Journal of Linear and Topological Algebra
VOl. 13, No. 037 2024, 175- 183 Jnurnn;::’ll,inenr
DOR:

DOI: 10.71}83/JLTA.202].118790¢

Topological Algebra

Hyperbolic partial differential equations from the point of view of
shearlet transforms

R. Raisi Tousi®*, M. Aminkhah®
® Department of Pure Mathematics, Ferdowsi University of Mashhad
P. O. Box 1159-91775, Mashhad, Iran.

Received 1 August 2024; Revised 12 December 2024; Accepted 30 December 2024.

Communicated by Ghasem Soleimani Rad

Abstract. It is shown that a nonlinear partial differential equation with complex coefficients
can be obtained through continuous shearlet transforms. We introduce a shearlet for con-
structing a nonlinear partial differential equation with complex coefficients and show that
the initial value obtained from the continuous shearlet transform coincides with solutions of
this equation.
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1. Introduction and Preliminaries

Partial differential equations (PDE’s) with complex coefficients have been established
as a powerful tool in several areas of mathematics, from harmonic analysis to geometry,
physics, electromagnetic waves and quantum mechanical systems. In recent years, numer-
ical methods have been applied to solve a class of nonlinear PDE’s. Nonlinear PDE’s play
an important role in the study of many problems in large varieties of physical, chemical,
geometrical and biological phenomena [9].

Hyperbolic partial differential equations are widely applied in many fields of science
and engineering such as fluid dynamics and aerodynamics, the theory of elasticity, optics,
electromagnetic waves, direct and inverse scattering and the general theory of relativity
[T2]. One of the noteworthy topics in which hyperbolic partial differential equations are
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used, is the global optimal scheduling of unmanned aerial vehicle navigation channel.
Wave equations as a well-known type of hyperbolic partial differential equations have
been investigated by many authors, e.g. [1, 3], whereas in this paper, we present another
type of hyperbolic partial differential equations with its solutions.

One of the important issues in PDEs, which is used in image processing, is to find
an equation via its solution. In particular, an effective technique for processing irregular
signals and images is the smoothing them via convolution with a suitable filter. Most
practical devices for image analysis assume a preliminary step in the processing of the
pictures. This step consists in passing from the original picture to smoothed versions
via convolution, which still contain significant information. More obviously, we define a
"multiscale analysis” to be a family of transforms (7});>0 which, when applied to the
original picture f(z), yield a sequence of pictures u(t,z) = (Ti.f)(x). Tif is a semi-local
version of f where a neighborhood of ¢ around x has been scanned for determining the
value of T3 f (z). In accordance with the foregoing assumptions on a multiscale analysis T},
all sequences of pictures u(t,z) = (T, f)(z) are solutions of a partial differential equation
of second order %1; = F(D?u, Du,t) with u(0,z) = f(x).

In the past, the continuous wavelet transform was used for solving various PDE’s like
wave equations [R]. In recent times, several new representation systems, including the
complex wavelets [4], the ridgelets, the curvelets [7] and etclets [2, B], are proposed to
solve the PDE’s. These representation systems often give rise to numerical solutions of
PDE’s. Shearlets are almost new representation systems that are equipped with a rich
mathematical structure similar to wavelets. In fact, theory and algorithms of shearlets
can be carried over the continuous wavelet transform. The continuous shearlet transform
is based on special affine systems generated by one single function ¢ € L?(R?). Moreover,
compared with wavelets, the continuous shearlet transform has a coherent matrix struc-
ture for n-dimensions so that it is useful for solving the higher dimensional PDE’s [B, A].
In general, it is not easy to achieve initial values for the equation like (8) through ana-
lytical methods and they often are computed numerically. In [I1], Postnikov with the aid
of wavelets, obtained an initial value for the simpler kind of PDE which is well-studied.
Using a proper shearlet, we gain an initial value for more complicated PDE’s with com-
plex coefficients (e.g. equation (B)). Changing the function in the shearlet transform, we
obtain various initial values for the equation defined in (B), (see example EZT below).

The paper is organized as follows. In the rest of this section, we recall required notation
and definitions about shearlets and linear partial differential equation of order 2. In
Section 2, we present a new shearlet and attain a PDE via this shearlet. We represent
two examples to obtain various initial values of this PDE in Section 3, to illustrate our
approach.

