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1. Introduction

As is well-known, the famous Young inequality for scalars says that if a, b > 0 and
ν ∈ [0, 1], then

a1−νbν ⩽ (1− ν) a+ νb (1)

with equality if and only if a = b. The inequality (1) is also called as ν-weighted
arithmetic-geometric mean inequality.

Kittaneh and Manasrah [9, 10] provided a refinement and a reverse for Young inequality
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as follows:

r
(√

a−
√
b
)2

⩽ (1− ν) a+ νb− a1−νbν ⩽ R
(√

a−
√
b
)2

, (2)

where a, b > 0, ν ∈ [0, 1], r = min {1− ν, ν} and R = max {1− ν, ν} . The case ν = 1
2

reduces (2) to an identity and is of no interest. We observe that if a, b ∈ [m,M ] ⊂ (0,∞) ,

then
∣∣∣√a−

√
b
∣∣∣ ⩽ √

M−
√
m and by (2) we obtain the following simple reverse of Young

inequality

(1− ν) a+ νb− a1−νbν ⩽ R
(√

M −
√
m
)2

. (3)

We can give a direct proof for (2) as follows. Recall the following result obtained by
Dragomir in 2006 [3] that provides a refinement and a reverse for the weighted Jensen’s
discrete inequality:

n min
j∈{1,2,...,n}

{pj}

 1

n

n∑
j=1

h (xj)− h

 1

n

n∑
j=1

xj

 ⩽ 1

Pn

n∑
j=1

pjh (xj)− h

 1

Pn

n∑
j=1

pjxj


(4)

⩽ n max
j∈{1,2,...,n}

{pj}

 1

n

n∑
j=1

h (xj)− h

 1

n

n∑
j=1

xj

 ,

where h : C → R is a convex function defined on convex subset C of the linear space X,
{xj}j∈{1,2,...,n} are vectors in C and {pj}j∈{1,2,...,n} are nonnegative numbers with Pn =
n∑

j=1
pj > 0. For n = 2, we deduce from (4) that

2min {ν, 1− ν}
[
h(x) + h(y)

2
− h

(
x+ y

2

)]
⩽ νh (x) + (1− ν)h (y)− h [νx+ (1− ν) y]

(5)

⩽ 2max {ν, 1− ν}
[
h(x) + h(y)

2
− h

(
x+ y

2

)]
for any x, y ∈ R and ν ∈ [0, 1]. If we take h (x) = exp (x), then we get from (5) that

2min {ν, 1− ν}
[
exp (x) + exp (y)

2
− exp

(
x+ y

2

)]
(6)

⩽ ν exp(x) + (1− ν) exp(y)− exp [νx+ (1− ν) y]

⩽ 2max {ν, 1− ν}
[
exp (x) + exp (y)

2
− exp

(
x+ y

2

)]
for any x, y ∈ R and ν ∈ [0, 1]. Further, denote exp(x) = a, exp(y) = b with a, b > 0,
then from (6) we obtain the inequality (2).
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Let H be a complex Hilbert space and B (H) , the Banach algebra of bounded linear
operators acting on H. We denote by B+ (H) the convex cone of all positive operators
on H and by B++ (H) the convex cone of all positive definite operators on H. Let H and
K be complex Hilbert spaces. Following [2] (see also [15, p. 18]) we can introduce:

Definition 1.1 A map Φ : B (H) → B (K) is linear if it is additive and homogeneous,
namely Φ (λA+ µB) = λΦ(A) + µΦ(B) for any λ, µ ∈ C and A, B ∈ B (H) . The
linear map Φ : B (H) → B (K) is positive if it preserves the operator order, i.e. if
A ∈ B+ (H) then Φ (A) ∈ B+ (K) . We write Φ ∈ P [B (H) ,B (K)] . The linear map
Φ : B (H) → B (K) is normalized if it preserves the identity operator, i.e. Φ (1H) = 1K .
We write Φ ∈ PN [B (H) ,B (K)] .

We observe that a positive linear map Φ preserves the order relation, namely A ⩽ B
implies Φ (A) ⩽ Φ(B) and preserves the adjoint operation Φ (A∗) = Φ (A)∗ . If
Φ ∈ PN [B (H) ,B (K)] and α1H ⩽ A ⩽ β1H , then α1K ⩽ Φ(A) ⩽ β1K . If the
map Ψ : B (H) → B (K) is linear, positive and Ψ (1H) ∈ B++ (K) then by putting
Φ = Ψ−1/2 (1H)ΨΨ−1/2 (1H) we get that Φ ∈ PN [B (H) ,B (K)] , namely it is also nor-
malized. For some recent inequalities for positive maps of Hilbert space operators see
[4–7], [8, 11–14], [16–18] and the references therein.

