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Abstract. In this paper we investigate some hereditary properties of amenability modulo an
ideal of Banach algebras. We show that if (eα)α is a bounded approximate identity modulo I
of a Banach algebra A and X is a neo-unital modulo I, then (eα)α is a bounded approximate
identity for X. Moreover we show that amenability modulo an ideal of a Banach algebra A
can be only considered by the neo-unital modulo I Banach algebra over A.
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1. introduction

The concept of the amenability of (discrete) groups was considered in 1929 by J. von
Neumann in [14] for the first time. But in terms of amenability for the topological groups
and semigroups was used by Day [3, 4]. A Hausdorff and locally compact group G is called
to be amenable when there exists a left invariant mean on L1(G). This concept comes
to the attention of mathematicians and since then they wrote numerous articles about
this theory. The concept of amenability of Banach algebras was introduced by Barry
Johnson in 1972 [10]. He showed that for a Hausdorff and locally compact group G, G is
amenable (in the usual sense) if and only if (resp. l1(G)) L1(G) is amenable. Duncan and
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Namioka in [6] proved that for the semigroup S, amenability of Banach algebra l1(S)
will result in an amenability of S, but the reverse is not true. They also investigated
amenability of inverse semigroups and showed that the inverse semigroup S is amenable
if and only if GS is amenable, where GS is the maximal subgroup of S. As in the above it
is mentioned, Johnson’s theorem fails to be true for discrete semigroups. For semigroup S,
some necessary and sufficient conditions (in especial cases) for amenability of semigroup
algebra l1(S) was introduced, see [2, 5, 8] for instant. So it seems that the expression
of another concept for amenability of Banach algebras in dealing with the concept of
amenability of semigroup is essential.

The first author and Amini in [1] introduced and initiated the concept of amenability
modulo an ideal. They proved for the semigroup S, amenability of l1(S) modulo ide-
als that induced by certain classes of group congruences σ on S is equivalent to the
amenability of S. This could be considered as a restoring the Johnson’s theorem for a
large class of semigroups. The authors studied in [11, 12], basic properties of amenability
modulo an ideal such as virtual and approximate diagonal modulo an ideal, contractible
modulo an ideal and showed that for the semigroup S, the semigroup algebra l1(S) is
contractible modulo an ideal if and only if S

σ is finite, restoring the Selivanov’s theorem
for a large class of semigroups [13].

In this paper, we study some hereditary properties of amenability modulo an ideal.
we show that if A is a Banach algebra with a bounded approximate identity modulo I,
(eα)α and X is a neo-unital modulo I Banach algebra (that is, if X = (A\I) ·X · (A\I) =
{ a · x · b | a, b ∈ A\I, x ∈ X}) then (eα)α is a bounded approximate identity for X. We
also show that the neo-unital modulo I Banach algebra X over a Banach algebra A plays
the main role in order to determine amenability modulo an ideal of A.

2. A brief review on amenability modulo an ideal of semigroup
algebras

In this section we give a survey of the notion of amenability modulo an ideal, con-
tractibility modulo an ideal of Banach algebras and some their hereditary property and
their applications for semigroup algebras.

Let A be a Banach algebra, a Banach space X which is also a A-bimodule is said to
be a Banach A-bimodule if there is C > 0 such that

∥a · x∥ ⩽ C∥a∥∥x∥ , ∥x · a∥ ⩽ C∥a∥∥x∥ (a ∈ A, x ∈ X)

The minimum constant C that can occur in above inequalities is denoted by CX . Let A
be a Banach algebra and X be a Banach A-bimodule. A bounded linear map D : A → X
is called a Derivation if for all a, b ∈ A, D(ab) = a · D(b) + D(a) · b. A derivation
D : A → X is said to be inner if there exists x ∈ X such that D(a) = a.x − x.a for
each a ∈ A. A Banach algebra A is called amenable if for every A-bimodule X, every
derivation D : A → X∗ is inner.

We now recall some definitions and results that are given in [1, 11], which contains
interesting results on characterization on amenable modulo an ideal of Banach algebras,
contractible modulo an ideal of Banach algebras in terms of asymptotic version of a
projective diagonal.

Definition 2.1 Let I be a closed ideal of A.