We commence recalling some notation and definitions on shearlets. For 1) € L?(R"), we

take the shearlet family {1q 55(-) a0 DY Yas(-) = | det Aa\féw(Angs_l(- — b)), where

n—1 n _ a Og—l _ 1 ST
a€eR \ {0},8 eR ,b € R™ and Aa = 0,1 sgn(a)\a|(1/")fn—1]’ Ss = |:0n—1 I, :
Especially, let ¢ € L?(R?). Shearlets in 2-dimensions are given by

Vasipr () = a7 1A ST (- = (1)), (1)

a 0

- / 2 _
where a € RT,s € R, (¢,t') € R® and A, = [O\/a

}, Ss = [[1) i], and 1) is admissible in

the sense that fRZ %d&zd& < 0.
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The continuous shearlet transform is the mapping

f — SH¢f(CL, S, t? t/) = <7/)a,s,t,t’7 f> (2)

For more details about shearlets, see [5]. Furthermore, the general linear partial differ-
ential equation of order 2 in two independent variables has the form

0%u 0%u 0%u ou ou

A
where A, B,C, D, E, F and G may depend on x and y (but not u) [I0]. If a second-order
equation with independent variables x and y does not have the form of (B), it is nonlinear.
If G = 0, the equation is homogeneous; otherwise it is nonhomogeneous. The equation

(B) is

(i) elliptic if B? —4AC < 0,
(ii) hyperbolic if B? —4AC > 0,
(iii) parabolic if B? — 4AC = 0.

The hyperbolic partial differential equations are usually introduced by the equations
which have the coefficients A, C' £ 0 and B = 0, for example the wave equation. Here, we
consider an equation with A,C' = 0 and B # 0. It may be claimed that we have created
a different sample of the hyperbolic partial differential equations with its solution.

2. Main result: PDE’s based on shearlet transforms

To construct suitable shearlets, we introduce a continuous function ¢ € L?*(R?) which
is admissible. Consider

1 e*l.’ﬂl _ 6721.%1

V21 ' T

(see fig. M). Then according to (M), the shearlets will be given by

2
-z

. 2

€ )

Y(x, m2) =

wa,s,t,t'('xlax?) = a_%d)(A;lSs_l((xla'TQ) - (t7t/)))

_§¢((£B1 —t)—s(xza—t') x2 —t’)
= Qq 4
a T Va
a,% 671'(%) B e,gi(%) 7(z2_t/)2
= . S - e Va
/omi ((zl—t)—s(xg—t ))
’ (4)
(Li eii((m1—f«)—:(m2—t')) . 672i((m1—t)—:(m2—t’)) _(rnz—t/)g
= . - e Va
\2mi (x1 —t) — s(zg — )
ai e,i((mf’ﬂ)*:(mz*t')) 6—21((3”17”7:(’”27#)) 7(12\/—;’)2

= Vami | @mbH-s@—t)  (@m-bhH-s@-t) |°€

= 1(y1,y2) — ¥2(y1, y2),
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[W(x1, x2) |

X2

Real ((xq, x5)) Image((x1,x3))
Figure 1.
where y; = xla_t, Yo = sz_t, and
3 . 3 .
a” i e tyi—sy2) a”i e 2iyi—sy)
V1(y1,y2) = , e ™2 Pa(yr,y2) = , e e
2mi Y1 — SY2 21 Y1 — SY2

By the definition of continuous shearlet transforms (2) and (@), we have

SHy f(a,s,t,t) =/ flo1,22) 0 51,0 (71, 22)dT1dTo
R2

[ Faraz)(n(01,02) — dalon ) )
=Wy — W,
in which
:/ (z1, 22)01 (Y1, y2)dx1des, (6)
=/ (z1, 22)Y2(y1, y2)dr1das. (7)
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First, we consider s,t' = 0. Differentiating W with respect to t and a yields

owWs - 1
SadR L4 — Vdud
5 - f(w1,22)Y1(y1, y2) (a + e —t)> x1dxa,
oW — 1 (1 —t x2
aal = | f(z1,22)1(y1, yo) (4a + (;2) + a;) dxydxs,
0?°W, —= i 1 ir3  (v1—t) 73
= 42 dx1dzs.
Dida - f(@1,x2)1(y1, y2) <4a + da(zr — 1) T3 P (1 — 1) x1dx2
Then we have
Wy, 5 oW, i OW,  5i
9t0a 40 0 a da 12"
2 (8)
-1 5

g f 21, z2)v1 (y1, y2)( )dx1ds.

a(xy —t) * a?(z; —t)

Put f(x1,22) = fi(z1).f2(w2) for an arbitrary f1 € L?*(R), fo(z2) = 229 for x5 > 0.
Hence

_ 2
R S T — 2

R2 a(xy —t) * a?(ry — t))dﬂmd:qu

z(a:l—t) —1 oo o2
d 2r9e” o d
/f1 x1) NI (a(xl —t)) x1/0 zoe T2
—i(x1—t) 1 oo 22
e 2
d 2x3e” o d
/fl IL‘1 ﬁzm 71— <a2(x1—t)> iBl/O Iae Z2
z(a:l t) —1 p
(z a)dx
/fl v V2mi x1 —1 <a(:c1—t)>( Jdm

z(:pl t) 1 )
/f1 ) \/ﬂz p— <a2(x1 —t)) (a*)dzy = 0.

