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Abstract. The main goal of this article is to demonstrate the existence of a (couple) co-
incidence point for an infinite family of mappings in quasi-ordered JF-metric spaces. Some
consequences are also added, along with an example and an application, to show the efficiency
of the obtained results.
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1. Introduction and preliminaries

In the last century, nonlinear functional analysis has been experienced many advances.
One of them is the introduction of various metric spaces and the existence of fixed points
in such spaces along with their applications in other sciences. Among metric spaces, a
new space named F-metric space has been introduced by Jleli and Samet [IT]. After that,
other researchers defined various cases of these spaces and proved some fixed point the-
orems therein (for example, see [2-4, B]). On the other hand, in 2004, Ran and Reurings
[T3] considered a partial order in metric spaces and proved some fixed point theorems for
the comparable elements of metric spaces. Continuing their work, in 2006, Bhaskar and
Lakshmikantham [5] defined the concept of a coupled fixed point and presented some
theorems for mixed monotone mappings in partial order metric spaces. They also inves-
tigated the existence and uniqueness of a solution of a periodic boundary value problem.
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After that, other researchers extended Bhaskar and and Lakshmikantham’s results in
other spaces and for many contractions (see [, 8, O, [T, 04, 5] and references therein).

In the present article, we prove the existence of a (couple) coincidence point for an
infinite family of mappings in quasi-ordered F-metric spaces. Some consequences are also
added, along with an examples and an application. To do this, the following definitions
and notations will be needed.

Definition 1.1 [2, 0] A function f : (0,00) — R is called nondecreasing if, for all
s1,82 € (0,00), 0 < 81 < s9 implies f(s1) < f(s2). Also, f is said to be logarithmic-like

when for each positive sequence {t,,}, we have hm tp, =0iff lim f(t,) = —oc.
n—0o0

In the sequel, assume F is set of all nondecreasing and logarithmic-like function.

Definition 1.2 [[0] Presume B € [0,00) and the mapping f € F is constant. Then
w: X xX —[0,00) is called a F-metric on X if, for all x,y € X, it satisfies the following
conditions:

(D1) w(z,y) =0 z=1y;

(D2) w(z,y) = w(y,z);
(D3) for each integer N > 2, we have

N-1
w(z,y) > 0= f(w( FO - wi,vis1)) + B
=1

for all (v;)X, C X with (vi,on) = (2,9).
In this case, (X, w) is called a F-metric space.

Definition 1.3 [?] Assume that (X,w) is a F-metric space. A sequence {x,} in X is

said to be convergent to a x € X when lim w(zy,,z) = 0. Also, it is called a Cauchy
n,—00

sequence if lim  w(xy,,zy) = 0.
n,m—00

A F-metric space is complete when each Cauchy sequence is convergent to a x € X.

Definition 1.4 [I1] Suppose that (X, =) is an ordered set and 7" : X — X and g :
X — X are two given mappings. Then we say T has nondecreasing g-monotone property
when, for x1,z2 € X, we have

gr1 2 gre = Txy X Txo.

Also, if FF: X x X — X and g : X — X are two arbitrary mappings, then F is said to
be has mixed g-monotone property when, for each x,y € X, we have
x1,x9 € X, 911 X gro = F(21,Yy) X F(22,9),
y1,y2 € X, gy1 2 gy2 = F(z,y2) = F(z,11).
Note that a quasi-order is a binary relation “=<” on a set X that is reflexive and

transitive. A partial order is an antisymmetric quasi-order. We say (X, <) is an ordered
set, when “=<” is a partial order on X.

Definition 1.5 [[1] (z,y) € X x X is said to be a coupled coincidence point of two
mappings F': X x X — X and g : X — X whenever F(z,y) = gx and F(y,z) = gy.
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Note that if g is an identity mapping, then F(z,y) = = and F(y,z) = y, and in this
case, (z,y) is called a coupled fixed point for the mapping F.

Definition 1.6 [I1] Assume that X is a nonempty set, and F' : X x X — X and
g : X — X are two given mappings. Then F' and g are said to be commutative if, for
all x,y € X, we have g(F(z,y)) = F(gx,gy). Also, T : X — X and g : X — X are
commutative if, for each z € X, we have g(Tz) = T'(gx).

In the sequel, take ¥ as a family of all functions ¢ : [0,00) — [0,00) satisfying the
following conditions:

(1) ¥@) <t
(2) lim 9" (t) = 0.

Also, take ® as a familty of all functions ¢ : [0,00) — [0,00) satisfying the following
conditions:

(1) ¢ is lower semi-continuous;

(2) 6(t) = 0iff t = 0.

2. Main results

The following theorem is the first main result.