(i) A Banach algebra A is amenable modulo I if for every Banach A-bimodule E such
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that I ·E = E · I = 0, and every derivation D from A into E∗ there is ϕ ∈ E∗ such that

D = adϕ on the set theoretic difference A\I := {a ∈ A : a /∈ I}.
(ii) A Banach algebra A is contractible modulo I if for every Banach A-bimodule X

such that I · X = X · I = 0, every bounded derivation D from A into X is an inner

derivation on the set theoretic difference A\I := {a ∈ A : a /∈ I}.
(iii) A bounded net {uα}α ⊆ A is called approximate identity modulo I if limα uα ·a =

limα a · uα = a (a ∈ A \ I).
(iv) An element M ∈ (AI ⊗̂

A
I )

∗∗ is a virtual diagonal modulo I if

a · π∗∗
A

I

M − ã = 0 (a ∈ A, ã = a+ I),

a ·M −M · a = 0 (a ∈ A \ I).

(v) A bounded net (mα)α ⊂ A
I ⊗̂

A
I is a approximate diagonal modulo I if

a · πA

I
mα − ã → 0 (a ∈ A, ã = a+ I),

a ·mα −mα · a → 0 (a ∈ A \ I).

(vi) An element m ∈ A
I ⊗̂

A
I is a diagonal modulo I if

a · πA

I
m− ã = 0 (a ∈ A, ã = a+ I),

a ·m−m · a = 0 (a ∈ A \ I).

Proposition 2.2 Let I be a closed ideal of A.

(i) If A/I is amenable (contractible) and I2 = I then A is amenable (contractible)

modulo I.

(ii) If A is amenable (contractible) modulo I then A/I is amenable (contractible).

(iii) If A is amenable (contractible) modulo I and I is amenable (contractible), then

A is amenable (contractible).

Proposition 2.3 The following conditions are equivalent;

(i) A is amenable modulo I,

(ii) There is an approximate diagonal modulo I,

(iii) There is a virtual diagonal modulo I.

Let S be a semigroup, s∗ is called an inverse of s if ss∗s = s, s∗ss∗ = s∗. A semigroup
S is called regular if each s ∈ S is regular, i.e. there exists t ∈ T such that sts = s, S
is called inverse semigroup if S is regular and every element in S has a unique inverse,
S is called eventually regular if every element of S has some power that is regular and
E(S) is semi lattice, S is called E-inversive if for all x ∈ S, there exists y ∈ S such that
xy ∈ E(S), S is called an E-semigroup if E(S) forms a sub-semigroup of S and S is
called eventually regular if every element of S has some power that is regular and E(S)
is semi lattice.

In recent years amenability of semigroup algebras was studied by some researchers. In
the below we refer some results on the amenability of semigroup algebras are well-known
[2, 6].

Proposition 2.4 Suppose S is a semigroup and l1(S) is amenable, then

(i) S is amenable;
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(ii) S is regular;

(iii) E(S) is finite;

(iv) l1(S) has an identity.

Also, for finite semigroup we have the following result [7];

Proposition 2.5 If S is finite semigroup, then the following statements are equivalent;

(i) l1(S) is amenable;

(ii) S is regular and l1(S) is unital;

(iii) S is regular and l1(S) is semisimple.

And for inverse semigroups, we have:

Proposition 2.6 Let S be an inverse semigroup and E(S) is finite. Then l1(S) is

amenable if and only if the maximal subgroup of S is amenable.

It is observed only partial results were known in literature of amenability of semigroup
algebras whereas amenability of semigroup algebra is characterized by the notion of
amenability modulo an ideal for a wide class of semigroups. In the following we refer
some results of amenability modulo an ideal and contractibility modulo an ideal for
semigroup algebras [1, 11].

A congruence ρ on semigroup S is called a group congruence if S
ρ is a group and the

least group congruence on S is denoted by σ, as used in [9].

