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Abstract. In this paper, we study first order linear fuzzy differential equations with fuzzy
coefficient and initial value. We use the generalized differentiability concept and apply the
exponent matrix to present the general form of their solutions. Finally, one example is given
to illustrate our results.
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1. Introduction

First order linear fuzzy differential equations are one of the simplest fuzzy differential
equations which may appear in many applications [13]. Strongly generalized differentia-
bility was introduced in [4] and studied in [3], and under this generalized differentiability
concept the solutions of the first order linear fuzzy differential equations in some especial
cases were presented (see [2]). In this paper, we consider first order linear fuzzy differen-
tial equations under generalized differentiability concept and apply the exponent matrix
to present the solutions of this problem, in fact our results extend the results in [13].

The structure of the paper is organized as follows:

In Section 2, some basic definitions which will be used later in the paper are provided.
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In Section 3, we consider the initial value problem

{y’(t) = aty(t) + b(t), t>0
y(0) = yo,

so that the coefficients a and initial value are fuzzy numbers, also inhomogeneous term
i.e., b(t) is fuzzy valued function and propose a method for obtaining the solution of the
above problem by applying exponent matrix and discuss the proposed method in detail.
Two examples are presented to illustrate the applicability of our results in Section 4, and
the conclusion is drawn in Section 5.

2. Preliminaries

In this paper let Rr be a set of all fuzzy numbers on R.

Definition 2.1 [1], An arbitrary fuzzy number in the parametric form is represented
by an ordered pair of functions (uj(«),uz(c)), 0 < a < 1, which satisfy the following
requirements:

(i) ui(e) is a bounded left-continuous non-decreasing function over (0, 1] and right
continuous at 0,

(ii) wa2(a) is a bounded left-continuous non-increasing function over (0,1] and right
continuous at 0,

(iii) u1(a) <uz2(a), 0 <a < 1.

N

The notation
[u]® = [u1 (), uz(a)],

denotes explicitly the a-level set of u. We refer to u;(a) and ug(a) as the lower and
upper branches of the parametric form , respectively. For u € Rg , we define the length
of u as

diam(u) = uz(a) — ui(a).

For u,v € Rp and A € R the sum u + v and the product Au are defined by [u + v]* =
[u]® 4 [u]®, [Au]* = Au]®, Va € [0,1] where [u]® + [u]* means the usual addition of two
intervals (subsets) of # and A\[u]* means the usual product between a scalar and a subset
of R. (see e.g.[6])

We say u is a positive fuzzy number if u;(a) >0, 0 < o < 1.

The metric structure is given by the Hausdorff distance

D:?RFX%F—>§R+U{O},

D(u,v) = sup aejo,1) max{|ui(a) — vi(@)]; [uz(a) — va(e)]}.

(Rp, D) is a complete metric space and the following properties are well known:(see
e.2.[6])
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(1) D(u+ w,v+w) = D(u,v) Vu,v,w € Rp,
(2) D(ku,kv) = |k|D(u,v) Vk € R,u,v € Rp,
(3) D(u+v,w+e) < D(u,w)+ D(v,e) Yu,v,w,e € Rp.

Definition 2.2 Consider x,y € E. If there exists z € F such that z = y + z, then z is
called the H-difference of x and y and it is denoted by = © y.

In this paper, the sign ”6&” always stands for H-difference and note that z©y # z+ (—y).
Also throughout of paper is assumed the Hukuhara difference and Hukuhara generalized
differentiability are existed. Let us recall the definition of strongly generalized differen-
tiability introduced in [3].

Definition 2.3 Let R be a set of all fuzzy numbers, we say that F'(z) is a fuzzy valued
function if F': I — Rp.

Definition 2.4 [3], Let F': I — Rp . For ty € I, we say F is differentiable at t¢ , if
there exists an element F'(tp) € R such that either

(i) For all h > 0 sufficiently close to 0, the H-differences F(to + h) © F(t), F(to) ©
F(to — h) exist and the limits (in the metric D )

F(to+h) © F(to)
h

F(to)(to — h)
h

limh_>0+ = limh_>0+ = Fl(t()),
(ii) For all A > 0 sufficiently close to 0, the H-differences F'(to) © F'(to + h), F'(to —
h) © F(tg) exist and the limits (in the metric D )

F(to) © F(to + h)
—h

F(ty — h) © F(to)
—h

limy, o+ = limp_o+ = F’(to).

