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Abstract. In 2016, Bemrose et al. introduced the weaving frames in a Hilbert space which
is influenced by a problem in distributed signal processing. Ghobadzadeh et al. proposed the
idea of woven frames in Hilbert C*-modules in 2018. The authors studied and investigated
numerous elementary properties of weaving frames in Hilbert C*-modules. As K-frames and
standard frames deviate in several perspectives, we acquaint the notion of weaving K-frames
and an atomic system for weaving K-frames in Hilbert C*-modules. Inside this script, we
explore weaving K-frames from an operator theoretic point of view. We provide an iden-
tical interpretation for weaving K-frames and characterize weaving K-frames in terms of
bounded linear operators. We also inspect the invariance of woven Bessel sequences under an
adjointable operator.

Keywords: Hilbert C*-module, frame, K-frame, woven frame, K-woven frame, adjoint
operator.
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1. Introduction

Duffin and Schaeffer [9, 1952] first proposed the notion of frames in Hilbert spaces
while studying the nonharmonic Fourier series that can be looked at as more flexible
substitutes of bases in Hilbert spaces. In 1986, the theory of frames was reintroduced and
advanced by Daubechies et al. [7]. As a result of their exceptional framework, the subject
got recognition among many mathematicians, physicists, and engineers. Additionally, we
can see its applications in discrete well-known fields like signal processing [I3], image
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processing [4], coding and communications [20], sampling [I0, IT], numerical analysis,
filter theory [B]. It originated as a significant tool in compressive sensing, data analysis,
and other areas. The notion of K-frames in Hilbert space was presented by Géavruta
[T5] to examine the atomic systems with regard to a bounded linear operator K. The
concept of standard frames in finitely or countably generated Hilbert C*-modules over an
unital C*-algebra studied by Frank and Larson [I4]. It was established in [1] that every
Hilbert module over a commutative C*-algebra A admits an algebra-valued G-frame if
and only if A is a C*-algebra of compact operators and the notion of algebra-valued
G-frame treated as a notable case of G-frame in a Hilbert C*-module. Lately, the n-
centered operator is introduced for adjointable operators on Hilbert C*-modules [I¥], for
any natural number n. Furthermore, it is proved that for an adjointable operator that is
MoorePenrose invertible and is n-centered, its MoorePenrose inverse is also n-centered.
In 2019, the notion of continuous *-K-g—frame in Hilbert C*-modules was introduced
and some properties were discussed [27].

The concept of weaving frames in Hilbert space was established in [?] and further in-
vestigated in [8, B]. The idea of weaving frames is somewhat induced by the preprocessing
of Gabor frames. It has potential utilization in wireless sensor networks that require dis-
tributed processing under different kinds of frames, as well as pre-processing of signals
using Gabor frames. In 2018, Deepshikha et al. [R] studied the weaving properties of K-
frames in Hilbert space. They presented necessary and sufficient conditions for weaving
K-frames in Hilbert spaces and sufficient conditions for PaleyWiener type perturbation
of weaving K-frames. Also, it is shown that woven K-frames and weakly woven K-frames
are equivalent. Woven frames for finitely or countably generated Hilbert C*-module were
introduced and studied in [I6]. The authors have investigated some properties of woven
frames and obtained some conditions on a perturbed family of sequences.

2. Preliminaries

In this section, we offer some elementary definitions related to frames, K-frames and
weaving frames in Hilbert space and Hilbert C*-modules which we quote from the liter-
ature.

Definition 2.1 [I[7] A sequence {f,}°2; of elements in Hilbert space H is a frame for
H if there exist constants A, B > 0 such that

AIFIP <SS fd)P < BIFI% Y fe H. (1)
n=1

In 2012, Gavruta introduced the notion of K-frames in Hilbert space to study the
atomic systems with respect to a bounded linear operator K.

Definition 2.2 [I5] A sequence {f,}52; C H is called a K-frames for H, if there exist
constants A, B > 0 such that

A|K*fII? < Z [(f. fa)* < B||fII?, V fe H. (2)

The concept of weaving frames in Hilbert space is motivated by a problem in distributed
signal processing. In [2], Bemrose et al. introduced weaving frames in Hilbert space, and
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elementary properties of woven frames were developed and discussed.

