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Abstract. In this article we study Steffensen method to solve nonlinear matrix equation
X+ ATX 1A = Q, when A is a normal matrix. We establish some conditions that generate
a sequence of positive definite matrices which converges to solution of this equation.
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1. Introduction

The nonlinear matrix equation
X+ ATXx1A=Q, (1)

where @) is a positive definite matrix and A € R™ ™ has some applications in some
branches of applied mathematics, for example, in optimal control theory [4, 11,13, 14],
dynamic programming [12], statistics [7, 10], and network analysis [8,9, 15]. When @ is
positive definite matrix, then there exists Q_%, s.t. by multiplying on both side of (1) by
Qfé we have the simple form of this equation as follows

X+ATX 1A=1, (2)
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where [ is the unite matrix. There are some necessary and sufficient conditions for the
existence of the solution of this equation in [4,6]. When A is a normal matrix some
necessary and sufficient conditions, for existence the positive definite solution of the
matrix equation X + AT X~1A = I, also can be found in [4, 6]. In [4, 5] the iterative fixed
point method are used for solving the matrix equation (2). In this paper, we apply the

Steffensen method to solve the matrix equation (2) with initial solution X(go), when A is
a normal matrix.

In section 2 we prove some of the results of fixed point method that are needed in this
article.

Although when A is a normal matrix, the nonlinear matrix equation (2) was studied
in [6], but in section 3 we apply the Steffensen method to solve this equation, and obtain
some remarkable results for special cases of normal matrix A.

In section 4 we present some numerical examples with comparing the fixed point
iterative method.

2.  Some results of Fixed point method

Consider the nonlinear matrix equation (2). The following matrix sequence is a fixed
point iterative method with initial value Xy = I

o=t 3)
Xpp1=1—-ATX 1A, k=0,1,2,..

Lemma 2.1 ([4], Lemma 2) If the matrix equation (2) has positive definite solution X,
then X > AAT.

Lemma 2.2 ([4], Lemma 4) If the sequence (3) converges, then there exists a constant
a > 0 such that X > al, Vk € N.

Theorem 2.3 ([4], Theorem 5) The matrix sequence (3) is decreasing matrix sequence
ie. Xpp1 < X for k=0,1,2,....

Theorem 2.4 ([4], Theorem 5) The matrix sequence (3) has a positive definite solution
if and only if the matrix equation (2) has a solution.

Theorem 2.5 ([4], Theorem 11) If A is a normal matrix, then the nonlinear matrix
equation (2) has a solution if and only if p(A) < 5, where p(A) is the spectral radiuse of
A.

1
2

Lemma 2.6 If A and B are nonsingular matrices, then

a) AB"! = B~'A < AB = BA

b) A~!B=BA"l< AB=BA

¢) AB=BA= A2B~! = B~14?2

d) ABl=B1A= A2B~! = p~142
e) A2B = BA? = A2B~! = B~142,

Proof. Proof is trivial. [ ]

Definition 2.7 Let A and B be two positive definite matrices, and let A < B, then X
belongs to [A4, B] if A < X and X < B, i.e. the matrices X — A and B — X are positive
definite matrices.
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Definition 2.8 For matrix sequence {X}}7°, forward difference AXj}, is defined as fol-
lows:

AXy = Xpy1 — Xg, k=0,1,2,...,
and A’X}, is defined by
A'X;, = ATTHAXY), i=2,3,4, ...

Lemma 2.9 If A is a normal matrix, and X, be the produced sequence from iterative
fixed point method (3), then

AXs = XA, s=0,1,2,...
Proof. The proof is by induction on s. For s = 0, we have
AXy= Al = 1A = X)A.
If s =1, then
AXy = AT - ATX 1A) = AT - ATA) = A — AATA = (1 - ATA)A = X, A
Now assume that AXj = X, A, we have (AX;)~! = (X, A)~! hence X,;lA_1 = A_IX,;l7
AXpp1 = AT - ATX1A) = A— AATX A= A— ATAX A
Thus by lemma 2.6
AXpp = A-ATA2X V= A - ATX, A2 = (1 - ATX T A)A = X A

Lemma 2.10 If A is a normal matrix, and X, is the produced sequence from iterative
fixed point method (3), then

AT X, = X,AT. s=0,1,2,....