Remark 1 In [3], the authors consider four cases for derivatives. Here we only consider
the two first cases of Definition (2.3) in [3]. In the other cases, the derivative is trivial
because it is reduced to a crisp element (for details see Theorem 7 in [3]).

Definition 2.5 Let F' : I — Rp. We say F is (1)-differentiable on I if F' be differen-
tiable in the sense (1) of Definition 2.4 and similarly F is (2)-differentiable on I if F' be
differentiable in the sense (2) of Definition 2.4.

Theorem 2.6 [5], Let F': [ — Rp and get [F(t, )] = [f(t, a), g(¢, )] for each o € [0, 1].

(i) If F is (1)-differentiable then f(t,a) and g(¢,«) are differentiable functions and

[F"(t, )] = [f'(t, @), /(£ ).
(ii) If F is (2)-differentiable then f(t,a) and g(¢,«) are differentiable functions and

[F'(t, )] = [g'(; @), f'(#; )]

Definition 2.7 Consider the exponent matrix

A_(a b)
e d)
e

The characteristic equation of tghe above matrix is

2% — trace(A)z + det(A) = 0.
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Now suppose that «, 3 are the roots of the characteristic equation. We introduce

ael — Be®
SHn = ———
0 OZ—B y
e® — b
S1 =
1 OZ—B7

then

and if A be a diagonal matrix then

0 eb

6,4(3 2) _ <€a 0). (2)

3. Solving fuzzy linear differential equations

Consider the first order linear fuzzy differential equation

y'(t) = aty(t) + b(t), t >0
{

y(0) = yo,

so that the coefficients a, and initial value yy are fuzzy numbers and b(t) is fuzzy valued
function.

Definition 3.1 Let y : I — Rp be a fuzzy function such that it be (1)-differentiable or
(2)-differentiable. If y and (1)-differentiability satisfy in the problem (3), we say that y
is a (1)-solution of that. Similarly if y and (2)-differentiability satisfy in the problem (3),
we say that y is a (2)-solution of that.

Since the coefficients are fuzzy numbers, we study those in the two cases. Notice that,
for sake of simplicity, we consider that y(¢) is a positive fuzzy number for all ¢ > 0.

3.1 Case one:a <0

It means that the support of the a is belong to (—oo, 0). Problem (3) by considering (1)-
differentiability, is transformed into the following ordinary differential equations (ODEs)
system

Y1 (t, ) = ar(@)tya(t, @) + b1 (¢, «),
Ya(t, ) = az(a)tyr(t, @) + ba(t, av),
y1(0) = yo1,
y2(0) = yo2
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or it can be written as

thus
Y'(t,a) = A(t, Q)Y (t,a) + B(t, a).

By the variation of constants formula for ODEs, we have
¢ t 3
Y(t,a)= eJo Alu,0)du [Yb + / b(s, a)e” I3 Alw,e)du g o :
0

therefore

( o f al(a)Udu)
Y(t,a) =e fot as(a)udu 0

0 - fg a1 (o) udu

X Yo+f§e(f5a2(a)udu 0 ) (bl(s’ai)ds

Using Definition (2.7) the characteristic equation of above matrix is

2= (@) (o)) =0

that the roots are

t2
x== al(a)ag(a)g.
If
2
a=+va(a)a(a) 3,
and

then we can calculate

2 o a@ N ORI

s a1() az(a %e ar(a) az(e) 5 4 a1 (o) QQ(O()%E a1(a) ag(e)iy
0 — 5
2\/a1(o¢) az(a) %

= cosh ( a1 (@) @(a)%)
:= cosh(M,),

163
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and
_ e\/mfz —e \/mé
o1 2\/a1 () az(e)
= W X Sll’lh( al(a) aﬂa)%)
— sinh(M;)
Since

so, we have

7#@) o sinh(My)
+
asz(a) .
WO sinh (M) 0
then the solution can be written as
<y1(t, a)) cosh (M) altzllx()a{iz(;) sinh (M)
y2(t, @) % sinh (M) cosh (M)

<y01 ) f(;: (bl (3’ a) COSh(Ms) - bQ(S, @)% Sinh(Ms)) ds
X +

a1(a) az(a)
fo —by (s, 0) =229 ginh(M,) + ba(s, ) cosh(M,) | ds
ai(a) az(a)

Yo2

therefore

y1(t, ) = cosh(M;) [ym + fg <b1(8,a) cosh(M,) — bg(s,oz)i‘zl()a) = sinh(Ms)) ds]
aj(«) az(«x
——22(0)  ginh(M,) |yos +f0 —by(s,0)——29_ ginh(M,) + by(s, @) cosh(M,) | ds|
a1 (o) az(a) ai(a) az(a)
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and
ya(t, ) = % sinh (M) [ym + fot <b1(s, a) cosh(My) — ba(s, a)% sinh(MS)> ds}

+ cosh(My) {yw + fot <b1 (s, a)% sinh(Mjy) + ba(s, @) cosh(Ms)> ds} .