In this paper, we establish some inequalities of Callebaut and Hölder type for positive
linear maps of continuous functions of selfadjoint linear operators in Hilbert spaces.
Applications for power function are provided as well.

2. Callebaut’s type inequalities

The following refinement of Cauchy-Bunyakowsky-Schwarz inequality for n-tuples of
nonnegative real numbers (a1, ..., an) , (b1, ..., bn) was established by Callebaut [1, 1965]
and can be stated as follows:(

n∑
i=1

aibi

)2

⩽
n∑

i=1

a
2(1−λ)
i b2λi

n∑
i=1

a2λi b
2(1−λ)
i ⩽

n∑
i=1

a2i

n∑
i=1

b2i , (7)

for any λ ∈ [0, 1] . In this section we obtain, as a main result, the following refinement
and reverse of the second part of Callebaut inequality (7) in the case of positive maps:

0 ⩽ 2r
(〈

Φ
(
g2 (A)

)
x, x
〉 〈

Φ
(
f2 (A)

)
x, x
〉
− ⟨Φ(f (A) g (A))x, x⟩2

)
(8)

⩽
〈
Φ
(
g2 (A)

)
x, x
〉 〈

Φ
(
f2 (A)

)
x, x
〉

−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉〈

Φ
(
f2(1−ν) (A) g2ν (A)

)
x, x
〉

⩽ R
(〈

Φ
(
g2 (A)

)
x, x
〉 〈

Φ
(
f2 (A)

)
x, x
〉
− ⟨Φ(f (A) g (A))x, x⟩2

)
,

for any x ∈ K, where f, g : I → R are continuous functions on the interval I, A is a
selfadjoint operator with Sp (A) ⊂ I, ν ∈ [0, 1], r = min {1− ν, ν}, R = max {1− ν, ν}
and Φ ∈ P [B (H) ,B (K)] . This result can be obtained as a particular case of the more
general result incorporated in

Theorem 2.1 Let f, g : I → R be continuous functions on the interval I and A, B be two
selfadjoint operators with Sp (A) , Sp (B) ⊂ I. If ν ∈ [0, 1] and Φ, Ψ ∈ P [B (H) ,B (K)] ,
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then

0 ⩽ r
(〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (B)

)
x, x
〉
− 2 ⟨Φ(f (A) g (A))x, x⟩ (9)

×⟨Ψ(f (B) g (B))x, x⟩+
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (B)

)
x, x
〉)

⩽ (1− ν)
〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (B)

)
x, x
〉
+ ν

〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (B)

)
x, x
〉

−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉〈

Ψ
(
f2(1−ν) (B) g2ν (B)

)
x, x
〉

⩽ R
(〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (B)

)
x, x
〉
− 2 ⟨Φ(f (A) g (A))x, x⟩

× ⟨Ψ(f (B) g (B))x, x⟩+
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (B)

)
x, x
〉)

for any x ∈ K, where r = min {1− ν, ν} and R = max {1− ν, ν} .

Proof. Let t, s ∈ I such that g (t) , g (s) ̸= 0. If we use the inequalities (2) for a = f2(t)
g2(t)

and b = f2(s)
g2(s) , then we get

r

(
f (t)

g (t)
− f (s)

g (s)

)2

⩽ (1− ν)
f2 (t)

g2 (t)
+ ν

f2 (s)

g2 (s)
−
(
f2 (t)

g2 (t)

)1−ν (
f2 (s)

g2 (s)

)ν

(10)

⩽ R

(
f (t)

g (t)
− f (s)

g (s)

)2

,

where ν ∈ [0, 1], r = min {1− ν, ν} and R = max {1− ν, ν} . Therefore,

r

(
f2 (t)

g2 (t)
− 2

f (t)

g (t)

f (s)

g (s)
+

f2 (s)

g2 (s)

)
⩽ (1− ν)

f2 (t)

g2 (t)
+ ν

f2 (s)

g2 (s)
−
(
f2 (t)

g2 (t)

)1−ν (
f2 (s)

g2 (s)

)ν

(11)

⩽ R

(
f2 (t)

g2 (t)
− 2

f (t)

g (t)

f (s)

g (s)
+

f2 (s)

g2 (s)

)
.