Proof. The proof is similar to the proof of Lemma 2.9. [ |

Lemma 2.11 If A is a normal matrix, and X is the produced sequence from iterative
fixed point method (3), then

X8X8+1 :Xs-i-lXS) S :071727""
Proof. The proof is by induction on s. If s = 0, then

XoX1=Xo(I - ATX;PA) =T - ATA = (I - ATX,;1A) X0 = X1 Xo.
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For s =1
X1 Xo = (I - ATX A1 - AT X1 A)
=T - ATX[' - ATX'A+ ATX P AAT XA,
and
XoX1 = (- ATXTA) T - AT X1 A)
=1 - ATX[' - ATX A+ ATX P AATX A,
To prove (4) and (5) it suffices to prove
ATXTAATX PA = ATX T AAT XA
Since A is a normal matrix, ATA = AAT and so, ATAAAT = AAT AT A, therefore
AAT — ATAAAT = AAT — AATAT A
= (I — ATA)AAT = AAT(I — ATA) X, AAT = AAT X,

= AATX[ = X[TAAT = Xt AATX ] = X AAT X!

= ATXTAATX P A = ATX [P AATX 1A,
and consequently XoX; = X1 Xg. Now assume that X;_1 X = X3 X1, we prove that
X3 Xpr1 = Xp41Xp. By Lemma 2.9 we have AX), = XA, multiplying it by A” on the
right, we have AX; AT = X, AAT. By Lemma 2.10 we have AATX;, = X, AAT if we
multiply it from left and right by X ! then X I LAAT = AATX & 1 Again we multiply
this latter equation from the right by X k_—ll to get

-1 Ty-—1 Ty—-1y—-1 Ty—1 -1 -1 Ty -1
X VAATX Y = AATX X = AATX L X = X AAT XL

Finally, by multiplying the last equations from the right by A and from the left by AT,
we have

ATX T AATX, L A= AT X AATX A,
Thus
T-ATX A - ATX LA+ ATX T AATX A
=1 -A"XTA-ATX LA+ ATX T AAT XA
= (I-ATXTA) (I - ATX 1 A) = (I - ATX 1 A) (1T - ATXTA)
= X1 Xk = XpXgq1-
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Lemma 2.12 If A is a normal matrix, and X is the produced sequence from iterative
fixed point method (3), then

X Xsypo = XgyoXs, s=0,1,2,....
Proof. The proof is by induction on s. If s = 0, then
XoXo = I1X9 = Xol = X2Xp.
for s=1
X1 X3 = (I - ATX;1A) 1 - AT XS A)
=T - ATX; - ATX'A+ ATX P AAT XA,
and

X3X1 = (I - ATX;1A) (1 - AT X, A)

(7)
=T - ATX; - ATX'A+ ATXTAAT XA,
To show (6) and (7) it is sufficent to prove AT X;1AATX 1A = ATX; 1 AAT XA
By Lemma 2.9 we have AXg = XgA = AXgAT = X AAT, now by Lemma 2.10,
AATXpAT = XoAAT, if we multiply it from right and left by X, 1 and by multiply-
ing its result from the right by X2_1, so by Lemmas 2.6, 2.9, 2.10 we have

X, tAATX, ! = Xt AAT X

therefore ATXo_lAATXglA = ATX2_1AATX0_1A, and consequently X1 X3 = X3X7.
Now assume that Xj_1 Xg11 = Xgyp1Xg—1, we prove that X Xpyo = Xgi0Xk.