Theorem 2.1 Presume (X, w, <) is a complete quasi-ordered F-metric space, and {7, :
X - X :a € A} and g : X — X two mappings such that for a ag € A, T, has
a nondecreasing g-monotone property and commutes with g on X. Also, assume that
there exists xg € X such that gxg < Ty, x0, and ¢ € ¥ and ¢ € ¢ such that

w(Toyz, Tau) < P(M(z,u)) — ¢(M(2,u)), (1)
where
M(z,u) = max{w(gz, gu), w(gz, Tox),w(gu, Th,u)}
for each o € A and z,u € X with gz < gu. Moreover, suppose that T,,(X) C g(X), and

g and T, are two continuous mappings. Then {7, : « € A} and g have a coincidence
point in X.

Proof. By hypothesis, there exists g € X such that gzo < Tj,,x0. Since Ty, (X) C g(X),
there is 1 € X so that gx; = T,,x0. Hence, gzo < Ti,,z9 = gx1. Similarly, there exists
x2 € X such that gxg = Ty, x1. Since Ty, has nondecreasing g-monotone property, we
have gz1 = To,z0 = To,x1 = gra. Continuing this process, we can construct {z,} in X
with gzp41 = Tp,xn for n =0,1,2,3, - such that

gxo = gr1 X gTo 0 2 9Ty 2 gTpp1 X0 (2)
Using (M) and (2), we have from (z,u) = (2, Zn+1) that

W(Tagxny Taoxn—&-l) = w(gxn-i-h gxn—i—?) < ¢(M(£En, l‘n—&-l)) - ¢(M(1:nv xn—i—l)) (3)
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in which
M(zy, Xpt1) = max{w(gZn, 9Tn+1), w(9Zn, TayTn), W(9Tn+1, ToyTnt1)}
= max{w(g:cm gxn—i—l)v w(gflfn+1, gxn+2)}'
It follows from (B) that
W(gTni1, 9Tnr2) < Y(max{w(9rn, 9Tn11), W(9Tnt1, 9Tni2)})
—gb(max{w(g:cm gmn-i—l)a W(g$n+1v g$n+2)})' (4)

Now, we have two cases:
Case 1. if max{w(92n, 9Tn+1),w(9Tn+1, 9Tn+2)} = wW(9Tni1, gTnt2), then we have by
(@) that

w(9$n+17 gxn+2) < w(w<gxn+la 990n+2)) - ¢(w(9$n+17 gxn+2)) < ¢<w(9$n+1,g$n+2)),

(5)
which is a contradiction as 1 (t) < t.

Case 2. if max{w(g9zn, 9Tn+1), w(9Tn+1, 9Tnt2)} = w(gxn, gTnt1), then we have by (@)
that

W(gTn+1, 92nt2) < Y(W(92n, 9n11)) = A(W(9Tn, 9Tnt1)) < P(W(gTn, gTnt1)).  (6)

By induction, we have w(gzn+1, 9Tnt2) < Y™ (w(gzo,gx1)) for each n € N. Thus,

m—1 m—1
Z w(gzi, gTit2) < Z V" (w(gzo, 921)).
i=n i=n

Suppose that there exists (f, B) € F x [0,+00) so that (D3) is held. Thus, for given
€ > 0 there exists v > 0

0<t<~y= f(t) < f(e) — B. (7)
On the other hand, since lim,,_, ¥"(t) = 0, we have

lim ¢"(w(gzo,g21)) = 0.

n—oQ

Hence, there exists a N € N such that 0 < ¥ (w(gzo, gz1)) < v for n > N. Now, using
(@) and (D3), we have for m > n > N that

m—1 m—1
f(Z w(gwi; grisa)) < f(z P (w(gzo, ga1))) < f(e) — B. (8)

Now, using (D3) and (B), we obtain

m—1

W(gTn, 9Tm) > 0= f(w(grn, gzm)) < F(Y wlgri, grise)) + B < f(e),

i=n
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which implies that w(gxy,, gz,) < €. Thus, {gz,} is a Cauchy sequence. As X is complete,
there is x € X such that

lim gzp+1 = lim T,z = 2.
n—oo n—oo

On the other hand, since g commutes with T,,, we conclude that g(gz,+1) = g(Ta,zn) =
To, (gxy), which induces that

0
g9(@) = g(im grni1) = g(lim To,an) = lim To,(gan).

