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Abstract. In this paper, we study the pseudo-topological (Tallini) hypervector spaces over
the topological field and introduce the notions of soft hypervector spaces, soft pseudo-
topological hypervector spaces, and soft pseudo-topological subhyperspaces. Also, we show
that the product of two soft pseudo-topological hypervector spaces is a soft pseudo-topological
hypervector space.
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1. Introduction and preliminaries

The concept of hypergroup as a generalization of algebraic structures was first intro-
duced in 1934 by Marty [9]. In classical algebraic structures, the synthetic result of two
elements is an element, while in the hyper algebraic system, the synthetic result of two
elements is a set of elements. Different hyperstructures such as hypergroups, hyperrings,
and hyperfields have been widely studied by many mathematicians in both theoretical
and applied fields.A hypervector space is a special kind of hyperstructure, which is a
generalization of classical vector spaces. There are various kinds of hypervector spaces,
but in this paper we consider the hypervector spaces in the sense of Tallini [I5, 06].

In modeling with classical mathematics in economics, engineering, environment, sociol-
ogy, medical science and other scientific fields, there are complications for uncertain data.
Although the uncertainties appearing in these areas can be justified to some extent by the
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theory of probability, fuzzy sets [T9] and the theory of rough sets [I3], but each of them
has its own inherent problems as pointed out by Molodtsov [I1]. Molodtsov proposed the
soft set theory, as a powerful mathematical approach for modeling uncertainties, which
has been studied algebraically and topologically by many mathematicians [@, [0, 04].
Yamak et al. [I8], Wang et al. [I7] and Gulay Oguz et al. [12] introduced the concepts
of soft hyperstructure, soft polygroups, soft topological hyperstructures, respectively.

The purpose of this paper is to introduce the notion of soft pseudo-topological hyper-
vector spaces by applying the soft set theory. First, we review some definitions and the
results of (topological) hyperstructures and soft set theory that are used throughout the
paper. Then, we introduce the notion of soft hypervector spaces, soft pseudo-topological
hypervector spaces, soft pseudo-topological subhyperspaces and provide a few examples.
Finally, we show that the Cartesian product of two soft pseudo-topological hypervector
spaces is a soft pseudo-topological hypervector space. We review some definitions from
(-3, B, [H, I6].

Let H be a nonempty set and P*(H) be the family of all nonempty subsets of H,
every function o; : H x H — P*(H), where ¢ € {1,2,...,n} and n € N, is called a
hyperoperation and for all z, y of H, o(x,y) is called the hyperproduct of z, y.

An algebraic system (H,o1,09,...,0,) is called a hyperstructure, with hyperopera-
tions -, = 1,...,n; and pair (H,o) endowed with only one hyperoperation is called a
hypergroupoid. For nonempty subsets A and B of H and x € H:

AOB:UGGAJ)GBCLOI), on:UaeAaox and zoB = UbeB

Recall that a hypergroupoied (H, o) is called a semihypergroup if for any z,y,z € H,
(roy)oz = xo(yoz) and semihypergroup (H, o) is a hypergroup if for any x € H,xoH =
Hox=H.

Let K be a field and (V,+) be an abelian group. A hypervector space over K (in the
sense of Tallini) is a quadruple (V, +, 0, K), where “o”is a mapping o : K x V — P*(V)
such that for all a,b € K and z,y € V the following conditions are satisfied:

(Hy) ao(x+y)Caox+aoy,
(H2) (a+b)oxCaox+boux,
(H3) ao(box) = (ab)ox,
(Hi) ao (- ) =(-a)oz=—(aox),
(H5)
where for all A,B € P*(V),A+B ={a+b|a € A,be B}.If in (H;) the equality holds,
the hypervector space is called strongly right distributive. If in (H2) the equality holds,
the hypervector space is called strongly left distributive.

We will call a hypervector space is a strongly distributive hypervector space, if it is a
strongly left distributive hypervector space and strongly right distributive hypervector
space.