Thus for a < 0, the (1)-solution of the problem (3) is

y(t) = cosh(M;) [yo + i (b(s) cosh(M,) © ——2s)a__ sinh(MS)) ds]

a1(a) azx(a)
(5)
sinh(My) [yo + fg (b(s)cosh(Ms) o b(s)asinh(MS)> ds} ’

a1 (o) az(a) ar(a) az(a)

Now, we show that the H-differences in the integral terms of the Eq. (5) exist. So, it
is sufficient to show that

diam][b(s) cosh(My)] > diam[all()if))zz(a) sinh(My)]

Always we have
cosh(z) > sinh(z) Va
and since a < 0 then, /a;(a)az(a) has positive value thus

cosh(M;) > a)sinh(Mt)

then, the H-difference exist.

Theorem 3.2 For a < 0 the (1)-solution of the problem (3) i.e., Eq. (5) is (1)- differen-
tiable.

Proof. It is dificult to show that

Jlim D (y(t + O‘})L SHIGL b(t)) —0.
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If cosh(My) := gi1(t), sinh(My) := ga(t), thus

pletha ) — (ay(a) £ yo(ta) + bt )

1 h 1
= au(th) {y01+ o (bl(s,cwgl(s) b (5, 0) 7= (s >> ds}
az(a) g2(t+h) t+h B az(a)
ot @ {y°2+f0 (bz(s’a)gl(s) b1(s0) 7o eam 928 )) ds}

#240 Ln +f ((ss)0n(6) = o) 22 ) s

as(a

___a(e) 920) t _
mwmwh{m+k@@®MQb“mwwmm”“>“}

as(a

—anfe) t 22 0) Lo+ (.9~ Ba(os) () ) s

1) {ama + i (1205, )0n(6) ~ u(5,0) 22 n(5)) s}~ )

_ [ 91tth) =1 (t) _ _tai(a)az(a)
= ( h Var(@) @(a)!}z(t)>

x {y + (bms,a)gl(s) ba(s, @) =rs g (s >> dS}

+m<th+h>{ - <b1(s,a)g1(5) — ba(s, ) \/%gg( )) ds}

(it () tmeino)

Laon (el 0)n(0) = ta(s,0) 22— n(s) ) s

as(a h as(a
+ \/al(i() 32(a) 92(7;:147.) { tt+ <b2(8’ Oé)gl(s) — b1(87 Oé)al(z()iz(a)_QQ(S)> dS} - bl (t, Oé)

_ ( ath)—g:1(t) _ _tai(a)az(a)
- < " Var (@) a2<a)92(t)> At )

(e () @) )

t+h aq (o)

1(s,0)g1 (s)ds I =y ba (.00 g2(s)ds
+91(t+h)M—gl(t+h) 1) 2

a2(a) L ba(s.0)91 (s)ds
+m92(t+h) A

az(a S =2l (s,0)g2(s)ds
— g (o )Y — by (t, )
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so that

Yor + /Ot <bl(3704)91(3) - b2(3704)am92(8)> ds := B1(t, ),
and

Yoz + /Ot <—b2(5aa)91(5) + bl(Saa)(mﬂ(s)) ds := [a(t, ).

Now, it is easy to check that

y1(t+h,a) —y1(t, @)

lim sup A

=04 oe0,1]

(@ (@)talt,0) + by <t,a>>] —0,

In as much as ¢}(t) = M'ga(t), gh(t) = M'gi(t) and g3(t) — g3(t) = 1 ,t > 0, the
following limits exist for every a € [0, 1]

t+h s,a)gi(s)ds
limy,_q, SN 4 oo (1), k=1,2,

limy o, [ gr(s)bi(s, )ag(a)ds = gi(Db(t, @)an(t)  k=1,2,

and they are uniformly in a € [0, 1]. Since b(t) is a continuous fuzzy valued function,
and hence fg b(s,a)gr(s)ds, is (1)-differentiable with derivative b(t, o)gg(t), k = 1,2.(see
[13]) B1(t, ) and Pa(t, ) are bounded (in the variable « for each ¢ fixed). Indeed, the
support of yg is bounded, and the endpoints of the support of b are continuous functions
on the compact interval [0,¢]and, thus, bounded. Also, g1 and go are bounded on the
compact interval [0,t].(see [13])