Definition 2.3 [2] Let I be a countable indexing set. A family of frames {{¢;};er :

i € [m]} for H is said to be woven, if there are universal constants A and B such that

for every partition {o;};c|m) of I, the family U {¢ij}jco, is a frame for H with frame
1€[m]

bounds A and B.

In [R], Deepshikha et al. studied weaving properties of K-frames in Hilbert space and
presented necessary and sufficient conditions for weaving K-frames in Hilbert space. They
have also shown that woven K-frames and weakly woven K-frames are correlative.

Definition 2.4 [8] A family of K-frames {{¢;;};cr : ¢ € [m]} for H is said to be K-woven
if there exist universal positive constants A and B such that for any partition {Ui}ie[m]
of N, the family U {¢ij}jco, is a K-frame for H with lower and upper K-frame bounds
1€[m]
A and B, respectively. Each family U {¢ij}jeco, is called a weaving.
i€[m]

Hilbert C*-modules are generalizations of Hilbert spaces by permitting the inner prod-

uct to take values in a C*-algebra rather than in the field of real or complex numbers.

Definition 2.5 [I7] Let A be a unital C*-algebra and j € J be a finite or countable
index set. A sequence {t;};cy of elements in a Hilbert A -module H is said to be a frame
if there exist two constants C, D > 0 such that

CUf, 1) <Y ()W, /) S DU f), Y f €M, (3)

JEJ

Definition 2.6 [I9] A sequence {1;};cy of elements in a Hilbert A-module # is said to
be a K-frame (K € L(H)) if there exist constants C, D > 0 such that

C(K*f,K*f) <> (f,05) (i /) < D(f, ), ¥ f € H. (4)

JEJ

The notion of weaving frame in Hilbert C*-module were introduced in [I6]. The authors
investigated and discussed some properties of woven frames in the Hilbert C*-module.

Definition 2.7 [16] A family {{¢;;}icr};jcs of frames for U is called woven if there exist
universal constants 0 < A < B < oo such that for every partition {o;} ey of I, the family
{{¢ij}icr}jcs is a frame for U with lower and upper frame bounds A and B, respectively.
Each family {{¢i;}ico, }jes is called a weaving.

3. Weaving K-frames

We introduce the concept of weaving K-frames in Hilbert C*-module which is en-
couraged by the above discussed work in the literature. Here, we investigate weaving
K-frames from an operator theoretic point of view as well as establish the atomic system
for weaving K-frames in Hilbert C*-module. We also present an equivalent definition
of weaving K-frames and characterization theorems of weaving K-frames in terms of
operator theory in Hilbert C*-module. For the rest of the paper, we assume that H is
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a Hilbert C*-module over unital C*-algebra A with A-valued inner product (.,.), norm
||.|| and L(#) denotes the set of all adjointable operators on Hilbert C*-module H.

Definition 3.1 Let H be a Hilbert .A-module over a unital C*-algebra. A family of
K-frames {{f;;}32, : i € I'} for H is said to be K-woven if there exist universal positive
constants A and B such that for any partition {o;};c; of N, the family U{fij}jegi is
el
a K-frame for H with lower and upper K-frame bounds A and B, respectively. Each
family U{ fij}ieo, is called a weaving.
el

The woven frame is called a tight woven frame if A = B and it is called a normalized

woven tight frame if A = B = 1. For any partition {o;};c; of N, we define the space as

@F(Ui) = {{Cij}jEJi,iel | Cij S A,Z Z cijcfj converges in H : HA}

icl i€l jEo;

with the inner product ({cij}jco, icr, {dij}jeoiicr) = Y. > cijd;;. Let the family of
i€l jEo;

K-frames {F; = {fij}jes : i € I} be woven for H, for any partition {o;}icr of J and

W = {fij}jco,ict be a K-frame for H, then we have the corresponding synthesis operator,

analysis operator, and frame operator as follows:

The operator Ty : @ 1?(0;) — H defined by
i€l

w({cii}) =D TrDo({c}) =D il (5)

i€l i€l jeo;

is called the synthesis or pre-frame operator, where T, is the synthesis operator of F;
and D, is a |J| x |J| diagonal matrix with dj; = 1 for j € 0; and otherwise 0. The
adjoint of Ty is

(F. Twfei}) = (£) D eiihis) =D 6ilf fig) (6)

i€l jeo; i€l jeo;

— (/. Tw{eiy}) = (U fi) b Aeisy) = Ty (f) = {{f, fis) bicoier-
The adjoint operator Ty, : H — @ 1?(0y) is given by
i€l

= 3" Do TE(f) = (S fif) bieowier (7)

el

and is called the analysis operator. By composing Ty and 17}, we obtain the frame
operator Sy : H — H

SW(f) = TWTIjV(f) = (ZTF,D ZTFD Z Z fv fzj fzj (8)

i€l i€l i€l jeo;

We now state some of the important properties of the synthesis, analysis, and frame
operators of weaving K-frames in the Hilbert C*-module.
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Lemma 3.2 Let {{f;;}32; : i € I} be a woven Bessel sequence then the synthesis
operator Ty is linear and bounded.

Proof. Let {{f;;}32, : i € I} be a woven Bessel sequence with universal Bessel bound
B. Now,

T ({heij + dig}) = D> (Aeij + dij) fi

i€l jeo;

= Z Z Acijfij + Z Z dij fij

i€l jeo; i€l jeo;
= MTw ({cij}) + Tw({di;}) (9)

and

I1Tw fII? = I{Tw £, Tw F)Il = IKTw Ty £ Ol = 1Sw £, )| < Bl (10)

— ||Tw f|| < V'B||f||. Hence, the synthesis operator Ty is linear and bounded. [ |

Lemma 3.3 Let {{fi;}72, : i € I'} be woven frame for # with universal bounds A and
B. Then the frame operator Sy is self-adjoint, positive, bounded, and invertible on H.

Proof. Since S}, = (TwTy,)* = TwTy, = Sw, the frame operator Sy is self adjoint.
Let {{fij}721 : i € I'} be woven frame for H with universal bounds A and B. Let f € H

and Sy (f) =Y Y (f, fij) fij- Then

i€l jEo;

(Swi £) = (O A i fias £) =D Afs fis)(Figs )

i€l jeo; i€l jeo,

Therefore, the frame operator Sy is positive, bounded, and invertible. [ |
We now give an example of woven frames and woven K-frames in Hilbert C*-module.
Example 3.4 Let H = Cj be the set of all sequences converging to zero and {e]} 2, be
the standard orthonormal basis for . For any u = {u;}32, € H and v = {v, }j_1 € H,
(u,v) = wv* = {u;vi}32,. Let ¢ = {¢1;}52, and ¢ = {qﬁgj};?‘;l be defined as follows:
{¢1]}(])i1 = {617 €2, 07 €3, 07 €4, 07 €5, }
{#2j1521 = {0, €2, €2, €3, €3, €4, €4, €5, €5, ... }

Let f = {1, a2, 03,04, 05,...} € H. Then (f, f) = c1a] + a0l + azal + agof + - -
For any subset o of N, we have

Z(f ¢lj> ¢1]7 + Z f, ¢2j ¢2]7 22 f>€J ej? _2<f7f>'
7j=1

j€o j€o°
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On the other hand, let f € H. Then we have

()= (freidein /) <D (Fdi) b £) + D (F doy) (b2, f).
j=1

jEo jEo°

Hence, ¢ and 1 are woven frames with universal lower and upper frame bounds 1 and 2,
respectively.

