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Abstract. In this paper we introduce the concept of topological number for locally convex
topological spaces and prove some of its properties. It gives some criterions to study locally
convex topological spaces in a discrete approach.
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1. Introduction

In functional analysis, the notion of a topological vector space plays a central role. A lot
of deep and interesting results are only valid for certain subclasses of topological vector
spaces. Certainly, one of the most important better-behaved types of topological vector
spaces are the locally convex ones. Locally convex spaces are encountered repeatedly
when discussing weak topologies on a Banach space, sets of operators on Hilbert spaces or
the theory of distributions [2, 5, 6]. On the other hand, it is well-known that a topological
vector space X is locally convex if and only if it can be generated by a collection of semi-
norms, in the sense that, there exists a family P of continuous semi-norms on X such
that

{{zeX: p(x)<e}: peP, e>0}
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is a base for the neighborhood system of 0. A typical semi-norm is generated by a convex,
balanced and absorbing subset of X. In other words, if C C X is a convex, balanced and
absorbing set then the map pc : X — RY defined by po(z) :=inf{t : t > 0,z € tC} is a
semi-norm on X which is called the Minkowski functional. The map p¢, as a semi-norm,
induces a topology on X which is denoted by 7¢. If C = B(0,1) = {z € X :|| =z ||< 1}
then 7¢ coincides with norm topology on X. One can see [3] for more information about
locally convex spaces.

In this paper, we first present some elementary properties of 7¢; then we study
Tc by assigning a cardinal number N = N(7¢) to this topology which is called
topological number. This cardinal number has some beautiful properties and, some how,
measures that how far is the topology 7¢ from the norm topology.

Finally, we will extend this idea for locally convex topologies, generated by a family
of continuous semi-norms.

In the remaining of the paper, a C.B.A set means a convex, balanced and absorbing
set.

2. Some elementary properties of ¢

Let X = R? and C := R x [-1,1] and =, := ((—1)",0), then clearly pc(z,) — 0 and
so z, — (0,0) in 7¢, but {z,} does not converge in norm, so 7 # 7). Therefore, the
first question which naturally arise is, ”when does 7¢ coincides with the norm topology
7. on X7 At first we try to answer this question. It is easily seen that if A C B then
78 C 74. We have the following theorem as well.

Theorem 2.1 74 C 75 if and only if p4 : (X,75) — RT is continuous.

Proof. Let 74 C 75 and z, — x in 75, then x,, — x in 74 and so we have p4(z,—x) — 0.
But |pa(zn)—pa(x)| < pa(zn—x), therefore pa(x,) — pa(x) andsopa: (X,75) —
RT is continuous.

Now let p4 : (X,75) — R* be continuous and x,, — x in 75, then x, — 2 — 0 in 75
which implies pa(z, —x) — 0, s0 x,, — x in 74 and 74 C 75. [ |

Corollary 2.2 74 = 7 if and only if ps : (X,753) = RT and pp : (X,74) — RT are
continuous.

Let C be a C.B.A subset of X and define the relation ~¢ on X as follows:

"r~oy S po(r—y) =00

Then ” ~¢ 7 is clearly an equivalence relation on X. For zg € X, the equivalence class
of x( is denoted by [x]~.

Ezample 2.3 Let X = R? and C = R x [—1,1], then [0]. = {(x,y) : y = 0} which is
the x-axes.

Lemma 2.4 Let C be a C.B.A subset of X and zg € X. If 21,29 € [x¢]~ then the line
passing through z; and z9 is completely contained in [z]~.

Proof. Let x1, 2 € [xo]~, then po(z1 — x0) = po(x2 — x0) = 0. Now for each t € R put
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x¢ = (1 — t)xy + txg, then

po(ze — x0) = po((1 —t)z1 + tag — (1 — t)zo — txp)
= pc((1 —t)(21 — 20) + t(z2 — 20))
<|1=t|pc(z1 —zo) + |t|pc (22 — 20)
=0.

Therefore x; € [zg]~, and this completes the proof. [ |

Lemma 2.5 Let C be a C.B.A subset of X. If C is unbounded then there exists zg € X
such that z¢ # 0 and pc(xg) = 0.

Proof. Since C' is an unbounded and C.B.A subset of X, then there is a line passing
through the origin such that . C C. Then clearly, (1/A\)L =L C C and so L C AC for
all A > 0. So, pc(x) =0 for all z € L. [ |

Corollary 2.6 If C is an unbounded subset of X, then 7o is not Hausdorff and conse-
quently 7o # 7). |-

Theorem 2.7 If A is a bounded and C.B.A subset of X and 0 € Int(A), then 74 = 7.