Example 1.1 [15] In (V = R?, +), for any a € R, z € R? we define the hyperoperation:

ox ifx#Q0,
aoxr =
{0} ifz=0,

where o7 is the line through the point 2 and 0 = (0,0). Then (V = R2?,+,0,R) is a
strongly left distributive hypervector space.
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Definition 1.2 [2] Let (V,+, 0, K) be a hypervector space over K. A nonempty subset
W of V is called a subhyperspace of V if, for all z,y € W, x —y € W, and for all
a€ K,x € W,aox CW. In this case, we write W < V. If W be a subhyperspace of V
then W is a subgroup of the group (V,+).

A topological group is a group G which is also a topological space such that the
multiplication map (g, h) — gh from G x G to G, and the inverse map g — ¢! from G
to G, are both continuous. Similarly, we can define topological rings, topological fields,
etc. A topological vector space is a vector space X over a topological field K (most often
the real or complex fields with their standard topologies) that is endowed with a topology
such that vector addition + : X x X — X and scalar multiplication . : K x X — X both
are continuous functions with respect to the product topologies on X x X, K x X and
topology on X, respectively.

Definition 1.3 [I, @] Let (H,o) be a hypergroupoied and (H, ) be a topological space.

(AP}

The hyperoperation “o” is called pseudo-continuous if

U, ={(z,y) e H* | x-y C U}, forany U € 7
is open in H x H. In terms of open sets, The hyperoperation “o” is pseudo-continuous
(p-continuous) if and only if for any U € 7 and any pair (z,y) € H x H such that
xoy C U, there exist VW € 7, x € V and y € W such that vow C U for any v € V
and w € W.

Definition 1.4 [I, 7] Let (H,o) be a hypergroupoied and (H, ) be a topological space.
The triple (H,o,7) is called pseudo-topological (p-topological) hypergroupoied if the
mapping o : H x H — P*(H) is pseudo-continuous.

Theorem 1.5 [0, [d] Let (H,7) be a topological space. Then the family U consisting of
all Sy ={W € P*(H)| W C U, U € 7} is a base for a topology on P*(H). This topology
is denoted by Tp-(p)-

Theorem 1.6 [, 7] Let (H,o) be a hypergroupoied and (H,7) be a topological space.
The triple (H,o,7) is pseudo-topological hypergroupoied if and only if the mapping
o: H x H— P*(H) is continuous with respect to topologies Tp-(g) and T X 7.

Let (V,+, 0, K) be a hypervector space over a topological field K and 7 be a topology
on V. In the following, we use the topology 7p-(y) on P*(V) and the product topology
onV x V.

Definition 1.7 [3] Let (V,+,0, K) be a hypervector space over a topological field K
and (V,7) be a topological space. Then (V,+, 0, K, 7) is called a pseudo-topological hy-
pervector space, if the operations +: V xV =V, (z,y) w2 +y,i:V — V,z — —z and
the hyperoperation o : K x V. — P*(V), (a,x) — a o x are continuous.

Definition 1.8 [I1] Let U be an initial universe set and E be a set of parameters. If
A C E and P(U) is the power set of U, then the pair (F, A) is called a soft set over U,
where F is the mapping F : A — P(U). Clearly, a soft set over U can be regarded as a
parametrized family of subsets of the universe U.

Definition 1.9 In [G], for a soft set (F, A), the set Supp(F,A) ={x € A: F(x) # 0}
is called the support of the soft set (F,A). If Supp(F,A) # (), then (F, A) is called a
non-null soft set.
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Definition 1.10 [§] Let (F, A) and (G, B) be two soft sets over the common universe
U. Then, (F, A) is called a soft subset of (G, B) if

(1) AC B,
(2) F(a) and G(a) are identical approximations for all a € A.

We denote it by (F,A) C (G, B).