Analogously it can be proved that

lim sup Y1 (t + h7 Ol) — Y (t7 O[)

— tys(t by (t =0
Jim s ) (a1 (@)tgat, @) + by (1)) =0,

therefore

i VD) © (0

. . = aty(t) + b(t).

And similarly it can be showed that

i Y0 © y(t—h)
h—>0+

= aty(t) + b(t).

Hence, y(t) is (1)-differentiable and

PIECCIED

h—04

yaty(t) + b(t)) =0,

thus the proof is completed. [ |
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The ODEs system by considering (2) - differentiability is

or
(yi(t, oz)) <a2(a)t 0 ) <y1(t, a)) (bQ(t, a)) ©)
yh(t, @) 0 ai(a)t ya(t, a) by (t, )
Since, we get a diagonal matrix then by Eq. (2) and by Theorem 6 in [2], the (2)-solution
is
emaa(0)y 0 —ba(s, @)
Yoo [y ( >@
0 e—ar(a) —b1(s, )
c@Z ) (ym — [l —emaz(@) S;bg(s,a)ds)
0 em@% ) \ypy— [ —e0(@ Tp(s,a)ds
eo2(0) Ly v S emaz@ 5 bg(s,a)ds})

t2 t s2
ea1(a) 7{2/02 + fo e—ai(a) 5 bl(s,a)ds}

N

er2(0) T
Y(t,a) = ,

0 enl

Now we prove that

yl(t¢ a) — U (t + hv Oé)
—h

)

— (ag(a)t y1(t, @) + ba(t, @))

and similarly

yQ(t¢ Oé) — Y2 (t + hv Oé)
—h

— (a1 ()t yao(t, ) + b1 (t, @)

I

tend to 0 as h — 0" and then the H- differences y(t, ) Oy (t+h, a) and y(t—h, a)Sy(t, o)
exist and thus

]g&D(Mu®€?§+haXmmw+Mw>:0
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Therefore

nlb) () gy (a)tys (¢, @) + ba(t, @) = €202 {ym + fy e Thy(s, Oé)ds}

_paz(a) (tth)?

t—— {3/01 + fJ+h ea2(0) “5 (s, oz)ds}

—ag(a)t {e‘”(o‘)% {ym + fot e‘“z(o‘)gbg(s,a)ds” —ba(t, @)

ag(a) 2 az(a)i(t_*—h)2 2 t o2
= <e Toert T ag(a)te®(@) 2) {ym + Joer =% 52(570)d5}

ag(a) % t+h (s+h)2
+6T L 6_02(04) 2 b2(57a)d$_b2(t,a).

The limit of the above equation is equal to 0, because

£2 (t+h)? 2N/
. ea2(a)7_6ﬂ2(0‘) 2 _ ao ()=
limy, o+ ( —n = (e®2(0)3

- (CLQ(Oé)%)/e‘”(“)%

t2
= ay(a)te®( @7

then the first term is equal to 0, and by applying part 3 in page 9 of [13], we will have

t4h —an(a)Em)?
I J,i e 2 by(s,a)ds
1INy _s0+ A

= =@ (1 )

thus,

(t+h)2

e 25yt a) — ba(t,a) =0

2
ea2(o‘)(t+Th)

3.2 Case 2:a >0

It means that the support of the a is belong to [0, 00) . The corresponding ODEs system
of problem (3) by (1)-differentiability, is
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as like the previous section and by Theorem 6 in [2], the (1)-solution can be obtained

as follows:
ear(@) % 0 . efa1(a)§ 0 b1(s, )
Y(t,a) = , Yoe [, , ds
0 e £ 0 e ) \biGsa
e @y yor + [L e~ (®) T by (s, 0)ds

az(a) t_ —as(a) £

0 e 2 Yoz + [, —e€ 2 bo(s, )ds
o1 () %{ym I fJ e—a1(a) 5 bi(s, a)ds}

ea2(a) é{yOQ + fot e—az(@) ; bg(s,a)ds}

Now if we consider problem (3) with (2) -differentiability, thecorresponding ODEs
system is
)

t, )

t,

Q

y as(Q)tys(t, @) + ba(t, &),
ay (a)tys (¢, @) + by (¢, &),

O) = Yo1,

/
1
/
Y2

(
(
Y (
y2(0) = yo2,

Computing the (2)-solution by using Theorem 6 in [2] is simple.