Example 3.5 Let H = Cj be the set of all sequences converging to zero and K be
the orthogonal projection of H onto span{e;}325. For any u = {u;}32; € H and v =
{01521 € H, (u,v) = uwv™ = {u;v;}32,. Let¢—{¢1j}] 167—[and¢—{¢2j}j IEHbe

deﬁned as follows:

{¢1]}_?il = {07 €3, 07 €4, 07 €5, 07 €6, }

{#25}521 = {0, e3, €3, €4, €4, €5, €5, €6, €6, - }

where {e;}32; be the standard orthonormal basis for H. Let f = {a1, s, a3, a4, a5,...} €
H. Then (f, f) = cqna] + a0l + asal + auaj + - - -. For any subset o of N, we have

ST N, )+ Y (f 00 b2y, £) <2 (Frei)les £ = 2(f, £).
7=1

JjE€o jEoT°

On the other hand, let f € . Then f = aje;. Thus, we have
j=1

(K*f,K*f) = Zajej *(Zajej)>
=1
= <Z%‘€j72%‘€j>
j=3 j=3

o

= (freie 1)
j=3
Z<f7¢1]> ¢1j7 + Z f7¢2] ¢2]af>
Jj€Eo jEo°

Hence ¢ and v are K-woven frames with universal lower and upper frame bounds 1 and
2, respectively.

We now introduce a woven atomic system for weaving K-frames in Hilbert C*-module.

Definition 3.6 The sequence {{f;;}32, : @ € I} of H is said to be a woven atomic
system for K € L(H), if for any partition {o;};c; of N, the family U{fij }jeo, is a woven
el
atomic system for K, i.e. the following statements hold:
(i) The series Z Z cijfi; converges for all {c¢;j}jeq.icr € I2(A).

i€l jeo;
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(ii) There exist C' > 0 such that for every f € H, there exists {a;j t}jeoicr € I*(A)

such that Z Z aij7fafj7f < C(f,f) and Kf = Z Z agj.f fij-

Theorem 3.7 If K € L(H), then there exists a woven atomic system for K.

Proof. Let {{f;;};2; : @ € I} be a standard normalized woven tight frame for
M with universal frame bound A = B = 1. Since f = > > (f, fij)fij, we have

i€l jeo,

Kf=73% > (f fij)Kfij. For f € H, ay;; = ([, fi;) and g;; = K fij,

i€l jeo;

SO g gii /Y =D ALK f) K fij, f)

i€l jeo; i€l jeo;
=D D KL S fig KT F)
iel jeo,
=(K"f,K"[)
KPS, f)-

Therefore, {{g;;}32, : i € I} is a woven Bessel sequence for H with Bessel bound [| K *|1?

and we conclude that the series Z Z ci;jg;j converges for all {cij}jegi,ie I € 12(.,4). We

i€l jeo;
also have
SO aak = (f fi)fia £ = )
which completes the proof. [ |

Since it is more convenient to work with an equivalent definition of weaving K- frames
in Hilbert C*-modules, we would like to introduce an equivalent definition in the following
result. First, we requisite the successive result to validate an equivalent definition of
weaving K-frames in Hilbert C*-modules.

Theorem 3.8 [12] Let F,H,K be Hilbert C*-modules over a C*-algebra A. Also, let
S e L(K,H) and T € L(F,H) with R(T*) orthogonally complemented. The following
statements are equivalent:

(i) SS* < AT'T* for some A > 0;

(ii) there exists p > 0 such that [|S*z| < ||T%z|| for all z € H;

(iii) there exists D € L(K, F) such that S =TD, i.e., TX = S has a solution;

(

iv) R(S) € R(T).

Theorem 3.9 For any partition {o;};cr of N, let the family (J,.;{fij}jco, be a woven
Bessel sequence for % and K € L(#H). Suppose that T* € L(H,1?(A)) given by T*(f) =
{(f, fij) }jco:,icr and R(T*) is orthogonally complemented then the following statements
are equivalent:

(i) The sequence {{f;}32; : i € I} of H is a woven atomic system for K.
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(ii) There exist A, B > 0 such that

AIK*FI2 <D0 s £ Fig £ < BIFI1P

i€l jeo;

(iii) There exists D € L(H,[*(A)) such that K = TD.