2. Main results

In this section, we study the pseudo-topological (p-topological) hypervector spaces over
a topological field and introduce the concept of soft pseudo-topological (p-topological)
hypervector spaces.

Definition 2.1 Let (V,+,, K) be a hypervector space over a field (K, +,-) and (V, 7y)

and (K, k) be topological spaces. The hyperoperation “o” is called pseudo-continuous
(p-continuous) if, for any U € 1y, U, = {(k,v) e K xV | k-v CU} € Ty

Theorem 2.2 Let (V, +, 0, K) be a hypervector space, (V, 7y) and (K, 7x ) be topological
spaces. Then the hyperoperation “o” is a p-continuous map if and only if for every U € 7y
and v € V. k € K that kov C U, there exist W € 7, W’ € 7y, such that k € W,v €¢ W’/

for all w € W and w’ € W', we have wow’ C U.

Proof. Let a hyperoperation ”o” be a p—continuous map and U € 7y, then U, € T xv.
Hence, there exist W € 7y and W’ € 7k such that for all k € K,v € V, we have
(k,v) € W x W C U,. It follows for all w € W and w' € W’ that (w,w’) € U,. Hence,
for all w € W and w’ € W/, we have wow' C U.

Conversely, suppose U € 1y and (k,v) € U,. Then kov C U and there exist W € 7x,
W' e ry, k € W and v € W’ such that for all w € W and w’ € W', we get that
wow CU. Thus, for all w e W and w’ € W/, we have (w,w') € W x W' C U, and so
(k,v) € W x W' C U,. Therefore, Uy € Ty [ |

Definition 2.3 Let (V,+,0,K) be a hypervector space over the field (K,+,-)
and (V,+,7y) be a topological group (K,+,-,7x) be a topological field. Then
(V,+,0, K, 1y, T ) is called a pseudo-topological (p-topological) hypervector space if the
mapping - : K x V. — P*(V) is pseudo-continuous with respect to product topology on
K x 'V and the topology Tp((v)-

Theorem 2.4 Let (V,+, 0, K) be a hypervector space, (V, 7y) and (K, 7x) be topological
spaces. Then the hyperoperation “o” is a continuous map with respect to 7xxy and
Tpy(v) if and only if for all U € 7v and v € V, k € K such that kov C U, there exist

W erkg, W €7y such that ke W, v e W and Wo W' CU.
Proof. Let U € 7y, and forall v € V and k € K, kov C U. Then

o HNSy) = {(k,v) | kov CU} = U, € gxv.

Thus, there exist W € 7 and W’ € 7y such that k € W, v € W and (k,v) € W x W' C
o~ 1(Sy), and so o(W x W') C o(o~!(Sy)) C Sy. Thus,

WoWw' = ) wuw'= [J owuw)CU
weW,w'eW’ weW,w' eWw’
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Conversely, let U € 7y and (k,v) € o~ }(Sy). Then kowv C U, and so, there exist
W € 1 and W' € 1y such that k € W, v € W and W o W’ C U. Hence, (k,v) €
W x W' C o71(Sy). Thus, for all A € 7p.(yy, we have A = Jyc,, Su. It follows that

o M (A) =0t (| Sv)= | HSv) € Trxv-

Uery Uery

Example 2.5 Let V = R? and K = R. We define the hyperoperation o : R x R? —
P*(R?) such that for all a € R and (z,y) € R?,

_ [{laray)} ifa#o,
ao(x’y)_{{(o,c))} ifa =0,

Let R be endowed with the discrete topology and R? be endowed with the standard
topology. Then (V,+, 0, K) is a pseudo-topological hypervector space over K.

Definition 2.6 Let (V,+,0, K) be a hypervector space over the field K and (F, A) be
a non-null soft set over V. Then (F, A) is called a soft hypervector space over V' if F(x)
is a subhyperspace of V for all x € Supp(F, A).