Hence, g(x) = T,,z. Now, we show that gx = T,z for each o € A. To contrary, assume
that it doesn’t valid. Then o € A exists that r = w(gz, Ty, ) > 0. Now, using (), we
have

r=w(gz, To,z) < (M (z,z)) — p(M(z, x)),
where

M (z,z) = max{w(gz, gz), w(gz, Tn, ), w(gz, gz)}.
Then we have

r=w(ge, To,z) < p(M(x,z)) < P(w(ge, Tn,x)),

which is a contradiction as 1(t) < t. This completes the proof. |

Following the idea of Soleimani Rad et al. [I5], Ghasab et al. [G, 2020] proved a lemma
showing the relation between fixed point and n-tuple fixed point in F-metric spaces.
Similarly, their lemma can be proved for quasi-ordered F-metric spaces. In the sequel,
we denote X x X X --- x X by X", where X is a nonempty set and n € N.

Lemma 2.2 Assume that (X, w, <) is a quasi-ordered F-metric space. Then the follow-
ings are held:

(1) (X™,9Q,=) also is a quasi-ordered F-metric space.
Q((ur, -+, up), (v, -+, v,)) = max(w(ur, v1), w(ug, v2), -+, w(Uny, vy)].

(2) f: X" — X and g : X — X have n-tuple coincidence point iff F' : X" — X" and
G : X™ — X" have a coincidence point in X™.

F(Ul,UQ,"‘ aun) - (f(UhUQ,"‘ ,un),f(’LLQ,"‘ ,Un,'LL1),"' ,f(un,U1"‘ aunfl))v

G(Ul,’UQ, e aun) = (gulagUQa e 7gun)

(3) (X,w, <) is complete iff (X", 2, <) is complete.

Note that Lemma P32 is a two-sided lemma; that is, a n-tuple coincidence point can
be obtained from a coincidence point and conversely. Using this lemma, we can obtain
next main result from Theorem 2.
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Theorem 2.3 Let (X,w, <) be a complete quasi-ordered F-metric, and {7, : X x X —
X :a €A} and g : X — X be two mappings such that for a ag € A, Ty, has mixed g-
monotone and commutes with g on X. Also, suppose that there exist xq, yo € X such that
9z0 = To,(x0,y0) and gyo = T, (Yo, o). Further, assume that there exist two mappings
¥ € U and ¢ € ® such that

w<Tao(x7 y),Ta(u, U)) < w(M(x,y,u, 1))) - ¢(M(x,y,u,v))7

where

M(z,y,u,v) = max{w(gz, gu), w(gy, gv),w(gz, Ta(2,y)), w(gu, To, (u, v)),
w(gy, Ta(y, ), (g0, Ta, (v, 1)) }

for each z,y,u,v € X, € A with gx < gu and gy > gv. Moreover, presume that
Too, (X x X) C g(X) and both mappings ¢g and T, are continuous. Then {7, : « € A}
and g possesses a coupled coincidence point in X.

Proof. First, we define Q: X2 x X? — [0,00) by

Q((thQ)v (y17y2)) = max[w(wl,yl),w(:p%yQ)]

for all (z1,22), (y1,y2) € X2. Then, take the mappings Fj, : X? = X2 and G : X? — X?
by

Fo(z,y) = (Ta(r,y), Ta(y,z)) and G(x,y) = (97, gy).

Now, by Lemma 22, (X2,Q) is a complete F-metric space. Moreover, (z,y) € X? is a
coupled coincidence point of T and g iff it is a coincidence point of F' and G.
On the other hand, we have

Q(Fay(7,9), Fa(u,v)) = Q((Tay (2,9): Tay (¥, 7)), (Ta(u,v), Ta(v,u)))
= max(w(To, (2, ), Ta(u, v)), w(Tay (¥; ), Ta(v,u))]
= W(Too (2,9), Ta(u,v))
(M(z,y,u,v)) — ¢(M(z,y,u,v))
(max{w(gz, gu),w(gy, gv), w(gz, Ta(z,y)), w(gu, To, (u, v)),
w(gy, Ta(y, z)), w(gv, To, (v,u))})
— ¢p(max{w(gz, gu), w(gy, gv), w(gz, Ta(z,y)), wlgu, Ta, (u, v)),
w(gy, Ta(y, 2)),w(gv, Ta, (v, u))})
< Y(max{Q(G(z,y), G(u,v)), UG (2,y), Fu(z,y)),
Q(G(u,v), Fo, (u,v))})
— p(max{Q(G(z,y), G(u,v)), UGC(z,y), Falz,y)),
Q(G(u,v), Fo, (u,v))})

