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Abstract. In this paper, we represent an inexact inverse subspace iteration method for com-
puting a few eigenpairs of the generalized eigenvalue problem Az = ABz[Q. Ye and P. Zhang,
Inexact inverse subspace iteration for generalized eigenvalue problems, Linear Algebra and
its Application, 434 (2011) 1697-1715 ]. In particular, the linear convergence property of the
inverse subspace iteration is preserved.
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1. Introduction

We want to compute a few eigenpairs of the generalized eigenvalue problem Az =
ABz. (1) The eigenvalues sought may be those in the extreme part of the spectrum
or in the interior of the spectrum near certain given point. These types of problems
arise in many engineering and scientific applications. In such applications, the
matrices involved are often large and sparse. A brief description of some developed
method is given in

[2] . If the extreme eigenvalues are not well-separated or if the eigenvalues sought
are in the interior of the spectrum, a shift-and invert (or inverse) transformation
is combined with one of the eigenproblem solvers to speed up the convergence.
The use of the shift-and-invert transformation requires solving a linear system at
each iterative step. Solving the linear systems by a direct method such as the QR
factorization can be impractical or expensive if the dimension of the matrices is
large or the matrices are not explicitly available. Alternatively, iterative method
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can be employed, which will be called the inner iteration while the original iter-
ative algorithm will be called the outer iteration. The inner iteration produces, a
situation that may arise in other applications as well. The question then is how the
accuracy in the inner iterations affects the convergence behavior (or convergence
speed) of the outer iteration as compared with the exact case. Related to this, a
challenging problem in implementations is how to efficiently choose an appropriate
stopping threshold for the inner iteration so that the convergence characteristic of
the outer iteration can be preserved. This is a problem that has been discussed
for several methods, such as inexact Krylov subspace method [6, 10, 17] inexact
inverse iteration, [1, 4, 8, 12, 13], the rational Arnoldi algorithm [9, 11, 16], inex-
act Rayleigh Quotient-Type methods [3, 7, 14] and the Jacobi-Davidson method
[15]. While these works demonstrate that the innerouter iteration technique may
be an effective way for implementing some of these methods for solving the large
scale eigenvalue problem, the more efficient Krylov subspace projection methods
tend to require quite accurate matrix-vector products to preserve their convergence
characteristic.

2. Inexact inverse subspace iteration

We consider computing the p smallest eigenvalues of the generalized eigenvalue
problem Az = ABx by applying the standard subspace iteration to A~!B, called
inverse subspace iteration. we state the standard algorithm as follows.

Algorithm 1 . Inverse subspace iteration for Az = ABx

(1) Input: Xo € C™*P with X§Xo = I;

(2) For k = 0 1,--- until convergence
(3) Yiy1 = lBXkE

(4) Yit1 = Xp+1Rie+1 (QR-factorization).
(5) End.

We try to use this algorithm when a problems where direct solution of A~! is
impractical or inefficient because A is too large or is not explicitly available. In these
cases, an iterative method can be used to solve the linear systems AYy 11 = BXk,
called the inner iterations, while the subspace iteration itself is called the outer
iteration. At each step of outer iteration, to solve Yj,q for AY;,1 = BXj, the
previous iterate Y; can be used as an initial approximation. Then we solve

ADy = BXy — AY} (1)
approximately, i.e. in this case we find D}, such that
| Ex [l2=|| (BX) — AY}) — ADy, ||2< ey, (2)

where Ej := (BXy — AYy) — ADj, and k is some given threshold. From Dy, then
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Yit1 =Yk + Dy

Now we try to analyze the convergence characteristic of the subspace iteration
under inexact solves.

Obviously, the amount of work required to solve (2) is proportional to || BX}, —
AY}, || /ex. Our analysis later leads to the use of linearly decreasing k, let e = ar®
for some positive a and r < 1. However, ¢ is decreasing, the amount of work does
not increase as BX — AY} will be decreasing at the same rate as well. Thus, the
stopping threshold required for inner iterations is effectively a constant.

Algorithm 2. Inexact inverse subspace iteration for Ax = Bx

Input: X € C™*P with XjXo = I; threshold parameter €x; set Yy = 0;
For k = 0,1, ... until convergence

Zk = BXk - AYk,

Solve ADy, = Zj, such that Ey = Z — ADj, satisfies (3);
Y1 = Yk + Dg;

Yir1 = Xgy1Rer1 (QR-factorization);

Forj=1,...,p

[ymaxa imax] = maX(JXk-‘rl(:aj)D;

Xi1(:57) = sign( X1 (fmax, 7)) * Xe41(:,5);

Ri11(, 1) = sign(Xir1(imax, ) * Ri1(7d, 2)-

End.