Example 2.7 Let K = Z3 and V = Zs. Then (V,+,0, K) is a hypervector space as
follows:

PN e
—

}

)

1}
2}

b
2}
)T}

e A =
ol O O
A A N
ol O O

0
0
0

[N =] Ke)

The subhyperspaces of V' are {0},{0,1} and V. Let (F,A) be a soft set of V, where
A = {ay,a2,a3} and F : A — P*(V), F(a1) = {0}, F(az) = {0,1} and F(a3z) = V.
Therefore, (F, A) is a soft hypervector space over V.

Example 2.8 In Example [, the subhyperspaces of V' are {0} and all lines passing
through the origin. Let A = R?, we define the soft set F:

Vz € R?, F(z) = or ?f:c;éQ,
{0} ifz=0.

Therefore, (F, A) is a soft hypervector space over V.

Definition 2.9 Let (V,+,0, K) be a hypervector space over a topological field K and
(V,7) be a topological space. Let (F, A) be a non-null soft set over V. Then the system
(F,A, ) is called a soft pseudo-topological hypervector space over V, if the following
conditions are satisfied:

1. F(a) is a subhyperspace of V for all a € Supp(F, A);

2. The mappings

+: F(a) x F(a) — F(a),(x,y) —»x+y, i: Fla) = Fla),x — —x
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and the hyperoperation o : K x F(a) - P*(F(a)),(a,z) — a o x are continuous with
respect to the topologies induced by 7,7 X 7 and 7p.(y) X Tp- () for all a € Supp(F, A).

It is clear that if condition (1) is satisfied in a pseudo-topological hypervector space
V, then (F, A, 7) is a soft pseudo-topological hypervector. Namely, the soft pseudo-
topological hypervector space (F, A, 7) can be considered as a parameterized family of
subhyperspaces of the pseudo-topological hypervector space V.

Example 2.10 Let V = R? and K = R. By considering the hyperoperation
o:R xR* = P*(R?), ao(z,y) =R xa-y,

(R%, +, 0, R) is a strongly distributive hypervector space. With standard topology, K is a
topological field. Also, the family B = {(z,y)| a < y < b,z € R} is a base for a topology
as 7 on R2. Therefore, (R?,+,0,R,7) is a pseudo-topological hypervector space. The
subhyperspaces of V' are {(0,0)}, {(0,y)| v € R} and V. Let (F, A) be a soft set of V'
where A = {a1,az2,a3} and

F:A— P*V), Fla1) = {(0,0)}, F(az) = {(0,y)| y € R} and F(az) = V.

Therefore, (F, A, 7) is a soft pseudo-topological hypervector space over V.

Theorem 2.11 Every soft hypervector space on a pseudo-topological hypervector space
is a soft pseudo-topological hypervector space.

Proof. Let (V,+,0, K, T) be a pseudo-topological hypervector space over the topological
field K and (F, A) be a soft hypervector space over V. Then F(a) is a subhyperspace of
V for all a € A. Hence, F(a) is a pseudo-topological subhyperspace of V' with respect to
the topologies induced by 7 and 7p. () for all a € A. Therefore, (F, A,7) is a pseudo-
topological hypervector space over V. |

Exzample 2.12 In Example P35, the subhypersaces of V' are {(0,0)} and all lines passing
the origin. Let A = R?. We define the soft set F:

line pass origin and point (x,y) if (z,y) # (0,0),

x 2 x =
vV (z,y) € R?, F(z,y) {{(070)} if (z,y) = (0,0).

Therefore, (F, A, 7) is a soft pseudo-topological hypervector space over V.

Definition 2.13 Let (F, A, 7) and (K, B, 7) be two soft two pseudo-topological hyper-
vector spaces over V. Then, (IC, B, ) is called a soft pseudo-topological subhyperspace
of (F,A,7) if the following conditions are satisfied:

1. B C A;

2. IC(b) is a subhyperspace of F(b) for all a € Supp(K, B);

3. The mappings:

0 K(b) x K(b) = K(b), i : K(b) — K(b) and o : K x K(b) — P*(K(b))

are continuous with respect to the topologies induced by 7 X 7 and 7p-(y) for all b €
Supp(K, B).