Proof. Since A is bounded then A C B(0, M), for some M > 0, therefore 7p(r) =
7B(0,1) = T|.| € Ta. On the other hand, since 0 € Int(A), there exists ¢ > 0 such that
B(0,e) € Aso T4 C T(0,) = TB(0,1) = T|.||> and it completes the proof. [ ]

Theorem 2.8 Let X be a normed space and dimX = n < oco. Then a convex and
balanced set C' C X is absorbing if and only if 0 € Int(C).

Proof. If 0 € Int(C) then C is clearly absorbing. Now let C' be absorbing, B =
{e1,e2,...,en} be a basis for X and € > 0 be such that +ce; € C for j = 1,2,3,...,n.
Put V := co(*eey, ..., £cey,), then 0 € V and so 0 € Int(C). [ |

Corollary 2.9 If dim X < +oc and C is a C.B.A subset of X then 7¢ = 7 if and only
if C' is bounded.

The following example shows that Theorem 2.8 does not hold if dim X is not finite.

Example 2.10

Let X be a normed space with dim X = Ry and let B = {e,,}7°; be a normalized basis
for X (i.e., |len]| =1 forn =1,2,3,...).

Put C := co({£se, : n=1,2,3,...}), then

(a) 0 ¢ Int(C).

(b) C is absorbing.
To show (a), let € > 0 and choose n € N such that 3 < e, then
| &en |= 5= < €50 56, € B(0,¢); since 5-e, is a vertex of C then B(0,e)NC # &
and so 0 ¢ Int(C).

To show (b), let x € X and =z = Z?:l Ajej, then x = Z§:1 11jsgnA;.ose; for some
pj = 0. Let ¢ > 0 be such that 52?21 pi = Z;?:l epj = 1. Then we have ex =
2521 Eujsgn)\j.%ej € C. Since C is convex and balanced then ax € C for all a with
la] < €, so C is absorbing.
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3. Topological number for topologies induced by a C.B.A set

Definition 3.1 Let C be a C.B.A subset of X and 7o be the topology generated by
Pq. Define

N(7¢) := min{card(2) : & C C, co(A) is a C.B.A set and Too) = TC}-

N(1¢) is called the topological number of T¢.

Exzample 3.2 Let X = R? and C = B(0,1) and put 2 := {#i,45}. Then if D = co(A),
we will have 7p = 7¢ = 7. It is clear that card(2() is minimum among all of the sets
with the same property, so N(7¢) = 4. Similarly, for X = R? and C = B(0, 1), if we put
A = {:l:i, :|:j, ﬂ:/{} then Teo() = TC = T\ and N(Tc) = N(TH”) = 6.

The following theorem generalizes the previous example.

Theorem 3.3 If X is a normed space with dim X = n then N(7) ) = 2n.

Proof. Put C := B(0,1) and A := {*ey, *es,..., fe,} where B = {e1,e2,...,e,} is a
basis for X. If D = co() then 7p = 7¢ = 7| and card(2) = 2n, therefore N (7)) < 2n.
Let N(7y ) = 2k < 2n then there exists 2 := {£f1,+fa,..., = fx} such that co(4) is
a C.B.A set and 7.q) = 7)- Since k < n then we may find f # 0 such that f ¢
span({ f1, f2, ..., fx}), therefore Af ¢ span({ f1, fo, ..., f}) for all A > 0 and so \f ¢ co(2)
for all A > 0 which is a contradiction to the fact that co() is absorbing, so N (7)) = 2n.
u

Theorem 3.4 Let dim X = n and C be a C.B.A subset of X. Then 7¢ # 7 if and
only if N(m¢) = No.

Proof. Let N(7¢) > Ro. If 7¢ = 7| then N(7¢) = 2n < R, so 7¢ # 7)||- Now let
¢ # 7). and N(7¢) < +oo; then we may find % C C such that card(®) < +oo,
TC = Teo() and co(RA) is balanced and absorbing. Since card(2l) < +oo then co(2) is
bounded and 80 7.9y = 7| Which is a contradiction, thus N(7¢) > No. ]

Ezample 3.5 Let X = R? and C := Rx[—1,1]. Clearly, if C' = co(2l) then card(2) > R.
Of course here we may choose 2 such that card(2l) = Xy and so N(7¢) = No.

Theorem 3.6 Let dim X = a where « is an infinite cardinal number and ¢ = 7,
then N(7¢) = a.

