) (4 ) a;>< <f2(1 Y) (B) g*
(@ (9° (A) 2, 2) (@ (f* (B)) @) —
X (@ (f(B)g(B))z,z) + < (f*(4) =, ﬂf><f1>(

=y

x f(A)g
2(

(
(A)) z,z)
(B)

)z,z))

and

for any x € K. If we take in (I8) B = A, then we get (8).

The inequality (B) has some particular inequalities of interest for power function. In-
deed if p, ¢ >0, A€ BF(H)and p >0,g<0orp<0,qg>0,orp<0,qg<0and
A € BT, then by (1) we have

0< 2 ((® (A%) 2,2) (@ (4%) 2, 3) — (@ (479 2,2)°) (20)
< <<I> (AQP) :U,;r> <<I> (A2q) x,x> — <<I> <A2”p+2(1_”)q) x, x> <<I> (AQ(l_”)p+2”q) x,:c>

<R (<<I> (A%P) 2, 2) (@ (A%) 2, 2) — (D (APTY) m,g;>2)

for any x € K, where ® € B[B(H),B(K)], r =min{l —v,v} and R = max {1l —v,v}.
In particular, if we take p = s, ¢ = —s with s > 0, in (E0), then we have

0<2r ((@ (4%) 2, 2) (® (A7) 2,2) — (@ (1) 3, 2)?) (21)
< (@ (4%) z2) (@ (A7) ) — (@ (427D7) g0) (@ (A2 07) 2,2)

< R ((® (4%) 2,2) (@ (A7) ,2) — (@ (1) 2,2)?)
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which by s = % gives the inequality

0§2r<<®(A)w,a:><¢'(A Na,z) — (@ (1g) )z, x)? (22)
<P (A) z,2) (@ (A7) z,2) — (@ (A™71) <<I>( — (v 1>$ x>
<R<<<I>(A)m,x><<1>(A_)x z) — (@ (1p) ZE{L‘2)

for any z € K, where A € Bt (H), ® € B[B(H),B(K)], r = min{l — v,v} and
R=max{l —v,v}. If® € PN [B(H),B(K)] and = € K with ||z| = 1, we have by (22)

0<2r ((®(A)z,z)(® (A" z,2) — 1) (23)
<(@(A)2,2) (@ (A7) w2) = (@ (42 ) w,2) (@ (A7) a,)
<R(®(A)z,2) (@ (A ) 2,2) - 1).

If we take p =X € [0,1] and ¢ = 1 — X in (20), then we get

0<2r (<c1> (A”) xx> <<I> (AQ(PA)) xx> (@ (A)x, x>2) (24)
< <<1> (A”) xx> <<1> (AQU*A)) xx> - <<1> (AQU*V*“M)) z, x> <<1> <A2(”“*2"A)) z, x>
<R (<q> (A”) mm> <<1> (A2<H>) m> (D (A) x,x>2)

for any x € K, where A € Bt (H), ® € P[B(H),B(K)], r = min{l —v,v} and
R =max{l —v,v}.

Remark 2 If in (8) we take the function g to be constant 1, then we have by (8) that
0 <2r (@ (L)) (@ (2 (4) 7.2) — (@ (£ (4)) 2,2)°) (25)
< (@ (1)@, 2) (@ (2 (4)) a,) — (@ (2 () w,2) (@ (/2077 (4)) 2,2)
<R ((@ (1g) w,2) (@ (£2(4)) 2, 2) = (@ (f (4)) 7, 2)%)

for any x € K. Let Tj, j € {1,...,n} be bounded linear operators in H and ® (A) :=
> T7 AT for Ac B(H). Then ® € B[B(H),B(H)] and by (23) we have

n n n 2
<2r (<Z T;‘ATj:c,x> <Z T 2 (A) Tyw, <Z T f (A) sz,x> )

< <ZH:T;‘Azj,:c> <§:T;‘f2( )T} > <zn:T*f2” Ta:,x> <Zn:T;f2<1”) (A) zj,x>
a?> <ZT;f(A) zj,x> ) )

T
T

Z,
R <<Zn:Tj*Azj,x> <zn: T; f (A) T;
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for any x € K.
The following upper bound may be stated as well:

Theorem 2.2 Let f, g : I — R be continuous functions on the interval I such that

f

O<m<=<M<o (26)
g

for some constants m, M, and A, B be two selfadjoint operators with Sp (A), Sp (B) C I.
If ve0,1] and &, ¥ € P[B(H),B(K)], then

(1-v)(® (g2 (A)) z,z) (¥ (f2 (B)) z,x) +v (P (f2 (A)) z,z) (U (92 (B)) z, )
= (o (7 () 21 (W) z.2) (v (£ (B) g™ (B)) . (27)
< R(M —m)? (0 (f2 (A)) z,2) (¥ (92 (B)) z, )

for any z € K.