Proposition 2.7 (i) Let S be an E-inversive E-semigroup with commutative idempo-

tents. Then S is amenable if and only if l1(S) is amenable modulo Iσ∗ ;

(ii) Let S be an eventually inverse semigroup then S is amenable if and only if l1(S)

is amenable module Iσ′ ;

(iii) Let S be a semigroup, ρ be a congruence on S. If Ker(ρ) is central and Iρ has an

approximate identity, then S is amenable if and only if l1(S) is amenable modulo Iσ;

Theorem 2.8 If S is either

(i) E-inverse E-semigroup with commutative idempotents, or

(ii) eventually inverse semigroup with commutative idempotents,

then l1(S) is contractible modulo Iσ if and only if S
σ is finite.

We now characterize amenability of semigroup algebra when S is an inverse semigroup.
A subset H of a semigroup S is called (respectively) full, reflexive and dense if E(S) ⊆ H,
∀a, b ∈ S [ab ∈ H ⇒ ba ∈ H] and ∀s ∈ S ∃x, y ∈ S [sx, ys ∈ H]. H is called closed ( in
S) if Hω = H where Hω = {s ∈ S | ∃a ∈ H [as ∈ H]}. By a normal subsemigroup H
of semigroup S we mean a full, dense, reflexive and closed subsemigroup and we write
H ◁ S.

We state the same result of Lemma 2 [1] for inverse semigroup by different method.

Lemma 2.9 Let S be a semigroup, then the following statements hold.

(i) If ρ is a group congruence on S. Then l1(Sρ ) ≃ l1(S)
I where I is a closed ideal of

l1(S).

(ii) If S is an inverse semigroup and ρ is the least group congruence on S. Then

l1(Sρ ) ≃
l1(S)
I and I2 = I.

Proof. (i) Let π : S → S
ρ be the quotient map and π̂ : l1(S) → l1(Sρ ) by π̂(δs) = δπ(s)

be the induced epimorphism by π. It is not far to see that l1(Sρ ) ≃
l1(S)
I .
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ii) By (i), l1(Sρ ) ≃
l1(S)
I , we show that I2 = I. Let J be the closed span of {δset − δst :

s, t ∈ S, e ∈ E(S)} and define the congruence σ on S as xσy if and only if δx − δy ∈
J (x, y ∈ S). It is easy to see that σ is a congruence on S. Since ρ is the least group

congruence so ρ ⊆ σ. On the other hand if xσy, then δx − δy ∈ J ⊆ kerπ̂ = I. Thus

[x]ρ = [y]ρ so xρy. This implies that σ ⊆ ρ. Then ρ = σ and l1(Sσ ) = l1(Sρ ). Thus I = J .

Now define xηy if and only if δx − δy ∈ I2 (x, y ∈ S). Clearly η is a congruence on S.

Let e, f ∈ E(S). Now (δe − δf )(δe − δf ) = (δf − δe), then [e]η = [f ]η. Also, for each

s ∈ S there exists s∗ ∈ S such that s = ss∗s. Let e = ss∗, so s = se and δs = δse. Thus

δs−δse = 0 ∈ I2 and [se]η = [s]η. Thus
S
η is a group and η is a group congruence. Clearly

ρ ⊆ η. let xηy (x, y ∈ S). Then δx − δy ∈ I2 ⊆ I. Thus xρy and η ⊆ ρ. This implies that

ρ = η and l1(Sρ ) = l1(Sη ). Hence I = I2. ■

We recall the following result of [1]

Proposition 2.10 Let S be an inverse semigroup and ρ be the least group congruence
on S. Then S is amenable if and only if S

ρ is amenable.
By using Lemma 2.10, Propositions 2.2 and 2.10, we have the following result;

Theorem 2.11 Let S be an inverse semigroup, then S is amenable if and only if l1(S)

is amenable modulo Iρ.

We now continue this section to recall some concrete examples. In these examples by
ρ we mean the least group congruence on semigroup S.

(i) Let S = {pmqn : m,n ⩾ 0} be the bicyclic semigroup generated by p, q, then S
is a E-unitary inverse semigroup with E(S) = {pnqn : n = 0, 1, 2, ...}. We have that S
is amenable but l1(S) is not amenable [6]. Whereas amenability of S is equivalent to
amenability of l1(S) modulo Iσ′ , where Iσ′ is the corresponding ideal to the least group
congruence on S.

(ii) Suppose X is a singleton, then l1(FI(X)) is not amenable but l1(FI(X)) is
amenable modulo Iσ′ for some the least group congruence σ′.