Proof. (i) = (ii) For every f € H, we have

| K" fll = sup [[(g, K*f)|| = sup [{Kg, ).
llgll=1 llgll=1

Since {{fi;}32; : 7 € I} is a woven atomic system for K, there exist C' > 0 such that for

every g € H, there exist ag = {aij4}jcoricr € 12(A) for which Z Z ijgti; g < Cl9,9)
i€l jeo;

and Kg = Z Z a;j qfij- Therefore,

i€l jeo;

15 f1? = i (K g, I
g =

= sup H<Z Z aij,gfij: f>”2

lgll=1" ieT jeo,

= sup szamg figs DIP

lgll=1 icl jEo;

< sup ”ZZG’UQH HZZ (fijs ) ”2

lgll=1 i€l jEo; i€l jeo;
= sup HZZawga ij ijv >H
llgll=1 i€l jEo; el jG(r
< sup Cll{g, )1 > D (Fs fig) (Fiss )]
llgll=1 i€l jeo;
= Ssup CHQH ”ZZ f fu fz;v >”
llgll=1 i€l jeo,
_CHZZ fw fU? ol
i€l jeo;

U SRR, o .
which implies K fI? < 'S2 374, fis) (figs Pl Moreover, {{f}32, i € I} is a
i€l jEo;
woven Bessel sequence for . Hence (ii) holds.
(ii) = (iii) Since {{fi;}32, : @ € I} is a woven Bessel sequence for H, we get

T({eij}) = Zz%fw = fij.

i€l jEo;
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where {e;;}jco. icr is the standard orthonormal basis for I?(.A). Therefore, for every f € H

ANKFIP <Y D (F fid (i D

i€l jeo;

=13 > (. Tlewd) (T{eyh, N
i€l jeo;

=11 AT f{ei}) Heh TN = 1T f]1%
i€l jeo;

By using Theorem B8, there exist an operator D € L(H,12(A)) such that K = TD.
(ili) = (i) For every f € H, we have

Df = Z Z(Df, eij>e7;j = TDf = Z Z<Df7 €ij>T€ij-

i€l jeo; i€l jeo;

Let aijr = (Df,ei;), so for all f € H, we get

YD aggai ;=Y > (Dfeij)ei, Df) = (Df, Df) < |DI*(f, f)-

i€l jeo; icl j€o;

Since the sequence {{f;;}72 : 7 € I' is a woven Bessel sequence for H, we conclude that
{{fij}?il i € I} is a woven atomic system for K. |

Corollary 3.10 Let {{fi;}72, : i € I} be a woven frame for  with universal frame
bounds A, B > 0 and K € L(H). Then {{fi;}32, : i € I} is a woven atomic system for

K with bounds lower and upper frame bounds and B, respectively.

1
ATHE|?

Proof. Let S be the frame operator of {{f;;}32, : i € I'}. Since {571 i€ l}is
a woven frame for H with bounds B~ A=! > 0 and

F=Y2 (f fi)S7 fij, forall f € H.

i€l jeo;

I I = sup [[(E*f, g)|”

llgll=1
= sup H<ZZ f fz] K* 1fija H2_ sup HZZ f fzg K* 1fij>g>H2
llgll= i€l jeo; I=1 el jeo,
< sup HZZ f’f’L] fzga ”HZZ Kg, 1fz] lfijaKg>||
llgl=1 i€l jeo; i€l jeo;
< sup AT fad (i DK g
lgll=1 i€l jeo;
< sup AT O fad (i DK g1

llgll=1 i€l jeo;

= ATNKIPIY DY (F fad Fis D

i€l jeo;
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which implies

1 *
TR <1 S A 1 < BISI

i€l jeo,

and shows that the condition (ii) of Theorem B hold. Therefore, {{fi;}72, : i € I} is

a woven atomic system for K with lower and upper frame bounds and B,

1
AT K2
respectively.

Corollary 3.11 Let {{fi;}32, : i € I} be a woven atomic system for K. If K € L(H) is
onto, then {{f;;}72; : i € I} is a woven frame for H.