Proof. Let ¢, s € I such that g (t), g (s) # 0. If we use the inequalities (B) for a = gjg))

and b= gzgg, then we get

PO P (PN () o
1o rres - (Gew) () <mor-me e

where v € [0,1], R = max {1 — v,v} . If we multiply (E8) by ¢° (t) g% (s), then we get
(L=v) 2 () % () +vg* () f2 () = P70 (0) g™ () f* () 07 (s)  (29)

< R(M —m)* g (t) g° (s)

for any t, s € I. Now, by employing a similar argument to the one outlined in the proof
of Theorem 271 we deduce the desired result (E2). [ |

Remark 3 In particular, we have the inequalities
(1—-v) <<I> (92 (A)) x,x> <<I> (f2 (B)) ZC,ZL’> +v <<I> (f2 (A)) a:,x> <<I> (92 (B)) x,:v>
— (o (17 () g2 (W) 2.2) (@ (207 (B) g™ (B)) a.2) (30)
< R(M —m)? (® (f2 (A) z,z) (D (92 (B)) z, )

and

(1-v)(® (92 (A)) z,z) (¥ (f2 (A)) z,z) + v (P (f2 (A)) z,z) (U (92 (A) z,z)
— (o (1 () g2 (W) z.2) (¥ (£207 () g™ (4)) 2.) (31)
< R(M —m)? (O (f2 (A)) z,z) (¥ (g2 (A)) z,z)
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and
0< (2 (g°(4)) =, >< (f*(4) @) (32)
oty o 0 )
< R(M —m)? < (f2( )z, x) (@ (92 (A) z,z)

for any x € K. The inequality (132) can be also written as

(@ (£ (4) U (A) @, x) (@ (£717) (A4) ¢ (4)) 2, )

0<1— (® (g2 (A)) z,2) (P (f2 (A)) z, z)

(33)
< R(M —m)?

for any x € K, x # 0.

3. Holder’s type inequalities

Theorem 3.1 Let f, g : I — (0,00) be continuous functions on the interval I, and A,
B be two selfadjoint operators with Sp (A), Sp(B) C I and p, ¢ > 1 with % + % =1.1f
O, VeP[B(H),B(K)], then

o[ L UP(B) @ n (U (g9 (B)z,x)  2(¥(f>(B)g* (B))w,x) (34)
(@(fr(A)z,z)  (P(9?(A)z,2) /(@ (fr(A))z,z) (D (g9 (A))z,z)
LT (B) @ +1<\P (97 (B))z,x) (®(f(B)g(B))z,z)
Sp(@(fP(A)z,x) g (P97 (A)x,x) (D (f(A))z,2) P (D (g4 (A)) z,2)
c o (U B) ) (P (B)wx)  2(V(f3(B)gE (B)) )
SU\(@ () zx)  (@(g1(A) xx) (@ (P (A))x, ) (@ (g9 (A)) z, )
for any z € K, x # 0, where s = min {% %} and S = max {%, %} . In particular, we have
s <1 (@A)t (A) ze) ) o1 (@ (f (4) g (4)) 2, 2)
V(@ (fP (A) z,z) (@ (g7 (A)) x, x) (@ (7 (A)) 2, 2)"/P (B (g7 (A)) z, )"/
(35)

<285 (1- ’
( VA (fP (A)) z,z) (@ (g9 (A)) , )

for any z € K, = # 0.

Proof. From (2), we have

<a+b 2\ﬁ> pa+qb—apbq<S(a+b 2f) (36)
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where a, b > 0. If we choose in (Bf)

ORI ()

T’ @@ "
then we get
i fP(t) N 9% (t) B 2f% (t) g (t)
(@(fP(A)z,z)  (2(97(A))z,2) (D (fP(A))z,z) (P (g4 (A))x,z)
1 fP(t) 1 gi(t) B f®)g (@)
Sp(@(fr(A)zx) (@97 (A)z,x) (D (fr(A)z,2) P (B (g7 (A)) z,2)
P () 9% (t) 2f% () g (t)

for any t € I and z € K, x # 0. If we use the functional calculus for B, we get

) 7B 9B 2f% (B)g: (B)
(@(fP(A)x,z)  ((g?(A)z,x) /(@ (fP(A))z,z) (P (g¢(A))z,z)
1 fmB) 1 g¢'(B) B f(B)g(B)
S p(@(fP(A)zx) (@97 (A)z,x) (D (fr(A)z,2) P (D (g7 (A)) z,z)