By Lemma 2.9 we have AX;_; = Xj,_1 A, multiplying from the right by A7 we have

AX, 1 AT = X;,_1AAT | then by Lemma 2.10, AAT X} = X;_1AAT. We multiply this

equation from right and left by X k__ll to get X k__llAAT = AATX 19_—11 Multiplying from

the right by Xk_jl then by hypothesis of induction and Lemmas 2.6, 2.9, 2.10, we have

X LAATX L = X AATXC

k+1 = “k+1
= ATXLAATX A = ATXCL AT A

Therefore

I-ATX, M A-ATX LA+ ATX L AATX LA
Ty -1 Ty—-1 Ty -1 Ty—-1
=I-A"X, NA-ATX A+ ATX ] AATX LA
= (I-ATX N A) (I -ATXLA) = (1-ATX L A) (1T-ATXA)

k+1 k+1
= XpXpio = Xp 2 Xy
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Lemma 2.13 ([17]) If A and B are two symmetric positive definite of same order, and
AB = BA then (AB)> < 44B.

Theorem 2.14 ([16]) If A and B are two symmetric semi-positive definite of same order,
then AB > 0 if and only if AB = BA.

Theorem 2.15 If 0,4, is the greatest singular value of normal matrix A, and 0 <
Omaz < % and {X;}72, be the matrix sequence (2), then X > %I Vk € N.

Proof. We have 0 < 0ymaz = v/Amaz(ATA) < 1,50 0 < A(ATA) < 1 and consequently
AAT < %I, now by induction on k, we show that X > %I.
For k =0, we have Xg =1 > %I. Let Xi > %I, then
Xpp1=1—-ATX A= [T+ AT(X), — AAT) 1AL

Recall that for two invertible matrices A and B we have

(A+B)'=A""-AT' (B 4+ ATH)TATh
On the other hand ATA < %I = i[ +ATA L %I < X. Now we can write

X1 = [[+ AT (X, — AAT) 717

> T+ AT((iI + ATA — AAT)71 )t

= (I+4ATA) 1 > 21,

N

where the last inequality is obtained from I +4ATA < 21. [ |

Corollary 2.16 If A is a normal matrix, then the matrix sequence which obtained from
(2) is a decreasing positive definite sequence with lower bound %I . Therefore, if the
equation (2) has a solution, then this solution lies in interval the [$1,1].

3. Steffensen method

In this section we use the iterative Steffensen method for solving the nonlinear matrix
equation X + ATX 1A = I, where A is a normal matrix. The Steffensen method for
solving nonlinear equation is explained in [2]. Assume the sequence of fixed point iterative
for solving nonlinear matrix equation X + AT X 1A = I is as follows

Xo =1,
Xpp1=1—-ATX 1A, k=0,1,2,...

The A2-Aietken sequence is defined by

Xi = X5, — (AX)? (A%X) 7,
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where AXy = Xpp1 — X and A%2X;, = A(AX}). By applying the A2%-Aietken in fixed
point iterative method we obtain the Steffensen method:

xO =1
—1-4"(x7) 4
— 1 AT (X ’“>) (8)
(axd?)” (aexi)

2 —1
=X - (ka) - Xék)) (Xz(k) —2x M 4 Xé’”) . k=0,1,2,...

X(k+1) X(k

We begin this iterative method by initial approximation solution Xy = I. In this
section we show that the Steffensen method generates a decreasing sequence of positive
definite matrices. Consequently this sequence of positive definite matrices is convergent.

Remark 1 Recall that Xék) 18 positve definte for k = 1,2, ..., whenever AQX(()k) 1s positve
definite. We know that the matrix AXék) is Hermition, so by lemma (2.17) the matriz
(AX(gk))2 is a positive definite, furthermore by Lemma 2.14 it is necessary that the two
matrices (AQXék))*1 and (AX(SI‘C))2 have comutative property in ordinary product of two
matrices. It is clear that the comutative property holds, since it is sufficient that AX(gk)

and AQXO(k) have comutative property in ordinary product and this is true by Lemmas
2.9, 2.10, 2.11, 2.12 for example, for k = 0 we can write

0 0 0 0 0 0 0
(ax”) (a2x") = (317 = x) (x4 - 2x{” + x{)
= xOx _2xOx 0 4 xOx 0 _ x 0 x[ (9)
+2x$ 0 x0 — xOx 0.