If we multiply (11) by g2 (t) g2 (s) , then we get

0 ⩽ r
(
f2 (t) g2 (s)− 2f (t) g (t) f (s) g (s) + f2 (s) g2 (t)

)
(12)

⩽ (1− ν) f2 (t) g2 (s) + νg2 (t) f2 (s)− f2(1−ν) (t) g2ν (t) f2ν (s) g2(1−ν) (s)

⩽ R
(
f2 (t) g2 (s)− 2f (t) g (t) f (s) g (s) + f2 (s) g2 (t)

)
,

which holds for any t, s ∈ I. Fix t ∈ I and use the continuous functional calculus for A
to get

0 ⩽ r
(
f2 (t) g2 (A)− 2f (t) g (t) f (A) g (A) + g2 (t) f2 (A)

)
(13)

⩽ (1− ν) f2 (t) g2 (A) + νg2 (t) f2 (A)− f2(1−ν) (t) g2ν (t) f2ν (A) g2(1−ν) (A)

⩽ R
(
f2 (t) g2 (A)− 2f (t) g (t) f (A) g (A) + g2 (t) f2 (A)

)
.
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If we take in the inequality (13) the map Φ, then we get

0 ⩽ r
(
f2 (t)Φ

(
g2 (A)

)
− 2f (t) g (t)Φ (f (A) g (A)) + g2 (t)Φ

(
f2 (A)

))
(14)

⩽ (1− ν) f2 (t)Φ
(
g2 (A)

)
+ νg2 (t)Φ

(
f2 (A)

)
− f2(1−ν) (t) g2ν (t)Φ

(
f2ν (A) g2(1−ν) (A)

)
⩽ R

(
f2 (t)Φ

(
g2 (A)

)
− 2f (t) g (t)Φ (f (A) g (A)) + g2 (t)Φ

(
f2 (A)

))
for any t ∈ I. If we take the inner product in (14), then we get

0 ⩽ r
(
f2 (t)

〈
Φ
(
g2 (A)

)
x, x
〉
− 2f (t) g (t) ⟨Φ(f (A) g (A))x, x⟩ (15)

+g2 (t)
〈
Φ
(
f2 (A)

)
x, x
〉)

⩽ (1− ν) f2 (t)
〈
Φ
(
g2 (A)

)
x, x
〉
+ νg2 (t)

〈
Φ
(
f2 (A)

)
x, x
〉

− f2(1−ν) (t) g2ν (t)
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉

⩽ R
(
f2 (t)

〈
Φ
(
g2 (A)

)
x, x
〉
− 2f (t) g (t) ⟨Φ(f (A) g (A))x, x⟩

+g2 (t)
〈
Φ
(
f2 (A)

)
x, x
〉)

for any t ∈ I and x ∈ K. If we use the functional calculus for the operator B we have by
(15) that

0 ⩽ r
(〈
Φ
(
g2 (A)

)
x, x
〉
f2 (B)− 2 ⟨Φ(f (A) g (A))x, x⟩ f (B) g (B) (16)

+
〈
Φ
(
f2 (A)

)
x, x
〉
g2 (B)

)
⩽ (1− ν)

〈
Φ
(
g2 (A)

)
x, x
〉
f2 (B) + ν

〈
Φ
(
f2 (A)

)
x, x
〉
g2 (B)

−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉
f2(1−ν) (B) g2ν (B)

⩽ R
(〈
Φ
(
g2 (A)

)
x, x
〉
f2 (B)− 2 ⟨Φ(f (A) g (A))x, x⟩ f (B) g (B)

+
〈
Φ
(
f2 (A)

)
x, x
〉
g2 (B)

)
for any x ∈ K. If we take in the inequality (16) the map Ψ and the inner product for
y ∈ K, then we get

0 ⩽ r
(〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (B)

)
y, y
〉
− 2 ⟨Φ(f (A) g (A))x, x⟩ (17)

×⟨Ψ(f (B) g (B)) y, y⟩+
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (B)

)
y, y
〉)

⩽ (1− ν)
〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (B)

)
y, y
〉

+ ν
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (B)

)
y, y
〉

−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉〈

Ψ
(
f2(1−ν) (B) g2ν (B)

)
y, y
〉

⩽ R
(〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (B)

)
y, y
〉
− 2 ⟨Φ(f (A) g (A))x, x⟩

× ⟨Ψ(f (B) g (B)) y, y⟩+
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (B)

)
y, y
〉)
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for any x, y ∈ K. If we take in (17) y = x, then we get the desired result (9). ■

Remark 1 In particular, under the assumptions of Theorem 2.1 we have

0 ⩽ r
(〈
Φ
(
g2 (A)

)
x, x
〉 〈

Φ
(
f2 (B)

)
x, x
〉
− 2 ⟨Φ(f (A) g (A))x, x⟩ (18)

×⟨Φ(f (B) g (B))x, x⟩+
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Φ
(
g2 (B)

)
x, x
〉)

⩽ (1− ν)
〈
Φ
(
g2 (A)

)
x, x
〉 〈

Φ
(
f2 (B)

)
x, x
〉
+ ν

〈
Φ
(
f2 (A)

)
x, x
〉 〈

Φ
(
g2 (B)

)
x, x
〉

−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉〈

Φ
(
f2(1−ν) (B) g2ν (B)

)
x, x
〉

⩽ R
(〈
Φ
(
g2 (A)