Example 2.14 Let (F, A, 7) be a soft pseudo-topological hypervector space over V. If
B C A, then (F|g, B, ) is a soft pseudo-topological subhyperspace of (F, A, 7).
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Theorem 2.15 If (K, B, 7) is a soft pseudo-topological subhyperspace of (F, A, ) and
(N, C,7) is a soft pseudo-topological subhyperspace of (K, B,7), then (N,C,7) is the
soft pseudo-topological subhyperspace of (F, A, 7).

Proof. Straightforward. u

Theorem 2.16 Let (F,A,7) and (K, B,7) be two soft pseudo-topological hypervec-
tor spaces over V. If (IC, B) is a soft subset of (F, A), then (K, B, 7) is a soft pseudo-
topological subhyperspace of (F, A, 7).
Proof. Suppose that (F, A, 7) and (K, B, 7) are two soft pseudo-topological hypervector
spaces over V. If (IC, B) is a soft subset of (F, A), then B C A and K(b) C F(b) for all
b € Supp(K, B). Thus, K£(b) is a pseudo-topological subhyperspace of F(b) with respect to
the topology induced by 7. Therefore, (K, B, ) is a soft pseudo-topological subhyperspace
of (F,A,T). [ |
Let (V. 41,01, K) and (Va,+42,092, K) be two strongly distributive hypervector spaces
over the field K. Setting V =V} x V5, we define the following two mappings:

©:VxV = (P (W),P"(V2)), @: ((z1,22), (y1,42)) = (1 +1 Y1, 22 +2 42)
and

O:KxV =V, o:(a(x1,72)) = (ao1 x1,a 03 T3)

Theorem 2.17 (V,®,®, K) is a strongly distributive hypervector space over the field
K.

Proof. Let a,b € K , (z1,22), (y1,y2) € V and 0y = (0y,,0y,). Then,

(1) It is clear that V' =V; x V4 is an abelian group;

(2) a® ((z1,22) @ (y1,92)) = a © (x1,22) B a® (Y1,Y2);

(3) (a+b) O (z1,22) =a® (z1,22) BbO (21, 72);

(4) a® (bO (z1,22)) = (a-b) © (z1,22);

(5) (—a) © (z1,22) = a ®© (—(21,22)) = —(a © (21, 22));

(6) 106 (131,:1,‘2) = (1 o1 x1,1 09 .’Eg), and so (fL’l,.’Eg) cloe (:El,ZL‘Q).

Therefore, (V,®,®, K) is a strongly distributively hypervector space over K. [ ]

Theorem 2.18 Let 1} and V5 be two hypervector spaces over the field K. Let W7 and
Ws be subhyperspaces of V; and V5, respectively. Then Wy x Ws is a subhyperspace of
V=V xV.

Proof. Let a € K and (x1,22), (y1,y2) € Wi x W,. We have
(z1,22) — (y1,92) = (1 — Y1, 22 — y2) € Wi x Wh.

Also we have a ©® (z1,22) = (a o1 1,a 02 x9) € Wy x Ws. Therefore, Wi x Wy is a
subhyperspace of V1 x V. [ |