By Lemmas 2.11 and 2.12 comutativity in product holds, thus

= xOx© _oxOx 0 4 xOx©@ _ xOx0 4 oxOx0 _ x0x

= (x4? —2x{” + x(") x{7 - (x{” - 2x (7 + x{) x{”

- (A2Xg°>) <AX(()O))

In orther to we can show for, k =1,2,....

Theorem 3.1 Let Xj is the sequence of positve definte matrix that converg to X.
Then the matrix sequence X = X}, — (Aa:k)Q (A2xk)71 faster than X}, coverge to X, if
X1 — X = (H +Ty) (Xy, — X) wher H is matrix with [|[H|| <1 and T}, is sequence of
matrices that kli_}m T, = 0.

o0
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Proof. Since B, = X;. — X, then

Xpt2 — 2Xpq1 + X = Epqo — 2Ep1 + B
= (H + Tjpt1) (Xpp1 — X) = 2(H + Tp) (Xy — X) + Ej,
=(H+Ty1)(H+Ty) (Ex) —2(H +Ty) Ey, + Ex,
=((H+Tk41)(H+Ty) —2(H+1Ty)) Ex + Eg,
= ((H +Tyy1) (H+Ty) = 2(H +Ty) + 1) B,
= (H?> + HTy + HTy + Ty Ty — 2H — 2T, + I) Ey,

( 24 H (Thor + Ti) — 2Tk) Ey
- <(H I+ Sk) Ey.
Where Sy = H (T41 + 1)) — 21, and klim S, = 0. On the other hand we have,
—00

Xp1 — Xk = Exqp1 — Bk
=(H+1Ty) E, — E,
=H+T,—1)Ey
=((H —I)+ Ty) E}.
Therefore for the matrix sequence X ks

X X =Xy — X = (H - T+ T B (- 17 4 5) )

We know that Ey = X — X and Ej is a nonsingular matrix and by Lemma 2.11, and
Lemma 2.12 we have,

Xy — X =By — (H-IT+T)EE; (H-1)2+5;) "

= (I —(H =T+ T)*((H—1)*+ 5;) ") Ex.
Consequently
(Xp — X)(Xp = X) 7' = (X = X) B
T = (H—T+T)*((H - 1)+ 8) ",

and

lim <Xk - X) (Xp—X)" = lim |I—(H—1+Tp)? ((H I+ Sk>_1] = 0.

k—o00 k—o0

Theorem 3.2 If A is a normal matrix and (ka))2 < Xék)Xék) for k =1,2,... we have
then the matrices Xi(k) that are produced by Steffensen method (8) is positive definite
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for k=0,1,2,...,and : = 0,1, 2.

Proof. We persent proof by induction on k. For k£ = 0 we have

xV=1>0

-1
X0 =1-a (x") A=1-aTA,
On the other hand

1

0<ATA§ZIé—iI§—ATA<O
3 T

:>Z[§I—A A<IT

= x>0

-1
For ¢ = 2, X2(0) =71 AT <X£O)) A. By Theorem 2.15 it is clear that %I < Xfo) <I
and so I < (X {0))*1 < 2I. By multiplying the above inequality by AT A we have

-1
ATA < AT (Xf])) A<24TA
r(y@) 4L
=0<A (X1 ) A< 2]
1 T xO) !
= SI<I-A4 <X1 ) A<,
ie. Xéo) > 0. In what follows we prove that X(gl) is also positive definite. By Steffensen

method we have

1 0 0 0\ 2 0 0 0 1
X = x0 - (x(7 - x7) (287 - 2x 0+ x7)