<Y
<Y
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or

QFoo(2,9), Fuo(u,v)) = U(Ta, (7,9), Ty (Y, 2)), (Talu,v), To (v, u)))
= max(w(To, (2, ), Ta(u,v)), w(Tay (¥, ), Ta(v,u))]
= w(To, (¥, ), Ta(v,u))
(M(z,y,u,v)) — ¢(M(z,y,u,v)) + LO(N (2, y, u,v))
(max{w(gy, gv), w(gz, gu),w(gy, Ta(y, ), w(gv, Ta, (v, u)),
w(gz, Ta(z,y)), w(gu, Ta, (u,v))})
— ¢p(max{w(gy, gv),w(gz, gu), w(gy, Ta(y, z)), w(gv, To, (v, u)),
w(gz, Ta(z,y)), w(gu, Ta, (u,v))})
< Y(max{Q(G(y, ), G(v,u)), UG (y, ), Faly, x)),
Q(G (v, u), Fo, (v,u))})
— p(max{Q(G(y, z), G(v,u)), UGy, x), Faly, z)),
Q(G(v,u), Fo, (v,u))}).

<Y
<Y

Consequently, by Theorem P, F' and G have a coincidence point and by Lemma P22, T
and g have a coupled coincidence point. |

Ezxzample 2.4 Consider the mapping w : [0,1] x [0,1] — [0,00) by w(z,y) = |z — y|
for each =,y € X. It is clear that ([0,1],w) is a complete F-metric with f(¢) = Int¢ and
B =0. Also, presume {T,, : X - X :a € N} and g : X — X are defined by T, (z) = ax
and g(z) = 2z, respectively. Clearly, 0 = g0 < 77(0) = 0 for 0 € [0, 1]. Moreover,

w(Ti(z), To(z%)) = (Jz — az™]) < (Jz — 27)

(max{w(gz, gz*),w(gz, Tox),w(gz”, T1gz*)}).

Thus, all the condition of Theorem 2T are held by setting ¢(¢) = 0 and ¢(¢) = 3. Hence,
T, and g have a coincidence point in X.

3. Application

It should be noted that many applications related to the existence and uniqueness of
solution of integral equations have been presented by many researcher as an application
of coupled fixed point theory ([6-7, [T, 12]). Here, to support Theorem P71, we show the
existence of a solution for the following integral equation:

_ /O K (t, 5, (s))ds + v(t) (9)
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in whicht € I =[0,1], K € C(I x I x R,R) and v € C(I,R). Assume C(I,R) is the
space of all continuous real functions on I along with the norm ||z||o = max |z(t)|, where
€

x € C(I,R), and C(I x I x C(I,R),R) is the space of all continuous real functions on
I x I x C(I,R). Also, take C(I,R) with the norm ||z||g = sup;c;{|z(t)[e” ™} for all
z € C(I,R) and 7 > 0. Then, the metric induced by this norm on C(I,R) is defined
wp(x,y) = ||z — y||p for all z,y € C(I,R). Now, consider the mapping w : C(I,R) x
C(I,R) — [0,00)

w(z,y) = sup{|z(t) — y(t)|e ™}
tel
for each z,y € C(I,R). Further, define the quasi-order “ <” on C(I,R) by

<y S|zl < [|Ylloo

for all x,y € C(I,R). Then (C(I,R),w, <) is a complete quasi-ordered F-metric space.

Theorem 3.1 Consider a complete quasi-ordered F-metric space (C(I,R),w, <) with
f(t) = Ln(t). Presume T : C(I,R) — C(I,R) is an operator defined by

Tx(t) :/0 K(t,s,z(s))ds +v(t), veC(,R)

and gr = Ix = x. Also, suppose K € C(I x I x R,R) is an operator satisfying the
following properties:

(i) K is continuous;

(ii) for all t,s € I, fot K(t,s,-) is increasing;
(iii) there exists 7 > 0 so that

K (t,5,2(s)) = K(t,5,y(s))] < 7la(s) —y(s)]

for all z,y € C(I,R) and ¢,s € I.
Then integral equation (H) possesses a solution in C(I,R).

Proof. Using (i)-(iii), we have by the definition of 7" that

t

w(Tz, Ty) =sup{| | K(t,s,z(s))ds —/ K(t,s,y(s))ds| e ™}
tel 0 0

< sup{ ; [K(t,s,2(s)) — K(t,5,y(s))[e”™ ds}

t

<sup{ [ 7lz(s) —y(s)le”™ ds}
tel Jo

t
< (]l - yll5) sup / e~ Tds)
tel 0
<-e)(le—ylls):

Then all conditions of Theorem I are held by taking f(¢) = In(t) for each t € I, B =0,
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¢(t) =0 and ¢(t) = (1 —e™ 7). Thus, T and g have a coincidence point in C(I,R) (and
as a results, since g(z) = x, T has a fixed point) which implies that the integral equation
(9) has a solution in C(I,R). [ |
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