4. Examples
Example 4.1 A first order fuzzy differential equation with negative coefficient is con-
sidered as follows:
y'(t) = (=3, -1 — o)ty
{ (7)
y(0) = (=1.5 + 0.5, —2.5 — 0.50.), t>0

The solution is
t2

y(t) = ((—1.5 +0.50)eC10F | (—2.5 - O.50¢>e(—3+o¢)?) .

It is clear that y(t) is the (2)-solution of Eq. (7).

Concluding remarks

The authors, as a new look, solved a full - fuzzy differential equations system actually,
and by generalized differentiability concept and apply the exponent matrix could obtain
(1)-differentiability and (2)-differentiability solutions.

References

[1] T. Allahviranloo, A method for solving nth order fuzzy linear differential equations, International Journal of
Computer Mathematics 89 (4) (2009), pp. 730-742.

[2] B. Bede, I.J. Rudas, and A.L. Bencsik, First order linear fuzzy differential equations under generalized
differentiability, Information Science 177 (2007), pp. 1648-1662.



(3]
(4]

L. Jamshidi et al. / J. Linear. Topological. Algebra. 03(03) (2014) 159-171. 171

B. Bede and S.G. Gal, Generalizations of the differentiability of fuzzy number value functions with applications
to fuzzy differential equations, Fuzzy Sets and Systems 151 (2005), pp. 581-599.

B. Bede and S.G. Gal, Almost periodic fuzzy-number - valued functions,Fuzzy Sets and Systems 147 (2004),
pp. 385-403.

Y. Chalco-Cano and H. Romn-Flores, On new solutions of fuzzy differential equations, Chaos, Solitons and
Fractals 38 (2008) , pp.112-119.

P. Diamond and P. Kloeden, Metric Spaces of Fuzzy Sets, World Scientific, Singapore, 1994.

D. Dubois and H. Prade, Towards fuzzy differential calculus: Part 3, differentiation, Fuzzy Sets and Systems
8 (1982), pp. 225-233.

R. Goetschel and W. Voxman, Elementary fuzzy calculus, Fuzzy Sets and Systems, 18 (1986), pp. 31-43.

S. G. Gal, Approximation theory in fuzzy setting, in: G.A. Anastassiou (Ed.), Handbook of Analytic-
Computational Methods in Applied Mathematics, Chapman Hall CRC Press, 2000, pp. 617-666.

O. He and W. Yi, On fuzzy differential equations, Fuzzy Sets and Systems 24 (1989), pp. 321-325.
0O.Kaleva, fuzzy differential equations, Fuzzy Sets and Systems 24(1987),pp. 301-317.

0.Kaleva, The Cauchy problem for fuzzy differential equations, Fuzzy Sets and Systems 35(1990), pp. 389-396.
A. Khastan, J.J. Nieto and R. R. Lopez, Variation of constant formula for first order fuzzy differential
equations, Fuzzy Sets and Systems.

A. Khastan, F. Bahrami and K. Ivaz, New results on multiple solutions for Nth-order fuzzy differential
equations under generalized differentiability, Boundary Value Problems (2009) 13p, Article ID 395714.
P.Kloeden, Remark on peano-like theorems for fuzzy differential equations, Fuzzy Sets and Systems
44(1991),pp. 161-164.

W. Menda, Linear fuzzy differential equation system on ,Journal of Fuzzy Systems Mathematics 2 (1 )
(1988),pp. 51-56,in Chinese.

M. Puri, D. Ralescu, Differentials of fuzzy functions, Journal of Mathematical Analysis and Applications 91
(1983) 552-558.

S.Seikkala, On the fuzzy initial value problem, Fuzzy Sets and Systems 24(1987),pp. 319-330.

C. Wu and Z. Gong, On Henstock integral of fuzzy-number-valued functions I, Fuzzy Sets and Systems,
120(2001),pp. 523-532.

L. Zadeh, Toward a generalized theory of uncertainty (GTU)-an outline, , Information Sciences 172 (2005),pp.
1-40.