Proof. Let 7c = 7 and let B = {e;}es be a normalized basis for X with card(J) = a.
Put A := {+e;}jcs and D := co(). We show that 7p = 7). It is clear that 0 € Int(D).
Moreover D is Bounded, Since if x € D = co(2l) then x = Z;”:l Ajfj where f; = *ey,,
Aj = 0and 77, A; = 1, therefore
m m m
el = 1D NAIE< D A= oN =1
1 j 1

J= J=1 J=

Consequently D C B(0,1) and so D is Bounded. Hence by Theorem 2.7 7p = 7| = 7¢,
S0 T¢ = Teo(a) and card(Rh) = a. Therefore N(7¢) < a.
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Now, let in contrast N(7¢) = f < «, then there exists A = {f;}ec¢ such that card(§) =
B and ¢ = Toe). Since B < a = dim X then we can find 0 # f € X such that
f ¢ span(2() so A\f ¢ span(2() D co(2A) for all A > 0 which is a contradiction to the fact
that co(2l) is absorbing; therefore N(7¢) = «. [ |

Corollary 3.7 If dim X = a, C'is a C.B.A subset of X and 7¢ = 7 then N(7¢) = 20

Lemma 3.8 Let C C X, D CY be C.B.A sets and A C C, B C D be such that co(A)
and co(B) are C.B.A sets. If 7¢ = 7,54y and Tp = ey then Toxp = Teo(axB)-

Proof. Since A x B C C x D then co(A x B) € C x D, therefore 7cxp C Teo(axB)-
Now, let (zn,yn) — (,y) in Toxp. Since

prD((xnyyn) - (‘T7y)) = lnf{t 20: t[(l‘n?yn) - (CL‘,y)] €C x D}
=inf{t >0: (t(x, — 2),t(y, —y)) € C x D}
=inf{t >0:t(zxy, —2) € C,t(y, —y) € D}
>inf{t >0:t(z, —x) € C}
>0
then
inf{t > 0:t(x, —2x) € C} = 0.
Similarly,
inf{t > 0:t(y, —y) € D} — 0.
Hence z,, — = in 7¢ and yp, — y in 7p. But 7¢ = 7.4(4) and 7p = 7¢o(B), 80 T — X In

Teo(A) a0d Yn — y in 7.5 p). Therefore, peoa)(zn — ) — 0 and peo(p)(yn —y) — 0 which
implies

inf{t > 0:t(x, —x) €co(A)} =0
and
inf{t > 0:t(y, —y) € co(B)} — 0.

So, for a given € > 0, there exists a natural number N such that inf{t > 0 : t(x,, — x) €
co(A)} < 5 and inf{t > 0:t(y, —y) € co(B)} < § for all n > N. Now, for such natural
number n > N, we may choose 0 < t1,t2 < € such that:

t1(xn, — ) € co(A),
and

ta(yn — y) € co(B).
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Put t := min{t;,t2}; then t < €, t(zy, — x) € co(A) and t(yn, — y) € co(B), because
co(A) and co(B) are balanced. Therefore

inf{t > 0: t(x, — x) € co(A),t(yn —y) € co(B)} < e,
hence
inf{t > 0: t[(xn,yn) — (x,y)] € co(A) X co(B)} < e.
S0 Peo(a)xeo(B) (Tns Yn) — (,y)) — 0 and therefore (zy,,yn) — (z,y) N Teo(a)xco(B)- Thus
Teo(AxB) = Teo(A)xco(B) S TCxD & Teo(AxB)-

Therefore T.,axB) = ToxD- [ ]

Theorem 3.9 Let C C X, D CY be C.B.A sets. Then
N(TCXD) = N(Tc) + N(TD).

Proof. Let N(r¢) = o and N(7p) = (. Then there exist A C C and B C D such
that A = {e;}ier, card(l') = a and 7¢ = 7Toa) and B = {fj}jen, card(A) = § and
D = Teo(p)- Put € := {(e;,0), (0, fj) }ier jea, then card(2) = o + 3. First we show that
TOxD = Teo()- Since each (e;,0) and (0, e;) belongs to C' x D, then co(2) € C x D and
therefore 7oxp C Teo()- On the other hand if we put A := {(e;, fj)}ier jea, then by
Lemma 3.8 7,a) = Toxp- But co(A) C 2co(f2), therefore T.,) = Taco) € Teo(a) =
Toxp- Hence Toxp C Teo(q)- It implies that N(1oxp) < o+ 3.