End.
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For more details please refer to [4]

3. Convergence analysis

We discuss convergence of the subspace spanned by X for the inexact inverse
subspace algorithm. Let A, Aa,--- , A, be the eigenvalues of B~'A ordered such
that

0<| A< <[ A < Apan IS - K A < Mg € [ An |

and v1, ..., v, be the corresponding eigenvectors. Suppose that we want to compute
the p smallest eigenpairs in absolute value, i.e.,A1, A2, - -+, Ap, Apy1,--+, Ay .We are
following eigenvalues of p + 1 to ¢(with assumption ordered ) so we have made the
assumptions that p:=| Ay | / | Apy1 [< 1, p:=| A | / | Ag1 [< 1.
Throughout this work, we assume that B~'A is diagonalizable. Let V =
[v1, ..., vn], U = (BV)™H then
AL OO
UHRA=AUHEB, AV = BVA where A= 0 Ay 0
0 0 Aj



M. Amarfakhrian and F. Mohammad/ JLTA, 01 - 02 (2013) 97-113.

Apt1 -+ 0 Agt10 0
Ap= | = o[ = 0
0 -+ N 0 -\
let U = U1,U2,U3 V = (Vi,Va,V3), where U; € ™, Uy € »<t9) U3 e
n=ta) vy e mxp vy € mta) 1y g nX(n=(0+9) | then UHA ANUPB, AV =

BVAZ7 Con81der Algorithm 2 now. Define X(l) UHBXk Since UHBV = 0;51
and Uj; H AV; = 0;;A; where 0;; is the Kronecker symbol, then

3
Xp =Y Vixy)
=1

If X,il) is invertible, we define tj :=|| X,?)(X,il))_l ll2 and g :=|| X,S”(X,El))_l |2
Clearly, t; and ¢ is a measures of the approximation of the column space of X}
to the column space of Vi. Indeed, the following proposition relates ¢ and tz to
other measures of subspace approximation.

PROPOSITION 3.1 Assume that Xlgl) is invertible and t;, and ty, is defined as above.
Then

- <IXG) = Va =V (ke + ) 3)

and
sin Z(xk, 1) ||V 2l R 2 (8 + trr)

where Z(Xy, Vi) is the largest canonical angle between Xj = R(Xy) and Vi =
R(V1), and R is defined by the QR-factorization Vi = WR of V.

Proof From X; = ViX\" + VaX? + V5X®) | we have

I Xk (X)) =V =] VaX 2 (X)) v x P (x(0) 1 |l

<[V [l XE X))V floll XX <] Va llz (b + t)
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and

173
_ _ X(Q) X( ) —1 <tk’>
12X P (x ) + vax D (x)) 1H2=||v< ( ’ Io>

(4) is proved.

Let XkL be such that (X, Xkl) is an n x n orthogonal matrix. Then the sine of
the largest canonical angle between yr = R(Xj)and vy = R(V7) is (see [5] for the
definition)

sin £ (xk, v1) = || (X5 2w o
= (X (w — Xp(X) TR |,
2 1)\ — _ 3 1)\ — _
= | XHT VXD X TRT + XX TR |

<V Izl R Il (tk + tar)-

It is clear that t; and ¢y are measures of the approximation of the column space
of Xi. We shall next discuss the convergence of t; and tj.

LEMMA 3.2 For Algorithm 2 || Ey, |l2<|| B~ ||3* then Yy has full column rank.
Proof From the algorithm, we have AYy11 = BX}y + Ej. Therefore

XAB'AY, 1 =1+ X B 1E,

Since
| X3 2= 1
| X' B~ Ey, 2<]| B~ |l2]| By [l2< 1
X ,f B~1AY}, is invertible. Thus Y31 has full column rank. [ |

From now on, we shall assume that ¢ <|| B~! ||5, so that all Y}, will have full
column rank and Algorithm 2 will be well defined.
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LEMMA 3.3 For Algorithm 2, if X}, is invertible, then
I o<l V2 (U b+ 1)
Proof Proof. Since X has orthonormal columns, we have
X, = VixV 4 vax? + v x P

from which it follows that (X ")~

since X} have orthonormal columns, we have from property of orthonormal matrix

(if @ is a orthonormal matrix then for every x we have || Qz ||2=|| z ||2 ) let
| o=l X (X 2

we have the following

1 X o= Vi+Va X (X)) 41X B (X)) o<l VA ll2 4tk || Va [l +Ere || Va [l2

A+t +te) || V2

LEMMA 3.4
Let rho =| Ay | / | Aps1 |< 1 and assume that X,gl) and X,Ej_)l are nonsingular. If
IV ll2ll U ll2 (14t + tr)ex < 1, then

p I V2l U ll2 (14t + ti)?er
I=[[ V2| U [l2 (1 +t + tp)ex

thr1 < p(tg +tp) +

Proof From the algorithm we know that AYyy; = BXyp + Ep and Yy =
Xg+1Rp+1. Since Yy has full column rank, Ry is invertible. Then