We show that AQX(SO) > (0, we have

0 0 0 0
A2x(0 = x{0 —ox® 4 x [

—1- AT <X1(O))_l A—2I 24T (Xé“))_1 A+T

= AT (21 - (X§°)>_1> A
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Then by Theorem 2.15 we have %I < Xl(o) <1,s02l > <X£O)> and hence

of — (X§0)>_1 >0
= AT (2[ - <Xfo))_1> A>0
= A2X" > 0.
Now we can write

ATA< %I = (ATA)? < 2ATA (10)

| =

—ATAE—%I: I—ATAEZI

(11)

Therefor by (10) and (11)

T 2\2 NT (7 AT 7L 42 lT T
(AA)+(A) (I AA) A§12AA<AA.

0<T—24TA+ (ATA)? <T—ATA— (A" (1 - ATA) " A2
— = AT [1+ AT (1- ATA) " 4] A

— [ AT |1+ (A7 (1 - ATA) A7) ] 4

—[-AT[1+(a'aT-1) | 4

=1-A"[1- A" A] A.
Thus

0< (I—ATA)? <T-AT(xV)"14

=0< (X{0)>2 < Xéo)
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0 (0) (0) (0)
=0< (x{") —2x{0 4 1< x{” —2x(V 41
2

= 0< (x(0-1) < a2

2
= 0< (ax{”) < ax?

2 —1

= (ax?)" (a2x) <1

2 —1
= 1- (ax) (a2x”) >0
= Xél) > 0.

Let X((]k) , ka) and Xék) be is positive definite matrices, we show that X(()kH) is a

positive definite matrix. By hypothesis we have (X{k))2 < X(()k)Xék) and by Lemma 2.13
the geometric mean of two matrices is less than or equal the arithmetic mean of the same

( (k)
matrices, therefore X{k) < % So AQX(gk) = X2(k) — 2X£k) +X(()k) > 0, on the other
hand we have (Xl(k))2 < Xék)XQ(k), therefor

k)

k k k k k k k k
() —2xgt XY + (o) < X xg - 2xgt x4 (xgh)?

k k k k k k k
= (x® — x)2 < x(xP —2x® 4 x By = xPa2x ).

We also have AQX(()k) > 0, so

(Axg”P ) < X
= xP - (axyaixPyt o
= x\F > 0.
m

: : (k) XP+xP
Theorem 3.3 If A is a normal matrix and X;" < =05~ for k = 1,2,... then
the matrix sequence produced by Steffensen method is a decroasing matrix sequence.i.e.

xFY < xP k=012, ..

Proof. We present proof by induction on k. For £ = 0, we have
0 1 0 0)\—
xp" = x5 = (axg”)arxg)
So, it suffices to show that AQX(SO) > 0.

A2x( = x{P —ox (M + x
=1 - AT(x") A —2r 4247 (X)) A+ 1
—24TA - AT(x{V)1A = AT(21 — x{V) ' 4,
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Now, by Theorem 3.3 we see that %I < X& < I, then 2T — X(()l) > 0 and so
AT@r - x")y"1A > 0.

Finnally AQX(SO) > 0. Since AX(SO) is Hermition matrix, then (AX(SO))Z is a postive
definte matrix and since AQXéO) and (AX(EO))2 have comutative property in product of

two matrices, thus the matrices (AQX(SO))*1 and (AXSO) )2 have this property and so the
product of these matrices is also postive definte, consequently

Xéﬂ) - Xél) >0= Xél) < Xéo),

m)

Now, assume that Xémﬂ) < Xé , we show
and

X(gm-I—l) _ Xém+2) _ (AXémH))Q(AQXémH))_y
By hypothesise we have Xl(mH) < w, SO AQXémH) is postive definte matrix
and (AX(()mH))2 and comutative property of product of XémH) and Xém+2) we have
x{™D — x ™) 5 0 then (12) holds. m

Remark 2 We show that when A is a normal matriz, the iterative sequence produced
by fixed point iterative method is placed in the interval [%I, I], and we will expect that by
applying the Steffensen method, the matriz sequence of this method is also placed in the
interval [%I,I]. Then we prove this property for a special case of A. Let A be a normal
matriz and A; denotes the i—th row of A, which satisfies