The prove of the equality is obvious if a, 8 < oo, so, without loss of generality, we
assume that 3 is an infinite cardinal number.

Casel: If « = 3, then a4+ 8 = a < N(7cxp) < a+ 8 and hence N(7cxp) = a+ S.

Case2: If « < B, then o+ 8 = 8 < N(7oxp) < a+ [ and this proves the equality. B

4. Linear topology and continuous semi-norms

If p is a semi-norm then we define C, and W, as follows:

C,={reX: plx)<1}
and

W,:={zxeX: p(x)=0}
It is clear that C), is a C.B.A set and W, is a linear subspace of X. Then we may define
the topological number for the topology induced by the semi-norm p to be the topological
number, corresponding to the C.B.A set C),. In other words N(7,) := N(7¢,). Now we

are going to generalize the concept of topological number for more general topologies.
To do this, we need the concept of linear topology.
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Definition 4.1 Let W be a linear subspace of X. A sequence {z,, },,>1 is said to tend to
an element z in the linear topology corresponding to W if and only if dist(z, —z, W) —
0. The topology corresponding to the previous definition is called the linear topology
corresponding to the linear space W and is denoted by 7y .

The following theorem shows that any topology induced by a continuous semi-norm is
indeed a linear topology.

Theorem 4.2 Let p be a continuous semi-norm and W, := p~1({0}). Then the topology
induced by p is equivalent to the linear topology corresponding to W,.

Proof. Let {z,},>1 be a sequence in X such that z,, = 0 in W,, then dist(z,, W,) — 0
or inf{||z, —wl|| : we W,} — 0. So we may choose a sequence {w, },>1 in W, such that
|xn — wy|| — 0. Since p is continuous and p(z,) = p(x,) — p(wy,) < p(x, — wy,) then
p(xp) — 0 and so x,, — 0 in 7,. To prove the converse, let p(x,) — 0, then

inf{t: ¢t >0 and z, € tC,} — 0.

Choose a sequence {t,},>1 of positive numbers such that ¢, \, 0 and z, € t,C, for
n € N. It is easily seen that W, = 2, t,C,. So dist(xy, W,) — 0, thus z,, — 0 in W,
which gives the result. [ |

Note: If p is not continuous then the previous theorem may fail. To see this, let X
be a normed space with dim X = Ny and B = {e,},>1 be a basis for X. Put C :=
co({£ge, : n € N}), then C is a C.B.A set and 0 ¢ Int(C). Let {,,},>1 be a sequence
of positive numbers such that ¢, \, 0. Then for n € N, we may find z, € X such that
xn € B(0,e,) \ C, therefore x,, — 0 and po(zy,) > 1. Thus we have found a sequence
{Zn}n>1 in X such that dist(x,, Wp,) — 0 but pc(z,) does not tend to 0.

Corollary 4.3 Let X be an inner product space and p be a continuous semi-norm on
X and W, := p~1({0}). Then for any sequence {x,},>1 in X we have
p(xn) — 0 if and only if ||projy; .|| — 0.

Corollary 4.4 For any continuous semi-norm p, if {x,, },>1 is a sequence in X such that
T, — 2 in norm then x,, — x in 7,; in other words 7, C TI.||-

Lemma 4.5 ([3]) Let X be a Banach space and V, W be closed linear subspaces of X
such that V + W is closed. Then there exists a constant ¢ > 0 such that

dist(z, VN W) < e(dist(z, V) + dist(z, W))

for all z € X.

Corollary 4.6 Let dim X < co and W; , W be linear subspaces of X. If {z,,},>1 is a
sequence in X such that dist(x,, W1) — 0 and dist(z,,, Wa2) — 0 then dist(x,,, W1NW3) —
0.

Corollary 4.7 Let dimX < oo and W; (i = 1,2,...,k) be linear subspaces of X.
If {x,}n>1 is a sequence in X such that dist(z,,W;) — 0 (i = 1,2,...,k), then
dist(z,,, NE_, W;) — 0.