)
x, x
〉 〈

Φ
(
f2 (B)

)
x, x
〉
− 2 ⟨Φ(f (A) g (A))x, x⟩

× ⟨Φ(f (B) g (B))x, x⟩+
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Φ
(
g2 (B)

)
x, x
〉)

and

0 ⩽ r
(〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (A)

)
x, x
〉
− 2 ⟨Φ(f (A) g (A))x, x⟩ (19)

×⟨Ψ(f (A) g (A))x, x⟩+
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (A)

)
x, x
〉)

⩽ (1− ν)
〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (A)

)
x, x
〉
+ ν

〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (A)

)
x, x
〉

−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉〈

Ψ
(
f2(1−ν) (A) g2ν (A)

)
x, x
〉

⩽ R
(〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (A)

)
x, x
〉
− 2 ⟨Φ(f (A) g (A))x, x⟩

× ⟨Ψ(f (A) g (A))x, x⟩+
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (A)

)
x, x
〉)

for any x ∈ K. If we take in (18) B = A, then we get (8).

The inequality (8) has some particular inequalities of interest for power function. In-
deed if p, q > 0, A ∈ B+ (H) and p > 0, q < 0 or p < 0, q > 0, or p < 0, q < 0 and
A ∈ B++, then by (17) we have

0 ⩽ 2r
(〈

Φ
(
A2p
)
x, x
〉 〈

Φ
(
A2q
)
x, x
〉
−
〈
Φ
(
Ap+q

)
x, x
〉2)

(20)

⩽
〈
Φ
(
A2p
)
x, x
〉 〈

Φ
(
A2q
)
x, x
〉
−
〈
Φ
(
A2νp+2(1−ν)q

)
x, x
〉〈

Φ
(
A2(1−ν)p+2νq

)
x, x
〉

⩽ R
(〈

Φ
(
A2p
)
x, x
〉 〈

Φ
(
A2q
)
x, x
〉
−
〈
Φ
(
Ap+q

)
x, x
〉2)

for any x ∈ K, where Φ ∈ P [B (H) ,B (K)] , r = min {1− ν, ν} and R = max {1− ν, ν} .
In particular, if we take p = s, q = −s with s > 0, in (20), then we have

0 ⩽ 2r
(〈

Φ
(
A2s
)
x, x
〉 〈

Φ
(
A−2s

)
x, x
〉
− ⟨Φ(1H)x, x⟩2

)
(21)

⩽
〈
Φ
(
A2s
)
x, x
〉 〈

Φ
(
A−2s

)
x, x
〉
−
〈
Φ
(
A2(2ν−1)s

)
x, x
〉〈

Φ
(
A−2(2ν−1)s

)
x, x
〉

⩽ R
(〈

Φ
(
A2s
)
x, x
〉 〈

Φ
(
A−2s

)
x, x
〉
− ⟨Φ(1H)x, x⟩2

)
,
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which by s = 1
2 gives the inequality

0 ⩽ 2r
(
⟨Φ(A)x, x⟩

〈
Φ
(
A−1

)
x, x
〉
− ⟨Φ(1H)x, x⟩2

)
(22)

⩽ ⟨Φ(A)x, x⟩
〈
Φ
(
A−1

)
x, x
〉
−
〈
Φ
(
A2ν−1

)
x, x
〉 〈

Φ
(
A−(2ν−1)

)
x, x
〉

⩽ R
(
⟨Φ(A)x, x⟩

〈
Φ
(
A−1

)
x, x
〉
− ⟨Φ(1H)x, x⟩2

)
for any x ∈ K, where A ∈ B++ (H) , Φ ∈ P [B (H) ,B (K)] , r = min {1− ν, ν} and
R = max {1− ν, ν} . If Φ ∈ PN [B (H) ,B (K)] and x ∈ K with ∥x∥ = 1, we have by (22)

0 ⩽ 2r
(
⟨Φ(A)x, x⟩

〈
Φ
(
A−1

)
x, x
〉
− 1
)

(23)

⩽ ⟨Φ(A)x, x⟩
〈
Φ
(
A−1

)
x, x
〉
−
〈
Φ
(
A2ν−1

)
x, x
〉 〈

Φ
(
A−(2ν−1)

)
x, x
〉

⩽ R
(
⟨Φ(A)x, x⟩

〈
Φ
(
A−1

)
x, x
〉
− 1
)
.