AAT =0 i<y, (13)

The set of all normal matrices which satisfy (13) is denoted by Q. If A € Q, then AT A
is the following diagonal matriz,

n n n

ATA = diag | 3 (a1)%. 3 (a2)* Y (anj)?

n
For i = 1,2,...,n, we have by 0 < ATA < i[ that 0 < Y (aij)2 < % and so Xfo) 18
j=1

a diagonal matrix. Also the matrices XQ(O) , Xo(l) and ... are diagonal matrices by (8).

The next Theorem shows that XZ.(k) belong to the interval [%I,I] for k =0,1,2,... and
1=0,1,2.

Theorem 3.4 If A € Q then the matrix sequence Xi(k) to the interval [%I,I} for k =
0,1,2,...and i = 0, 1,2.
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Proof. For k = 0 we have (a:éo))ii =1 for i=1,2,...,n, and

(xg()))., —l- g,
(43

n
where a; = 3 (ai;)*. Whereas 1 < a; < 1, then 3 < (xgo))ii < 1 and so Xl(o) € [31,1],
j=1

Also, <méo)>ii =1- (a:?”) and by (10) we have 3 < (xgo))ii < 1. Thus, 1 < —— : <2

and
<Y cog o<t ]
a; X X 4G4 >3
(.’EgO) )7,7, ("L’go) ) 2
A2
1 a;
= -<1- <1
2=
k43
1
- - < (;cg))) <1
2 (A2

Consequently, XQ(O) € [%I, I]. Now assume that for k£ > 1, the matrices Xék), ka), Xék)

belong to the interval [11, I]. We show that X(()kH)
We know that

is also belong to the interval 31, I].

(7)), -

@) —2(=7), + (=),

Then, since % < <x(()k)>“ <land 0 < a; < %, then we can find the maximum and
43

minimum value of (x[()kH))ii. If we consider (x(()kH))M as a function of two variable (l‘(()k))ii
and a;, then by a simple calculation we have (:n(()k+1))ii € [%, 1], so XékH) € [%I, I], and
similarly we can show that kaﬂ) and Xékﬂ) €31.1). [ |

4. Numerical example

Here, we present some examples and we will apply fixed point and Steffensen methods
for them, and compare the number of iterations for those methods. Note that we have
computed the numerical results by Maple software.

Example 4.1 Consider the matrix equation (2) with the normal matrix A = %Inxn.By
[6] the exact solution is X = 1I. We know that p(A) = 0.5, so the nonlinear matrix
equation (2) has a solution. Comparison among fixed point method(FPM) and Steffensen
method(SM) for n = 2,5,10,15,20 also iteration numbers(IN) and error(ERR) where
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ERR = || X} — X||2 and X is the exact solution of the nonlinear matrix equation (2),
with A = %[nm are showed in Table 1.

Numerical results for example 4.1

Method n=2 n=>5 n=10 n=15 n=20

FPM ERR: 0.01 0.01 0.01 0.01 0.01
IN: 51 51 51 51 51
ERR: 0.001 0.001 0.001 0.001  0.001
IN: 501 501 501 & 501 501
ERR: 0.0001 0.0001 0.0001 0.0001 0.0001
IN: 5000 5000 5000 5000 5000

SM
ERR: 0.01 0.01 0.01 0.01 0.01
IN: 5 5 5 5 5
ERR: 0.001 0.001 0.001 0.001  0.001
IN: 8 8 8 8 8
ERR: 0.0001 0.0001 0.0001 0.0001 0.0001
IN: 11 11 11 11 11

Example 4.2 Consider the matrix equation (2) with the normal matrix

0 0 ---005
0 --- 0050
S0 70
0050 ---0
050 ---0 0

nxn

We know that p(A) = 0.5, so the nonlinear matrix equation (2)has a solution. By the
ref. [6] the exact solution is X = %In. Comparison among fixed point method(FPM) and
Steffensen method(SM) for n = 2,5, 10, 15, 20 also iteration numbers(IN) and error(ERR)
where ERR = || X}, — X||, and X is the exact solution of the nonlinear matrix equation
(2), with A are showed in Table 2.