Let 2 := {p; }icsr be a family of semi-norms on X. The topology induced by the family
2 is denoted by Ty.
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Theorem 4.8 Let dim X < oo and 2 = {p;}ics be a family of semi-norms on X and
W,. := p;i 1({0}). If there exist a finite number of subspaces Wp. s-es Wy, ~such that
ﬂznﬂWpik = {0}, then my = .||+

Proof. Since dim X < oo then each p; is continuous and so 1y C TI.||- Now, let x,, — 0
in 7o, then p;(x,) — 0 for i € I, therefore dist(xy, W,,) — 0 for i € I. Then by the
previous corollary dist(zy,, "L W), ) — 0 and so dist(x,,0) — 0 or |lz,|| — 0. Thus

i

zp — 0 in norm and hence 7 | € 7o which gives the result. [ |

5. Topological number for locally convex spaces with continuous
semi-norms

Definition 5.1 Let A = {p;}icr be a family of semi-norms on X. The topological number
of the induced topology by the family 2l is defined as follows:

N(ry) = miD{N(TCmm..ncpk) c keN, p1,...,pr € A}

The following theorem and its corollary generalizes Theorem 3.3.

Theorem 5.2 Let X be a normed space with dim X = n and let 2 = {p;};cs be a
family of semi-norms. Then N(1y) = 2n if and only if there exist a finite number of
semi-norms p1, ..., pp € 2 such that C,, N...N C,, is bounded.

Proof. Let C,, N...NC,, be bounded for some p1,...,p;; € 2A. Combining Corollary
2.9 and Theorem 3.3 we will have N(Tcplmmmcpk) = 2n, so N(7my) < 2n. On the other
hand, since for each C.B.A set C, N(7¢) > 2n then N(7y) = 2n. If for all finite number
of semi-norms p1,...,pr € ™A, C), N...N C,, is unbounded, then by Corollary 2.9 and
Theorem 3.4, N(Tcplmmmcpk) > Ny for all finite numbers of semi-norms p1, ..., pr € 2.
Therefore N(1y) > Yo which gives the result. [ |

Corollary 5.3 If dim X = n and N(ry) = 2n then 7o = 7).

Proof. If N(7my) = 2n then there exist finite number of semi-norms p1, ..., px € 2 such
that C,, N...NC,, is bounded, but ﬂleWpi C W, CCp for j =1,2,... k, therefore
Nt W, € nk_,C,.. Since N¥_,C,, is bounded and N¥_;W,. is a linear subspace of X
then N¥_, W,, = {0}, so by Theorem 4.8 7, = .|l [ |

Definition 5.4 Let p and ¢ be two semi-norms on X and Y respectively. The map
pX¢@: X xY — RT is defined as follows:

(p x ¢)(z,y) :=max{p(z), p(y)}.

It is easily seen that p X ¢ is a semi-norm on X x Y.
The following Lemma can be easily proved.
Lemma 5.5 Let p and ¢ be two semi-norms on X and Y respectively, then we have:

(1) CPX(P == CP X C‘P'

The following theorem generalizes Theorem 3.9

Theorem 5.6 Let A = {p;}icr and B = {¢;};es be two families of semi-norms on X
and Y respectively. Let & x B := {p; X ;}(; j)erxs be the family of semi-norms defined
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on X x Y. Then
N(TQ[X%) = N(TQ[) + N(T%).

Proof. By the definition of N (7y) and N (79 ) we may choose the semi-norms py, ..., pi on
X and ¢1, ..., o on Y such that N(ry) = N(Tcplﬁ--ﬂcpk) and N(ms) = N(7c,,n..nC,,. )
then we have
Chixpr N NCpxp, = (Cp, x Cp) N .N(Cp, x Cyp)
=(Ch,n..NCp ) x (CpyN...NCy,.).

Therefore,

N(raxs) < N(7¢,,,0,0.0Cp, x o) =N(T(C,,n..0C,, )% (Cpyn.NCy,))
:N(Tcplm...mcpk) + N(7¢c,,n..nC.,,) (1)
:N(TQ[) + N(T%).

Note that, the second equality holds by Theorem 3.9.
To show the equality we consider two cases:

Casel: If N(7g) and N(7y) are both finite then, by (1), N(7axx) is finite as well,
therefore

N(toaxs) =2dim(X xY) =2dim(X) +2dim(Y) = N(7a) + N(73).
Case2: Let N(7g) be an infinite cardinal number and N(7y) < N(7%), then
N(ra) + N(ms) = N(73) < N(7axms)-

This proves the equality. [ |

Concluding remarks

This paper was an attempt to look at the locally convex spaces in a different way. We
assigned a cardinal number to any locally convex space, namely, topological number, and
proved some of its properties. In section 3, we first defined the topological number for
locally convex spaces generated by a semi-norm. We generalized this concept for locally
convex spaces generated by a family of semi-norms. The topological number resembles
logarithm, in the sense of Theorems 3.9 and 5.6.
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