By the way, (B) is a hyperbolic partial differential equation with complex coefficients.
In the following example, we calculate two initial values for the equation (B).

Ezxzample 2.1 First of all, we consider the function f in (B) as

flx1,29) = e 2, xo 2 0,

in which a > 1 (see fig. B).
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|f (1, 22) |

Image(f (x1, x3))

Real(f(x{,x5))

Figure 2.

Using the Cauchy principal value sense, we have

f(x1, 22).91(y1, y2)da1das

Wl (ta a) =
R2

—1
1 ,ﬂ)dxlde
a

= [ flz1,z2)41(
R2

:clft) )
(9)

1 e_i( a z3
= —F— 3 / / f(l'l,l'Q).T.@_le'ld{EQ
2mias JR JR =

1 ozt
ai +o00 i € (=)
————dz

- (/ 23026_?61:132) P.V./ e
271-1 0 —00 T — t

5 .
= q4 \/g et

According to (8), we have the initial value of W7, as

(10)

3

5 .
W1 (to, ao) = aé 5 elto.
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We obtain the partial derivatives of Wy (¢, a) with respect to a and t, as follows

o _ aiy/Ziett oW _ §ai T it LZWI = §a Ziett (11)
B 2 da 4 V27 dadt 4\ 27

By substituting () in (B), we have

=

OPW, 5 oW, i OW; ﬁw

Otba  4a Ot a Oa 4a?
— 5% /Tielt _ 5 g% [Teit _ 15,5 /Tt T it
= 4“4\/;6 zxaa“\gle a4a4\f +4a2“4\/;€

=0.

Hence, (M) is one of the solutions of (8).

To find another initial value for (8), we put f in (B) as f(z1,z2)
x2 > 0, (see fig. B). Then

= Xjo1](71)-222 With

f(x1,x3)

Figure 3.

a;l—t

Wilta) = [ flar,z)abn (o, "2y
RQ

e i) 2
3 //f$1,$2 $1 IS _le‘ldiﬂg

2mia
(13)
e =3 1 o—i(*)
. / 2x26_ada;2/ 67dx1
27t Jo o T1—1
i t (1—1)
a1 1 — )i
= [1'(0, —) + I'(0, )],
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where I' is the gamma function. According to (I33), we have the initial value of W7, as

5

ag (0, 0% 4 r(o, L=l

Wa(to, ao) = 27i ap ap

)l (14)

Differentiating W in (I3) with respect to a,t, we obtain

owy ai e%_i_ei(lait)i
ot Vomi \ t 1—¢ )’

2wy 1 [5 . (ed N e~ et ee L a e
— = —az as | —— ,
Oaot oni | 4 t 1—t a? t a? 1—t

5 . it it . —(d-t)i —(1—t)i
O*W, as (zea ea e a e s ) (15)
o2 )

ot2 i ﬁ_?+a(1—t)+(1—t)2

93w, ai [/ 51 54 1
5 = ew ([ —SS+ =+
0alt V27 4¢ 4at a

By substituting (IH) in (B), we have

FPFW, 5 9PW, i 9*PW,  5i OW;

_ 2 _ I 16
9200 da 02 o oi0a 12 ot (16)

Hence, ([4) is one of the solutions of (B).

Remark 1 In the same way as in the above example, we obtain an equation for Wa in
(1), then choosing suitable fi(z), fo(z), we get

O3 Wy B Qa?WQ B 3‘62% N 5 i Wy
0t20a 4a Ot? a Otda  4a? Ot

—0. (17)

3. Conclusion

In this paper, we constructed a proper shearlet and its continuous shearlet transform
to obtain a solution of PDE’s like (IG). Meanwhile, Changing f in (B), one may obtain
various amounts for the right hand side of the equation (B), whereby some novel PDE’s
with their solutions can be acquired. One might also consider other shearlets, to develop
several higher dimensional PDE’s. Besides that, by derivation (B) with respect to the
four parameters t,t’, s, a, one can reach different PDE’s.
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