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Abstract. In This paper, we give a necessary condition for function in L? with its dual to
generate a dual shearlet tight frame with respect to admissibility.
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1. Introduction

We begin by recalling some notations and denitions[1, 2, 4]. For j, k € Z, let

o aoj 0 o 1k
Aaé_[oaoé] ’ Sk_[()l]

where Aaﬁ and Sy are called parabolic scaling matrices and shearing matriz, respectively.
For ¢ € L?(R?), a discrete shearlet system associated with 1 is defined by

{$jhm = ag " Y(SkAys - —m) : j,k € Z,m € 2%}, (1)
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with ag > 0.
The discrete shearlet transform of f € L?(R?) is the mapping defined by

f = SHiﬁf(]? kam)7
where
SHlbf(.]ak?m) = <f7 ¢j7k,m>7 (37k7m) ELXLx Z2-

If ¢ € L?(R?) satisfies

[ P o
_/Rz |€1]2 4 < 0o, @)

it is called an admissible shearlet.
Throughout this paper, we assume that H is a measurable subset of R? such that

x#(®) = xs7,4,,1(x) ae and [H\H’[=0,

where H° denotes the interior of H, H \ H° := {x € R? : z € H and x ¢ H°}, and
|H \ H°| denotes the Lebesgue measure of H \ H°. We consider the subspace L?(H)" of
L?(R?) defined as

L*(H)Y ={f: f € L*(R?) : suppf C H}.
Also, we will use the notation of the cube
Ou(v) == {w e R?*: |w; —v;| < a,i = 1,2}, (3)

with radius a and center at v = (v1,v2), where w = (wq, wa).

To define a dual shearlet tight frame (DSTF) in L?(H)V, we need to recall a shearlet
frame in L2(H)V.

A discrete shearlet system {1 i m };km as defined in (1) is called a shearlet frame for
L?(H)V, if there exist constants 0 < A < B < oo such that for all f € L?(H)V,

AIFIP <Y > (i) > < BIFI?,  f € LA(H)Y (4)

§,k€EZ meZ?

A discrete shearlet system {t; . }jxm forms a Bessel sequence for L?(H)Y, if only
the right hand side inequality in (4) holds. B

We say that ) with ) generates a DSTF in L2(H) if ¢ and 1) are a Bessel sequences
and for some non-zero constant B,

B(f.9) =Y > (f-tjkm)Wjkm ), frg€L*H). (5)

§,k€EZ meZ2
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2. Main results

In this section, we discuss a necessary condition for ¢ with 1& in L?(H)Y to generate a
DSTF via admissibility.

Proposition 2.1 If {4, k. };km forms a Bessel sequence with Bessel bound B, then

> (ST A€ < B (6)

k€T

and v is admissible shearlet.

Proof. First, we observe, using (4), that

oD W diem)? < BISIP, (7)

4, k€L mEeTZ?

for all f € L2(H)" and for any j, k € Z, we have

ST djrm)? =257 |/ F(Aos ST (w+27l) ) (w+ 27l )™M W a2 (8)

mez? mezz V1027 1 c72

:Q;j/ 1> F( A SE (w + 270) i (w + 270) 2dw,
R

? leze

where the last equality in (8) is obtained by the Parseval equality.
Then by (7) and (8), we have

D / | (A ST (1 + 2r0))d(w + 2n1) P < B fI% ()

J,ke€Z lez?

for all f € L?(H)V, consider v € R? and the function

7(6) = 5-xe.00(©) (10)

where € > 0, xo denotes the characteristic function of a set © and ©.(v) is defined by

(3)-

For any positive integer N and all sufficiently small € > 0, in (9) we obtain

DI / b (w) [2dw < B

kEZ |j|<N ,- 35, (555As—50)

Hence, by taking ¢ — 0 and N — oo, (6) follows. [ |

By using proposition 2.1, we obtain the following result which gives a necessary con-
dition for ¢ with ¢ to generate a DSTF.
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Theorem 2.2 Let ¢ with ¢ in L?(H)Y generate a DSTF in L?(H)Y with bound B,
then we have

Z STy Ag-i &) (STkA2 i§) = Bxu(§) ae. (11)

7,k€Z

In particular, 1 is admissible.

Proof. Let Hy := H°\ {0}. From the assumption |H \ H°| = 0, to prove (11) it suffices
to prove that

S (ST Ay (ST Ay 6 = B ae. £ € H, (12)

J,kEZ

By the Parseval equality and the polarization identity, setting 7" := [0, 27)?, we have the
equality

o > (o bim) (i, 9)

7,kEZ MEZ?

= 2 [ [P Gl SEdn, fge PE), (13)

7,kEZ

where the bracket product is defined as

[f9(n) = > F(n+ 2mm)g(n + 2mm).
mezZ?

by definition, 1) with ¢ satisfies Equation (5). By (13), we can rewrite (5) as

Bl = 2 Y [ ST 0 oA ST mdn, g € (). (14
J,kEZ
For any fixed k € Z, we consider

. 2J
M = Ag; = |: O']

022

Now, let f(C) =4g(¢) = mx&(&m)(g%

where for [ € Z and v; € Z?, we define

Dy(&,y) == {M'[SE(x +2nvy)] : z €T}, €€ H,.
Since £ # 0 and { € H°, we can choose l¢ < 0 such that
MIDy(&m) N Dy(&m) =0, Vi<0, 1<l jlel (15)

For a detailed proof of (15), the reader is referred to [3].
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It is obvious that f,g € L?(H)V. Hence (14) yields

= B(f.§)

~

= ez [Linicty 2 JplF (A2 ST, A1), §(Azs ST (m)dn (16)

i 275 [ (A ST), ) (), §(An ST (m)eln|

with the integer Iy < 0 depending only on N. Since f(C) =4(C) = XDy (e ()5

1
[Di (€l
then for any j > [ — [y, we obtain

(A2 ST, 410 [, 4(A0s ST )] (n) = [0 Xpueon(Ap ST, (17)

|Dy(&, )|

Hence, By (15) and (17), in (16) we have
B =lim;;c m sz(ﬁm) > kez ngzN_l P(Azs S,fn)iﬁ(Azj S;fn)dn

=D kez Z]ez 1/1(1429 k 77)1/:1(1421 Si 77)

then the result follows. ]
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