<g f7(B) n g?(B) B 2f% (B)g? (B)
S\ (A)za) (@91 (A)x,x) (@ (fP(A)) x, ) (D (g7 (A)) z,x) )

and by taking the map ¥ and the inner product over y € K, y # 0 we get

(B vy (Ve B)yy) 20V (2 (B)g: (B)yy)
(@(fP(A)x,x) (g7 (A)z,2)  /(®(fP(A))z,z)(®(97(A))z,x)
LV (B)yy) +1<‘I’ (9" (B))y,y) (@(f(B)g(B))y,y)
Sp(@(frA)zr) (@9 (A)x,x) (D (fr(A)) 2, 2) P (D (g7 (A)) , )
o (U By (Y By 2L (= (B)g: (B)y.y)
S \(@(fr(A)z,a)  (D(g7(A)z,x) (@ (fP(A))z,z) (B (99 (A)) T, z)
Now, if we put y = x in this inequality, then we get (B4). [ |

Remark 4 If we take f(t) = t, g(t) = t°, then from (34) we have for p, ¢ > 1 with
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R ) G e A WP ( 1P G EY
V(@ (A%P) 2, 2) (@ (AP9) 2, ) (@ (Ao, )" /P (@ (AP9) 2, )0

(0 (a*5) z,2) )

<2511-—
) ( Vi@ (A% 2,2) (& (A%7) z,2)

(37)

for any x € K, x # 0, where a, f € R\ {0} and A € BT*. If we take in (1) a = =1,
then we have

(38)

(D (AP) z, x>1/p (D (A9) z, x>1/q

(o (4%)a.) ) (e

for any x € K, = # 0.
We have the following reverse of Holder’s inequality:

Theorem 3.2 Let f, g : I — R be continuous functions on the interval I such that
0<mi < f<M <oo, 0<my<g< M < oo, (39)

for some constants my, mo, M; and Ma, A, B be two selfadjoint operators with Sp (A),
Sp(B) C I and p, ¢ > 1 with %—&—% =1.1f® e Py [B(H),B(K)], then

(40)

for any z € K, x # 0, where s = min{%,%} and S = max{l 1}.

Proof. It suffices to prove the inequality for z € K, ||z|| = 1. By (BY) we have

(@ (fP(A) z,x) < (MY (1) w, ) = MY (x,x) = MY,
my =mf (z,z) = (m{® (1y) z,x) < (D (f" (A)) 2, 2)

showing that m7 < T, 1) < or r € with ||x|| = 1. Similarly, we have
howi h r D(fP(A MY f K with 1. Similarl h
md < (P (97 (A)) z,z) < MJ for x € K with ||z|| = 1. These imply

(X}) S {Z»x,m S (Aﬁ and (X}) S (g f/j))x,w s (if)
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Therefore,

o (5) () } < ot e <) () )
My ) "\ Ma (@ (fr(A) z,2) (@ (97(A)z,z) ~ my) " \m2
forz € K, HxH:1.Lett6].By(ﬂ)wehavefory—é a=

m = min{(?}[—i)p, (%)q} and M = max{(%—;)p, (%—j)q} that

1 /7 (@) 1 g9° () f(t)g ()

p(2(fP(A)z,z)  q((9?(A)z,z) [(®(f7(A))z,2)] /P [(® (g7 (A)) z, )]/

s (2" () e 5

for x € K, ||z|| = 1. Using the functional calculus for A, we have

1 P4 L1 9'(4) f(A)g(A)
p(2(fP(A)z,z)  q((9?(A)z,z) [(®(fP(A))z,z)]" /P [(® (g7 (A)) z, )]/

s (" () e 5

for z € K, ||z|| = 1. Taking the normalized map ® in (B2) and then the inner product
for y € K with ||y|| = 1, we get

1{2(f"(4)y,y) L1 (297 (A)y,y) (@(f(A)g(A)y,y)
p(@(fP(A)x,z) g (@ (g (A)z,2) (@ (2 (A)) 2, )P [(@ (g (A)) z, 2]/

o2 )l )

which for y = = produces the desired result (£0). [ |

N

Remark 5 Assume that the operator A satisfy the inequality k1l < A < Klg for some
numbers k, K with 0 < k < K. If a, B > 0 and we take f (t) = t* and g(t) = 1% in
Theorem E3, then my = k%, My = K®, my = k% and My = K? and by the inequality
(#0) we have

(@ (4°%F) )
(® (AoP) 2, x)l/p (® (AP9) z, x>1/q

(e (1)} {0 (0}

for any x € K, x # 0.

0<1—
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