Proof. As we know, K € L(H) is surjective if and only if there exists M > 0 such that
MIfIF < [[K*fI,Vf € H. (11)

Since {{fij}?i1 14 € I} is a woven atomic system for K, so there exists A, B > 0 such
that

AIKFIP <UD D (F fid (i DI < BILFIP (12)

i€l jeo,

for any partition {o;}ier of N. By using (I) and (%), we get

AMPIFIP < )2 D 4Fs faad i DI < B,

i€l jeo;

which completes the proof. [ |

Proposition 3.12 Let {{f;;};2, : i € I} be a K-frame for H with K-frame bounds A;

and B;. Then, for any partition {o;};c; of N, the family U{ fij}jeo: is a woven Bessel
el
sequence with Bessel bound Z B;.
el

Proof. Let {o;}icr be any partition of N. Then, for any f € H,

SO Fa B 1Y < DD U FadFig 1) <D Bilf f).

i€l jEo; i€l jeN el

The following theorem gives a characterization of weaving K-frames in terms of a
bounded linear operator in Hibert C*-module.

Theorem 3.13 For each i € I, suppose {{f;;}32; : i € I} is a K-frame for H with
bounds A; and B;. Then the following conditions are equivalent:

(i) The family {{fi;}72, : i € I} is K-woven.

(ii) There exist A > 0 such that for any partition {o;};c; of N, there exist a bounded
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linear operator M, : [?(A) — H such that

fij, JEo1

Joj,  JE o2
My (ej) =< .

fmj, JEom

and AKK* < M,Mj, where {e;}72, is the canonical orthonormal basis.
Proof. (i) = (ii): Suppose A is a universal lower K-frame bound for the family
{fij}321 + @ € I}. For any partition {o;}ier of N, let T, be the synthesis operator

associated with the Bessel sequence U{fij}jegi. Choose M, = T,. Then M,(e;) =
i€l
To’(ej) = fij, Vj € 05,1 € I. Now,

AK*f,K*f) = A(KK*f, f)

<Y D A i) )

€l jeo;

= Z<f, Mg(ej)><Mo(ej)7f>
JEN

=D (Mg f,e5)e;, M)
JEN

= (> (M;f e)e;, M;f)

JEN
- <M(;kf? M;f>
= (M, M, f, f).

This implies AKK* < M,M}.
(i) = (i): Let {o;}ier be any partition of N. Now,

AKK*f, ) S (Mg My f, f) = (M3 f, M3 f) =Y (M foei){es, My f) = > (fs fig)(fijs )

JEN i€l jEo;

This gives the universal lower K-frame bound A. And by Proposition B2, Z B; is one
el
of the choices of a universal upper K-frame bound. [ |

In the following lemma, we inspect the invariance of woven Bessel sequence under an
adjointable operator.

Lemma 3.14 Let H be a Hilbert A-module and {{f;;}32; : @ € I} be a woven Bessel
sequence with universal Bessel bound D. Then {{Mf;;}32, : i € I} is a woven Bessel

sequence with universal Bessel bound with D||M*||? for every M € L(H).

Proof. Suppose {{fi;}32; : i € I} is a woven Bessel sequence with universal Bessel
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bound D. Then we have

SN UL Fi) figs £) < DU )

i€l jeo;

for any partition {o;};er of N. Then, for any f € H, we have

SO L MEi) (Mg, £) =) (M, fij)(fig, M* f) < D{M* f, M* f) < D||M*|]*(, [).

i€l jeo; i€l jeo;

]
In the following result, we study the action of an operator on a K-woven frame.

Proposition 3.15 Let {{fi;}72; : @ € I} be a family of K-frames for . Then the
following statements are equivalent:

(1) {{fij}52, -1 € I} is K-woven.