If we take p = λ ∈ [0, 1] and q = 1− λ in (20), then we get

0 ⩽ 2r
(〈

Φ
(
A2λ

)
x, x
〉〈

Φ
(
A2(1−λ)

)
x, x
〉
− ⟨Φ(A)x, x⟩2

)
(24)

⩽
〈
Φ
(
A2λ

)
x, x
〉〈

Φ
(
A2(1−λ)

)
x, x
〉
−
〈
Φ
(
A2(1−ν−λ+2νλ)

)
x, x
〉〈

Φ
(
A2(ν+λ−2νλ)

)
x, x
〉

⩽ R
(〈

Φ
(
A2λ

)
x, x
〉〈

Φ
(
A2(1−λ)

)
x, x
〉
− ⟨Φ(A)x, x⟩2

)
for any x ∈ K, where A ∈ B+ (H) , Φ ∈ P [B (H) ,B (K)] , r = min {1− ν, ν} and
R = max {1− ν, ν} .

Remark 2 If in (8) we take the function g to be constant 1, then we have by (8) that

0 ⩽ 2r
(
⟨Φ(1H)x, x⟩

〈
Φ
(
f2 (A)

)
x, x
〉
− ⟨Φ(f (A))x, x⟩2

)
(25)

⩽ ⟨Φ(1H)x, x⟩
〈
Φ
(
f2 (A)

)
x, x
〉
−
〈
Φ
(
f2ν (A)

)
x, x
〉 〈

Φ
(
f2(1−ν) (A)

)
x, x
〉

⩽ R
(
⟨Φ(1H)x, x⟩

〈
Φ
(
f2 (A)

)
x, x
〉
− ⟨Φ(f (A))x, x⟩2

)
for any x ∈ K. Let Tj, j ∈ {1, ..., n} be bounded linear operators in H and Φ(A) :=
n∑
i=

T ∗
j ATj for A ∈ B (H). Then Φ ∈ P [B (H) ,B (H)] and by (25) we have

0 ⩽ 2r

〈 n∑
i=

T ∗
j ATjx, x

〉〈
n∑
i=

T ∗
j f

2 (A)Tjx, x

〉
−

〈
n∑
i=

T ∗
j f (A)Tjx, x

〉2


⩽
〈

n∑
i=

T ∗
j ATjx, x

〉〈
n∑
i=

T ∗
j f

2 (A)Tjx, x

〉
−

〈
n∑
i=

T ∗
j f

2ν (A)Tjx, x

〉〈
n∑
i=

T ∗
j f

2(1−ν) (A)Tjx, x

〉

⩽ R

〈 n∑
i=

T ∗
j ATjx, x

〉〈
n∑
i=

T ∗
j f

2 (A)Tjx, x

〉
−

〈
n∑
i=

T ∗
j f (A)Tjx, x

〉2
 ,
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for any x ∈ K.

The following upper bound may be stated as well:

Theorem 2.2 Let f, g : I → R be continuous functions on the interval I such that

0 < m ⩽ f

g
⩽ M < ∞ (26)

for some constants m, M, and A, B be two selfadjoint operators with Sp (A) , Sp (B) ⊂ I.
If ν ∈ [0, 1] and Φ, Ψ ∈ P [B (H) ,B (K)] , then

(1− ν)
〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (B)

)
x, x
〉
+ ν

〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (B)

)
x, x
〉

−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉〈

Ψ
(
f2(1−ν) (B) g2ν (B)

)
x, x
〉

(27)

⩽ R (M −m)2
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (B)

)
x, x
〉

for any x ∈ K.

Proof. Let t, s ∈ I such that g (t) , g (s) ̸= 0. If we use the inequalities (2) for a = f2(t)
g2(t)

and b = f2(s)
g2(s) , then we get

(1− ν)
f2 (t)

g2 (t)
+ ν

f2 (s)

g2 (s)
−
(
f2 (t)

g2 (t)

)1−ν (
f2 (s)

g2 (s)

)ν

⩽ R (M −m)2 , (28)

where ν ∈ [0, 1], R = max {1− ν, ν} . If we multiply (28) by g2 (t) g2 (s) , then we get

(1− ν) f2 (t) g2 (s) + νg2 (t) f2 (s)− f2(1−ν) (t) g2ν (t) f2ν (s) g2(1−ν) (s) (29)

⩽ R (M −m)2 g2 (t) g2 (s)

for any t, s ∈ I. Now, by employing a similar argument to the one outlined in the proof
of Theorem 2.1 we deduce the desired result (27). ■

Remark 3 In particular, we have the inequalities

(1− ν)
〈
Φ
(
g2 (A)

)
x, x
〉 〈

Φ
(
f2 (B)

)
x, x
〉
+ ν

〈
Φ
(
f2 (A)

)
x, x
〉 〈

Φ
(
g2 (B)

)
x, x
〉

−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉〈

Φ
(
f2(1−ν) (B) g2ν (B)

)
x, x
〉

(30)

⩽ R (M −m)2
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Φ
(
g2 (B)

)
x, x
〉

and

(1− ν)
〈
Φ
(
g2 (A)

)
x, x
〉 〈

Ψ
(
f2 (A)

)
x, x
〉
+ ν

〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (A)