(iii) Let T = (N0,+) × (N,max), (N0 = N ∪ {0}) and S = G × T where G be an
amenable group with identity 1. Then E(S) = {(1, e) : e ∈ E(T )} is infinite. Then l1(S)
is amenable modulo Iσ. We note that, since the semigroup algebra l1(T ) is not amenable,
l1(S) could not be amenable.

(iv) Let N be the commutative semigroup of positive integers with maximum operation.
Then l1(N) is contractible modulo Iσ where Iσ is the corresponding ideal to a least group
congruence σ but l1(N) is not contractible.

3. Some hereditary properties

All over this paper we fix A and I as above, unless they are otherwise specified.
An A-bimodule X is neo-unital modulo I if

X = A\I ·X ·A\I = { a · x · b | a, b ∈ A\I, x ∈ X}

and X is essential modulo I if

X = A\I.X.A\I = Closed span{ a · x · b | a, b ∈ AI , x ∈ X }.
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Let I be a closed ideal of Banach algebra A, X be a Banach A-bimodule such that
I · X = X · I = 0. We denote the space of all continuous derivation from A into X by
Z1
I (A,X), the space of all inner derivation on A\ I by B1

I (A,X) and the first Hochschild
cohomology group of A modulo I with coefficients in X by

H1
I(A,X) := Z1

I (A,X)/B1
I (A,X).

Definition 3.1 ([11], Definition 2.3) Let A be a Banach algebra. A bounded net {uα}α ⊆
A is a right (left) approximate identity modulo I if limα a · uα = a (limα uα · a = a) for

each a ∈ A\I. An approximate identity modulo I is a net {uα}α ⊆ A which is both a

left and right approximate identity modulo I.

Proposition 3.2 Let A be a Banach algebra, I be a closed ideal of A and X be a

Banach A-bimodule such that A ·X = X · I = 0. If A has a bounded right approximate

identity modulo I, then H1
I(A,X

∗) = 0.

Proof. Clearly X∗ · I = 0. Let D : A → X∗ be an arbitrary derivation then D(ab) = a ·
D(b) (a, b ∈ A). Let (eα)α be a bounded right approximate identity modulo I and ϕ ∈ X∗

be a w∗-accumulation point of (D(eα))α. We may suppose that ϕ = w∗-limαD(eα). It

follows that D(a) = limαD(aeα) = limα a ·D(eα) = a · ϕ (a ∈ A \ I), so D is inner on

A \ I. ■

Lemma 3.3 Let A be a Banach algebra with a bounded approximate identity modulo

I and X be a Banach A-bimodule. Then X1 := {xa | a ∈ A\I, x ∈ X} is a closed right

submodule and X0 := (A \ I) ·X1 is a closed right and left submodule of X.

Proof. Let B denote span X1. Clearly B is a right submodule of X and so is B. Now

If xn → x for xn ∈ B, then xna → xa for all a ∈ A \ I, so that xa ∈ B. Let (eα)α
be a bounded approximate identity modulo I and K > 0 be the constant bounding

(eα)α. Since B is closed, B is a Banach right A-module. For all ξ =
∑

n xnan ∈ B,

ξeν =
∑

n xn(aneα) → ξ, and for any ζ ∈ B and any ϵ > 0, there exists η ∈ B such that

∥ζ − η∥ < ϵ, so that

∥ζeν − ζ∥ ⩽ ∥(ζ − η)eα∥+ ∥ηeα − η∥+ ∥η − ζ∥ < ϵ(K + 2)

for α ⩾ β, where β ∈ J is chosen such that ∥ηeα − η∥ < ϵ. By Cohen’s factorization

theorem modulo an ideal ( [11, Theorem 2.5]) B = B(A\I) and so X1 ⊆ B = B(A\I) ⊆
X1. Thus X1 = B.

Let C = spanX0. Clearly C is a left and right submodule of X; the closure is as well

and thus C is a Banach A-bimodule. Now by the same method as above, C ⊆ C(A\I) =
(A \ I)C ⊆ (A \ I)C(A \ I), so that X0 ⊆ C = (A \ I)C(A \ I) ⊆ (A \ I)X(A \ I) = X0. ■

Theorem 3.4 Let A be a Banach algebra with a bounded approximate identity modulo

I. Then the following are equivalent:

(i) H1
I(A,X∗) = 0 for each Banach A-bimodule X.