Theorem 2.19 If (Vi,+1,01, K, 7y,,7x) and (Va, 49,09, K, Ty,, 7)) are two pseudo-
topological strongly distributively hypervector spaces over the topological field K, then
(Vi x Vo, ®,®, K, 1y, X Ty, TK) is a pseudo-topological strongly distributive hypervector
space over K.
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Proof. We denote the mappings “+1”, “+32” and “@®” by h1, ho and h, respectively. The
mappings hi and he are continuous. So the mapping

h1 X h2 : (Vl X V177'V1 X TVl) X (Vé X VQ,TV2 X 71/2) — (Vi X ‘/2,7'{/1 X 7'\/2)7
(hl X hQ)((xhyl)a (502792)) = (hl(x17y1)7h2($27y2))

is continuous. Also, the mapping

a: (Vi xVo,my, x1v,)) X (Vi X Vo, 1y, X 1) = (Vi X Vi, 1y, X 1y,) X (Vo X Va, 1y, X Tv,),

a((z1,22), (y1,92)) = ((x1,91), (22, y2))

is continuous. Therefore, the mapping h = (h; X hg) o a is continuous. Let
ih:Vi—=>W ig: Vo = Vo S
) , R and i = i1 X is.
i1(x) = -z i9(x) = —x.

The mappings i1 and iy are continuous, so the mapping

1: Vi x Vo —= V] x VQ, i(xl,.l‘g) = (—.1‘1, —ZL‘Q)
is continuous. We denote the mappings “01”, “09” and “®” by g1, g2 and g, respectively.
It is clear that, the mappings g1 and g are continuous, so the mapping

g1 X g2 (K x Vi) x (K xVa) = Vi x Vs,
(gl X 92)(<a7x1)7 (a,.%'2>) = (gl(avxl)qu(ava))

is P-continuous. Also, the mapping

B: K x (Vi xVy) — (K x V) x (K x V),
/B(a’ (xlva)) = ((a,xl), (ava))

is continuous, so g = (g1 X g2) o3 is continuous. Therefore, (Vi x Vo, ®, ©, K, Ty, X Ty, TK')
is a pseudo-topological strongly distributive hypervector space over K. [ ]

Definition 2.20 Let (Fi, A1, 1) and (Fa2, Ag, 72) be two soft pseudo-topological strongly
distributive hypervector spaces over V1 and Vs, respectively. Then the Cartesian product
of (F1,A1,71) and (Fa, A2, m2) over Vi x Vi is denoted by (F,A,7) = (Fi,A1,71) X
(Fa, Ag, 72), where A = Ay X Ao, 7 =11 X 7o, F = F1 X F2 and F(a,b) = Fi(a) x Fa(b)
for all (a,b) € A.

Theorem 2.21 The Cartesian product of two soft pseudo-topological strongly distribu-
tive hypervector spaces is a soft pseudo-topological strongly distributive hypervector
space.

Proof. Let (Fi, A1, 71) and (Fa, A2, 2) be two soft pseudo-topological strongly distribu-
tive hypervector spaces over Vi and Vs, respectively. Then, Fy(a) # 0, F2(b) # () and
Fi(a), Fa(b) are pseudo-topological subhyperspaces of Vi and Vs, respectively for all
a € Supp(Fi1, A1), B € Supp(Fs, Az). Thus, Fi(a) x Fo(b) # 0 and by Theorem P19,
Fi(a) x Fo(b) is a pseudo-topological subhyperspace of V; x V5 with the product topology
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71 X 2. Therefore, (F, A, 71 X 12) = (F1, A1, 71) X (Fa, A2, T2) is a soft pseudo-topological
strongly distributive hypervector space over Vi x V5. [ |

3. Conclusion

In this paper, we considered the (Tallini) hypervectopr space over a field. We intro-
duced the notions of soft hypervector spaces, soft pseudo-topological hypervector spaces,
soft pseudo-topological subhyperspaces, and we presented some related important prop-
erties. Indeed, we generalized some notions and properties of soft hyperstructures and
soft topological hyperstructures to soft hypervector spaces and soft pseudo-topological
hypervector spaces respectively, and we obtained the relation between soft hypervector
spaces and pseudo-topological hypervector spaces. Also, we show that the product of
two soft pseudo-topological hypervector spaces is a soft pseudo-topological hypervector
space. We hope the idea presented in this work can be applied to Krasner hypervector
spaces, fuzzy hypervector spaces and other hyperstructures.
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