)
x, x
〉

−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉〈

Ψ
(
f2(1−ν) (A) g2ν (A)

)
x, x
〉

(31)

⩽ R (M −m)2
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Ψ
(
g2 (A)

)
x, x
〉
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and

0 ⩽
〈
Φ
(
g2 (A)

)
x, x
〉 〈

Φ
(
f2 (A)

)
x, x
〉

(32)

−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉〈

Φ
(
f2(1−ν) (A) g2ν (A)

)
x, x
〉

⩽ R (M −m)2
〈
Φ
(
f2 (A)

)
x, x
〉 〈

Φ
(
g2 (A)

)
x, x
〉

for any x ∈ K. The inequality (32) can be also written as

0 ⩽ 1−
〈
Φ
(
f2ν (A) g2(1−ν) (A)

)
x, x
〉 〈

Φ
(
f2(1−ν) (A) g2ν (A)

)
x, x
〉

⟨Φ(g2 (A))x, x⟩ ⟨Φ(f2 (A))x, x⟩
(33)

⩽ R (M −m)2

for any x ∈ K, x ̸= 0.

3. Hölder’s type inequalities

Theorem 3.1 Let f, g : I → (0,∞) be continuous functions on the interval I, and A,
B be two selfadjoint operators with Sp (A) , Sp (B) ⊂ I and p, q > 1 with 1

p + 1
q = 1. If

Φ, Ψ ∈ P [B (H) ,B (K)] , then

s

(
⟨Ψ(fp (B))x, x⟩
⟨Φ(fp (A))x, x⟩

+
⟨Ψ(gq (B))x, x⟩
⟨Φ(gq (A))x, x⟩

−
2
〈
Ψ
(
f

p

2 (B) g
q

2 (B)
)
x, x
〉√

⟨Φ(fp (A))x, x⟩ ⟨Φ(gq (A))x, x⟩

)
(34)

⩽ 1

p

⟨Ψ(fp (B))x, x⟩
⟨Φ(fp (A))x, x⟩

+
1

q

⟨Ψ(gq (B))x, x⟩
⟨Φ(gq (A))x, x⟩

− ⟨Φ(f (B) g (B))x, x⟩
⟨Φ(fp (A))x, x⟩1/p ⟨Φ(gq (A))x, x⟩1/q

⩽ S

(
⟨Ψ(fp (B))x, x⟩
⟨Φ(fp (A))x, x⟩

+
⟨Ψ(gq (B))x, x⟩
⟨Φ(gq (A))x, x⟩

−
2
〈
Ψ
(
f

p

2 (B) g
q

2 (B)
)
x, x
〉√

⟨Φ(fp (A))x, x⟩ ⟨Φ(gq (A))x, x⟩

)

for any x ∈ K, x ̸= 0, where s = min
{

1
p ,

1
q

}
and S = max

{
1
p ,

1
q

}
. In particular, we have

2s

(
1−

〈
Φ
(
f

p

2 (A) g
q

2 (A)
)
x, x
〉√

⟨Φ(fp (A))x, x⟩ ⟨Φ(gq (A))x, x⟩

)
⩽ 1− ⟨Φ(f (A) g (A))x, x⟩

⟨Φ(fp (A))x, x⟩1/p ⟨Φ(gq (A))x, x⟩1/q

(35)

⩽ 2S

(
1−

〈
Φ
(
f

p

2 (A) g
q

2 (A)
)
x, x
〉√

⟨Φ(fp (A))x, x⟩ ⟨Φ(gq (A))x, x⟩

)

for any x ∈ K, x ̸= 0.

Proof. From (2), we have

s
(
a+ b− 2

√
ab
)
⩽ 1

p
a+

1

q
b− a

1

p b
1

q ⩽ S
(
a+ b− 2

√
ab
)
, (36)
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where a, b ⩾ 0. If we choose in (36)

a =
fp (t)

⟨Φ(fp (A))x, x⟩
, b =

gq (t)

⟨Φ(gq (A))x, x⟩
, t ∈ I,

then we get

s

(
fp (t)

⟨Φ(fp (A))x, x⟩
+

gq (t)

⟨Φ(gq (A))x, x⟩
− 2f

p

2 (t) g
q

2 (t)√
⟨Φ(fp (A))x, x⟩ ⟨Φ(gq (A))x, x⟩

)

⩽ 1

p

fp (t)

⟨Φ(fp (A))x, x⟩
+

1

q

gq (t)

⟨Φ(gq (A))x, x⟩
− f (t) g (t)

⟨Φ(fp (A))x, x⟩1/p ⟨Φ(gq (A))x, x⟩1/q

⩽ S

(
fp (t)

⟨Φ(fp (A))x, x⟩
+

gq (t)