(ii) H1
I(A,X

∗) = 0 for each neo-unital modulo I Banach A-bimodule X.

Proof. (i) ⇒ (ii) is straightforward.

(ii) ⇒ (i) Let X be a Banach A-bimodule such that I ·X = X ·I = 0. Let X1 := {x ·a |
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a ∈ A\I, x ∈ X} and X0 := (A\I)X1. By Lemma 3.3, X0 and X1 are closed submodule

of X. Let D̃ : A → X∗
1 be a derivation and π0 : X

∗
1 → X∗

0 be the restriction map defined

by π0(f) = f |X0
. Clearly π0 is an A-bimodule homomorphism, I ·X0 = X0 · I = 0 and

π0 ◦ D̃ : A → X∗
0 is a derivation. Since H1

I(A,X∗
0 ) = 0, there is a f0 ∈ X∗

0 such that

π0 ◦ D̃ |A\I= adf0 . By Hahn-Banach’s theorem there exists f1 ∈ X∗
1 such that f1 |X0

= f0.

We have

⟨x, D̃(a)⟩ = ⟨x, π0 ◦ D̃(a)⟩ = ⟨x, af0 − f0a⟩, (a ∈ A \ I, x ∈ X0)

= ⟨x, af1 − f1a⟩ = ⟨x, adf1(a)⟩

Thus (D̃ − adf1)(a) vanishes on X0 (a ∈ A \ I). This implies that (D̃ − adf1)(a) ∈
X∗

1 ∩X⊥
0 (a ∈ A \ I). Set

D1(a) :=

{
(D̃ − adf1)(a) a ∈ A \ I
0 a ∈ I

Now (X1

X0
)∗ ≃ X∗

1 ∩ X⊥
0 and A · (X1

X0
) = 0 so (X1

X0
)∗ · A = 0. Let (eα)α be the bounded

approximate identity modulo I of A and ∆ : A → (X1

X0
)∗ be a bounded derivation.

Banach-Alaglu’s theorem implies that (∆(eα)) has a convergent subnet (∆(eβ)). Let

f := limβ ∆(eβ) then ∆(a) = limβ ∆(aeβ) = limβ a∆(eβ) = a ·f = a ·f−f ·a (a ∈ A\I).
Thus ∆ is inner on A \ I. By Proposition 3.2, there exists f2 ∈ X∗

1 ∩ X⊥
0 such that

D1 |A\I= adf2 and D̃ |A\I= adf1+f2 . Then H1
I(A,X

∗
1 ) = 0.

Let now D ∈ H1
I(A,X

∗) and π : X∗ → X∗
1 be the restriction maps defined by π(f) =

f |X1
. Then I · X1 = X1 · I = 0, H1

I(A,X
∗
1 ) = 0 and π ◦ D is inner on A \ I. Since

π is an A-bimodule homomorphism, π ◦ D : A → X∗
1 is a derivation. Let g0 ∈ X∗

1

such that π ◦D |A\I= adg0 . By Hahn-Banach’s theeorem there exists g ∈ X∗ such that

g |X1
= g0. In the same manner as above, (D − adg)(a) vanishes on X1 (a ∈ A \ I).

Thus D − adg : A → X⊥
1 is a derivation. We have xa ∈ X1 (a ∈ A \ I, x ∈ X) and

xa = 0 (a ∈ I, x ∈ X). Hence ( X
X1

) · A = 0 and A · ( X
X1

)∗ = 0. Let Λ : A → ( X
X1

)∗ be a

derivation and h be the w∗-convergent subnet (Λ(eβ)) then

Λ(a) = lim
β

Λ(aeβ) = lim
β

Λ(eβ) a = h · a = a · (−h)− (−h) · a (a ∈ A \ I).

Thus Λ is inner on A\I. SinceX⊥
1

∼= ( X
X1

)∗, there exists k ∈ X⊥
1 such that (D−adf ) |A\I=

adk , i.e. D |A\I= adf+k(by Proposition 3.2). ■
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