Numerical results for example 4.2

Method n=2 n=>5 n=10 n=15 n=20
FPM ERR: 0.01 0.01 0.01 0.01 0.01
IN: 51 51 51 51 51
ERR: 0.001 0.001  0.001 0.001  0.001
IN: 501 501 501 & 501 501
ERR: 0.0001 0.0001 0.0001 0.0001 0.0001
IN: 5000 5000 5000 5000 5000
SM
ERR: 0.01 0.01 0.01 0.01 0.01
IN: 5 5 5 5 5
ERR: 0.001 0.001 0.001 0.001  0.001
IN: 8 8 8 8 8
ERR: 0.0001 0.0001 0.0001 0.0001 0.0001

IN: 11 11 11 11 11
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Exzample 4.3 Consider the matrix equation (2) with the normal matrix

04 0 0 -0.25

0 033 =02 O

0 -02-033 O
—-0.25 0 0 -04

A=

We know that p(A) = 0.4717, so the nonlinear matrix equation (2)has a solution. By the
ref. [6] the exact solution is,

0.6658341 0 0 0
¥ — 0 0.8144782 0 0
0 0 0.8144782 0

0 0 0 0.6658341

The fixed point method needs 22 iterations to find the approximation solution with
accuracy 0.000001 and the Steffensen method needs 4 iterations. Applying these iterative
methods, yields

0.665834 0 0 0
Y- 0 0.814478 0 0
0 0 0.814478 0

0 0 0 0.665834

Exzample 4.4 Consider the matrix equation (2) with the normal matrix

025 0 0.1 O
0 020 O
0.1 0 0.1 0.2
0 0 02025

A=

We know that p(A) = 0.4108, so the nonlinear matrix equation (2)has a solution. By the
ref. [6] the exact solution is,

0.9178145 0 —0.0448002 —0.0303964
Y - 0 0.9582574 0 0

—0.0448002 0 0.9242223 —0.0896007

—0.0303964 0 —0.0896007 0.87222026

The fixed point method needs 11 iterations to find the approximation solution with
accuracy 0.000001 and the Steffensen method needs 3 iterations. Applying these iterative
methods, yields

0.917814 0 —0.044800 —0.030396
0 0.958257 0 0
—0.044800 0 0.924222 —0.089600
—0.030396 0 —0.089600 0.8722202

X =



246 A. Nazari et al. / J. Linear. Topological. Algebra. 03(04) (2014) 231-247.

Exzample 4.5 Consider the matrix equation (2) with the normal matrix

= (71)

We know that p(A) = 0.3194, so the nonlinear matrix equation (2)has a solution. By the
ref. [6] the exact solution is, X = 0.88464581. The fixed point method needs 9 iterations
to find the approximation solution with accuracy 0.000001 and the Steffensen method
needs 3 iterations. Applying these iterative methods, yields X = 0.8846451.

Exzample 4.6 Consider the matrix equation (2) with the normal matrix

0000¢%
000 20
A=100-200
02000
$0 000

We know that p(A) = 0.4286, so the nonlinear matrix equation (2)has a solution. By the
ref. [6] the exact solution is,

0.9582575 0 0 0 0
0 0.7575451 0 0 0
X = 0 0 0.8000005 0 0
0 0 0 0.7575451 0
0 0 0 0 0.9582575

The fixed point method needs 17 iterations to find the approximation solution with
accuracy 0.000001 and the Steffensen method needs 4 iterations. Applying these iterative
methods, yields

0.958257 0 0 0 0
0 0.757545 0 0 0
X = 0 0 0.800000 0 0
0 0 0 0.757545 0
0 0 0 0 0.958257
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