⟨Φ(gq (A))x, x⟩
− 2f

p

2 (t) g
q

2 (t)√
⟨Φ(fp (A))x, x⟩ ⟨Φ(gq (A))x, x⟩

)

for any t ∈ I and x ∈ K, x ̸= 0. If we use the functional calculus for B, we get

s

(
fp (B)

⟨Φ(fp (A))x, x⟩
+

gq (B)

⟨Φ(gq (A))x, x⟩
− 2f

p

2 (B) g
q

2 (B)√
⟨Φ(fp (A))x, x⟩ ⟨Φ(gq (A))x, x⟩

)

⩽ 1

p

fp (B)

⟨Φ(fp (A))x, x⟩
+

1

q

gq (B)

⟨Φ(gq (A))x, x⟩
− f (B) g (B)

⟨Φ(fp (A))x, x⟩1/p ⟨Φ(gq (A))x, x⟩1/q

⩽ S

(
fp (B)

⟨Φ(fp (A))x, x⟩
+

gq (B)

⟨Φ(gq (A))x, x⟩
− 2f

p

2 (B) g
q

2 (B)√
⟨Φ(fp (A))x, x⟩ ⟨Φ(gq (A))x, x⟩

)
,

and by taking the map Ψ and the inner product over y ∈ K, y ̸= 0 we get

s

(
⟨Ψ(fp (B)) y, y⟩
⟨Φ(fp (A))x, x⟩

+
⟨Ψ(gq (B)) y, y⟩
⟨Φ(gq (A))x, x⟩

−
2
〈
Ψ
(
f

p

2 (B) g
q

2 (B)
)
y, y
〉√

⟨Φ(fp (A))x, x⟩ ⟨Φ(gq (A))x, x⟩

)

⩽ 1

p

⟨Ψ(fp (B)) y, y⟩
⟨Φ(fp (A))x, x⟩

+
1

q

⟨Ψ(gq (B)) y, y⟩
⟨Φ(gq (A))x, x⟩

− ⟨Φ(f (B) g (B)) y, y⟩
⟨Φ(fp (A))x, x⟩1/p ⟨Φ(gq (A))x, x⟩1/q

⩽ S

(
⟨Ψ(fp (B)) y, y⟩
⟨Φ(fp (A))x, x⟩

+
⟨Ψ(gq (B)) y, y⟩
⟨Φ(gq (A))x, x⟩

−
2
〈
Ψ
(
f

p

2 (B) g
q

2 (B)
)
y, y
〉√

⟨Φ(fp (A))x, x⟩ ⟨Φ(gq (A))x, x⟩

)
.

Now, if we put y = x in this inequality, then we get (34). ■

Remark 4 If we take f (t) = tα, g (t) = tβ, then from (34) we have for p, q > 1 with
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1
p + 1

q = 1 that

2s

1−

〈
Φ
(
A

αp+βq

2

)
x, x
〉

√
⟨Φ(Aαp)x, x⟩ ⟨Φ(Aβq)x, x⟩

 ⩽ 1−
〈
Φ
(
Aα+β

)
x, x
〉

⟨Φ(Aαp)x, x⟩1/p ⟨Φ(Aβq)x, x⟩1/q
(37)

⩽ 2S

1−

〈
Φ
(
A

αp+βq

2

)
x, x
〉

√
⟨Φ(Aαp)x, x⟩ ⟨Φ(Aβq)x, x⟩


for any x ∈ K, x ̸= 0, where α, β ∈ R\ {0} and A ∈ B++. If we take in (37) α = β = 1,
then we have

2s

1−

〈
Φ
(
A

p+q

2

)
x, x
〉

√
⟨Φ(Ap)x, x⟩ ⟨Φ(Aq)x, x⟩

 ⩽ 1−
〈
Φ
(
A2
)
x, x
〉

⟨Φ(Ap)x, x⟩1/p ⟨Φ(Aq)x, x⟩1/q
(38)

⩽ 2S

1−

〈
Φ
(
A

p+q

2

)
x, x
〉

√
⟨Φ(Ap)x, x⟩ ⟨Φ(Aq)x, x⟩


for any x ∈ K, x ̸= 0.

We have the following reverse of Hölder’s inequality:

Theorem 3.2 Let f, g : I → R be continuous functions on the interval I such that

0 < m1 ⩽ f ⩽ M1 < ∞, 0 < m2 ⩽ g ⩽ M2 < ∞, (39)

for some constants m1, m2, M1 and M2, A, B be two selfadjoint operators with Sp (A) ,
Sp (B) ⊂ I and p, q > 1 with 1

p + 1
q = 1. If Φ ∈ PN [B (H) ,B (K)] , then

0 ⩽ 1− ⟨Φ(f (A) g (A))x, x⟩
⟨Φ(fp (A))x, x⟩1/p ⟨Φ(gq (A))x, x⟩1/q

(40)

⩽ S

(
max

{(
M1

m1

) p

2

,

(
M2

m2

) q

2

}
−min

{(
m1

M1

) p

2

,

(
m2

M2

) q

2

})2

for any x ∈ K, x ̸= 0, where s = min
{

1
p ,

1
q

}
and S = max

{
1
p ,

1
q

}
.