(i) {{U fij}32, i € I}t is UK-woven for all U € L(H).
Proof. (i) = (ii): Let {{fi;}52, : @ € I} be a family of K-frames for H with universal
frame bounds A and B. Let {oiﬁie 7 be any partition of N. Then for any f € H, we have

SO LULNUSigs 1) =Y (U, fig)(fi5, U f) < BU*£,U* f) < B|U*|P(f, f).

i€l jeo; i€l jeo;

Similarly, for any f € H, we have

SN LULN UL 1) =YD U, fii)fi5. U f)
> A(K*U* f, K*U* f)
> A(UK)*f,(UK)" ).
Hence, the family {{U f;;}72, : i € I} is UK-woven with universal frame bounds A and
B|U|.
(ii) = (i): The family {{f;;}32, : i € I'} is K-woven if we choose U = I, the identity
operator on H. [ ]

In the following example, we show that if ¢ and ¢ be K-frames for H such that U¢
and Uy are UK-woven for some U € L(H). Then, in general ¢ and 1 are not K-woven.

Example 3.16 Let H = Cj be the set of all sequences converging to zero and let K be
the orthogonal projection of H onto span{e;}32,. Let ¢ = {¢1;}52; and ¢ = {¢9;}32;
be defined as follows:

¢) = {qblj};il — {Oa61505625056350564505655 }
Y = {21521 = {e1,0,e2,0,e3,e3,€4,€4,€5,€5,...}

where {e;}32, is the standard orthonormal basis for . Then, ¢ is K-frame for H with
lower and upper frame bound 1. One can easily verify ¥ is also K-frame for H. Let
f={a1,a2,a3,a4,05,...} € H. Then (f, f) = a1 + a0 + azal + cuaj + - - -. Let
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U be the orthogonal projection of H onto spam{eJ 2 3. To show that U¢ and U are
U K-woven frames for H, first we note that

U¢ = {U((ﬁlj)}?‘;l = {0,0,0,0, 0, €3, 0, 64,0, 65,0, }
U¢ = {U(QSQ])};X;l = {0707070763763364764;65565; }
For any subset ¢ of N and f € H, we have

S LU U1y, )+ D (U (U, £) <2 (fre)eg, f) = 2(f, ).
7j=1

Jj€oT j€oc
o
On the other hand, let f € H and we can represent it as f = Z ajej. Thus, we have
j=1

(UK) f,(UK)"f) = (U f,U"f)

= (U (D aje;), U (D aje;)
J=1 J=1
= <Z osz*ej,Zosz*ej>
j=1 =1
= () aje;, Y aje;)
j=3 7=3
Z fs ej 6]7

Zf,U¢1g Uiy, )+ D {f, Udoj)(Ussy, f)-
j€o

jEoe

Hence, U¢ and Uy are U K-woven frames with universal lower and upper frame bounds 1
and 2, respectively. Now, to show that ¢ and ¢ are not K-woven, we choose o = N\{2,4}.
Then the family {¢1,}jee U{®2j}jeoc = {0,0,0,0,e3,0,e4,0,e5,...} is not a K-frame for
‘H, since for any A > 0, we have

D fea,d1j)(dij,ea) + > (ea, daj)(daj, e2) = Y (ea,€;)(ej,ea) =0
jeo jea* >3
So, there exist no A > 0 such that
D ez, d1j)(bujse) + > (e2, doy)(daj, €2) = A(K*eg, Kep)
j€o jET°

holds. Thus, ¢ and ¥ are not K-woven.
Theorem 3.17 Let K € L(H) and {{fi;}32, : i € I'} be K-woven for H. If T € L(H)

with closed range such that R(T'K) is orthogonally complemented and K,T commutes
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with each other. Then {{T'f;;}32, : i € I} is a K-woven frame for R(T).
Proof. Since T has closed range then 7' has Moore-Penrose inverse operator T such

that 77T = T and T'TT' = T1. So TT"|gery = Iy and (TTT)* = I* =1 = TT". For
every f € R(T), we have

(K, K f) = ((TTH K 1, (T K f)
= (T™T*K*f, T"T*K* f)
<@ TR f T K )
This implies that
(T | 2K f K7 f) < (T K" f, T°K* f). (13)
As R(T*K*) C R(K*T*), by using Theorem B, there exists some A" > 0 such that
(T*K*f, T*K*f) < N (K*T* f, K*T* f). (14)

Since {{fi;}32, : i € I} is K-woven with universal bound A and B, we have

SN LT FNTFij £) =Y AT f, fi) (£, T* f)

icl jEo; i€l jeo;
> A(K*T* f, K*T* f)

> A TR (using (@)

>

> ST IR L) (using (T3))

On the other hand by Lemma B2, {{Tf;;}72, : i € I'} is a woven Bessel sequence. Hence,
{Tfij}52, 2 i € It is a K-woven frame for R(T'). [ |

We need the following Theorem to prove our next result.