Proof. It suffices to prove the inequality for x ∈ K, ∥x∥ = 1. By (39) we have

⟨Φ(fp (A))x, x⟩ ⩽ ⟨Mp
1Φ(1H)x, x⟩ = Mp

1 ⟨x, x⟩ = Mp
1 ,

mp
1 = mp

1 ⟨x, x⟩ = ⟨mp
1Φ(1H)x, x⟩ ⩽ ⟨Φ(fp (A))x, x⟩

showing that mp
1 ⩽ ⟨Φ(fp (A))x, x⟩ ⩽ Mp

1 for x ∈ K with ∥x∥ = 1. Similarly, we have
mq

2 ⩽ ⟨Φ(gq (A))x, x⟩ ⩽ M q
2 for x ∈ K with ∥x∥ = 1. These imply(

m1

M1

)p

⩽ fp

⟨Φ(fp (A))x, x⟩
⩽
(
M1

m1

)p

and

(
m2

M2

)q

⩽ gq

⟨Φ(gq (A))x, x⟩
⩽
(
M2

m2

)q

.
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Therefore,

min

{(
m1

M1

)p

,

(
m2

M2

)q}
⩽ fp

⟨Φ(fp (A))x, x⟩
,

gq

⟨Φ(gq (A))x, x⟩
⩽ max

{(
M1

m1

)p

,

(
M2

m2

)q}

for x ∈ K, ∥x∥ = 1. Let t ∈ I. By (3) we have for ν = 1
q , a = fp(t)

⟨Φ(fp(A))x,x⟩ , b =
gq(t)

⟨Φ(gq(A))x,x⟩ ,

m = min
{(

m1

M1

)p
,
(

m2

M2

)q}
and M = max

{(
M1

m1

)p
,
(
M2

m2

)q}
that

1

p

fp (t)

⟨Φ(fp (A))x, x⟩
+

1

q

gq (t)

⟨Φ(gq (A))x, x⟩
− f (t) g (t)

[⟨Φ(fp (A))x, x⟩]1/p [⟨Φ(gq (A))x, x⟩]1/q

(41)

⩽ S

(
max

{(
M1

m1

) p

2

,

(
M2

m2

) q

2

}
−min

{(
m1

M1

) p

2

,

(
m2

M2

) q

2

})2

for x ∈ K, ∥x∥ = 1. Using the functional calculus for A, we have

1

p

fp (A)

⟨Φ(fp (A))x, x⟩
+

1

q

gq (A)

⟨Φ(gq (A))x, x⟩
− f (A) g (A)

[⟨Φ(fp (A))x, x⟩]1/p [⟨Φ(gq (A))x, x⟩]1/q

(42)

⩽ S

(
max

{(
M1

m1

) p

2

,

(
M2

m2

) q

2

}
−min

{(
m1

M1

) p

2

,

(
m2

M2

) q

2

})2

for x ∈ K, ∥x∥ = 1. Taking the normalized map Φ in (42) and then the inner product
for y ∈ K with ∥y∥ = 1, we get

1

p

⟨Φ(fp (A)) y, y⟩
⟨Φ(fp (A))x, x⟩

+
1

q

⟨Φgq (A) y, y⟩
⟨Φ(gq (A))x, x⟩

− ⟨Φ(f (A) g (A)) y, y⟩
[⟨Φ(fp (A))x, x⟩]1/p [⟨Φ(gq (A))x, x⟩]1/q

⩽ S

(
max

{(
M1

m1

) p

2

,

(
M2

m2

) q

2

}
−min

{(
m1

M1

) p

2

,

(
m2

M2

) q

2

})2

,

which for y = x produces the desired result (40). ■

Remark 5 Assume that the operator A satisfy the inequality k1H ⩽ A ⩽ K1H for some
numbers k, K with 0 < k < K. If α, β > 0 and we take f (t) = tα and g (t) = tβ in
Theorem 3.2, then m1 = kα, M1 = Kα, m2 = kβ and M2 = Kβ and by the inequality
(40) we have

0 ⩽ 1−
〈
Φ
(
Aα+β

)
x, x
〉

⟨Φ(Aαp)x, x⟩1/p ⟨Φ(Aβq)x, x⟩1/q
(43)

⩽ S

(
max

{(
K

k

)αp

2

,

(
K

k

) βq

2

}
−min

{(
k

K

)αp

2

,

(
k

K

) βq

2

})2

for any x ∈ K, x ̸= 0.
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