Theorem 3.18 [Z1] Let E be a Hilbert module, A, By, By € L(E) and R(B;) + R(Bz2)
is closed. The following statements are equivalent.

(1) R(A) C R(B1) + R(B2);

(3) There exist X,Y € L(E) such that A = B1 X + BoY .

Theorem 3.19 Let {{fi;}32; : ¢ € I} and {{g;;}32, : @ € I} be two K-woven frame
for H. Let L1 and L2 be defined as Ll,LQZ l2(./4) — 7‘[, Lleij = fij and Lgeij = Gij and
R(K) C R(Ly), R(K) C R(L2), where {ei;}jeo, icr is the canonical orthonormal basis
for I2(A) and {o;}ics be any partition of N. If L L} and LyL} are positive operators and
R(L1) + R(L2) is closed, then {{fi; + g;}32, : i € I} is a K-woven for H.

Proof. By the hypothesis we have Lleij = fij, Lgeij = Gij, R(K) - R(Ll) and R(K) -
R(Ls).So R(K) C R(L1)+R(L2), and by Theorem BTR, we have K K* < A(L1Lj{+L2L3)
for some A\ > 0.
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Now, let {o;}ier be any partition of N.

SO fii 4 9i)Fig + 9 ) = Y Y (fs Luesj + Loeij )(Lues; + Loeyj, f)

i€l jeo; i€l jeo;

= Z Z <f, (L1 + Lz)eij><(L1 + L2)@ij7f>

i€l jeo;

=3 > (L1 + La)* f,ei5){eij, (L1 + Lo)* f)
i€l jeo;

= (L1 + L) f, (L1 + L2)* f)

= ((L1+ L) (L1 + La)* f, f)

= (L1 + La)(Ly + L3) [, f)

= ((L1L} + L1 L5 + LoL} + LoL3) f, f )

> (L1L} + LoL f, f)

(since L1L5 and LoL] are positive operators)

1 *
1

For the upper bound, let {{fi;}32; : 7 € I} and {{gi;}32; : i € I} be two woven Bessel
sequence with Bessel bound B; and Bs. Then it is easy to see that {{ fi; + gi; }]O‘;l ciel}
is a woven Bessel sequence with bound By + Bs. And hence, {{fij +gij}52;:1 € I} is a
K-woven for H. |

Theorem 3.20 For i € I, let F; = {flj};il be a K-frame for H with bounds A; and
B;. For any o C Nand a fix t € I, let PZ(f) =Y (f, fij)fij — > _(f: fij) foj for i # t. If

jE€o jE€o
P? is a positive linear operator, then the family of K-frames {F;}icr is K-woven.

Proof. Let {0;}icr be any partition of N. Then, for every f € H, afix t € I and j € o,
we have

S by Figs 1Y = (O Fiid g £)

Jj€oT; JjEo;

= (S U fid fis = PO )

JET;

< Z<f7 fis) fij» f)  (As P¢ is a positive linear operator )

JEo;

= (f Fig) (i ) (15)

JjEo;
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Now, using (IH), we have

AK* £ K5 ) <A, fig) (Figs £)

jeJ

=Y ) i )+ D A B i )+ D fid Fig )
jEo1L jE€o; JETm

<Y ) )+ Y i) Fign £ 4 D s Fng) (Fong £)
jEo1 jEo; JEOTm

i€l

which implies

AR f K0 ) <N i) (Fign £) <D Bilf )

i€l jeo; il
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