AXpi1 R RS = BXG R + ERRUY
Multiplying UiH on the equation above, we have

x% — Ut BXx,
UHA=NUIB
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UM AXp 1 = UFBXGR + U BRCY

AiUiHBXk’Jrl = Xlgi)Rl(cjrll) + UHE Rl(c+1)

where

UM BXpyy = ACVXORCY + ACVH g R(Y

X, = ACOXOREY 4 A0AD o
AV =UFER) let i =2

2 1 -1 -1 2
2 = AL DX R 4 A

NI = A5V REY + A5 A) (X))

= (ASTVXPRED) (X)) Y + ATV AR) (X )Y
= AS X D) DA (X0 D) A1) TR (X )Y
+ Ay VAP (X))

— ATIXP (XY EDADATH((X) D) RGY (X )Y

b A AP (X))

and now in the (4) let i =1

1 —1) (1) p(~1 —1)A (1
X0, = A XORED + ACIAD 5

-1 1 1 1
ACXIRED = X, A
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(X(l)

(2)
X k+1

@ (xMHED = AT X2 (X)) DA (XY, — AT AW (X)) Y

k+1

b A AP ()

_ Agfl)X’?)((Xk)(l))(fl)AlX]Sgl(Xk_H)(fl)

= AT (XM TIAATT A (i) 4+ ATV A (X) Y
= AV (X)) DAL = ATV XD (X)) DAY (K1) Y

+ ASYAR (X))

= ATYX P (X)) DA,

— (X )TV ATI XD (X)) VAN — AFIAR)

and now let in the (5)

_ AEYAPYACIXPRED + A AD)

since A,(j) = UiH EkR,(;ll) and
(X(l) )—1 _ (Ag—l)X’gl)Rl(;rll) + Ag_l)A](cl))_l _ (Ag_l)(Xlil)Rl(clll) + A](gl)))_l
= (xR + AV R (X))

= R (X)) 71+ AP R (X)) 7

Then we further simplify the expression X lii)l (X ,Sr)l)_l to
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(X(l) )—1 — A51X1£2) (Xlgl))_lAl

2
X( : k+1

k+1
_A2—1Xlg)( ()) lA()( 15_21) A 1A()( 12_21)71
= X7 T - A ) ol Bery L ()

k+1

+ AU B R ( lSr)l)_l

= A XA - (A XD () O - A U EG R (X))

) = ATXVRL F ATIAN) T = (AT X URL + ATWUP BGRy L)
= (ARG TN+ OB )

= R (X)) NI + UF B (X)) 1A,

2 1) \(— 1 (2 1)\ —
XliJr)l(Xngr)l)( D= = A, lXii )(Xlg )) Ay
— (AP U - AU BTN+ U B D) T A
Taking 2-norm of the above equation at both sides and using the condition

IV 2l U ll2 (U4t + tre)er < 1, (6)

we obtain the following upper bound of ¢x1:
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2 1 _ _ 2 _
1 X2 XD <A foll XE (X 2]l As |l2
_ 2 1)\ —
— (I AZ 2l X2 (XY ol UF |12

— 1)\ — vy —
1A N2l U3 1) 1 B [l (X all (7 4+ UF Bp(XED) ™)1 all A [l2

— I A5 [lall A ot
+ (I AT 2t | UE |2
— 1)\ — Dyv—1\—
+ 1A Lol U 112) | Ex llall (XE0) U Ml (7 + UF B (X)) [lal Ax |2

3 1 _ _
B (xW)ED = | AFY o]l Ax 1o e
+ (| AS N2t | U 2
— 1)\ — Dy —1\—
+ 1A L2l UF 112) | B llall (XE0) U o)l (7 + UF B (X)) D71 o)l Ax |2
topr < plte +te) + (| ASY (|2 trt (| AZ (2 + || A o tiw+ | AT ]]2)

1)\ — v\ —
< U all B N2l (XYY fall Ax ol (T + U E(XD)y=H71 ),

LU lloll Ex lloll (X)) Jlall Ax
1= || Ex [l2ll (X))~ [l2]) U [l2

<pltp )+ (1 +te +te) | ATY |2

Using lemma (3.3), we know that X,S,l) <l v |l2 (1 + tg + tg). From this and (3) ,
the final bound for ¢, 1 is derived. [ ]

LEMMA 3.5
Assume that X is such that Xél) 1s invertible. If

(1—p)2tg
[V ll2ll U fl2 (1 + 2t0)(p + 2t0)

€ S €:1=

for all k, then t; < tg.
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Proof We prove ty, < tg , tpr < to by induction. Supposing X,gl)

tr < tog, tp < to is true for some k, k/, we show that Xlgi—)l is nonsingular and

tr+1 < 2tg. First note that from e; < €, we have

is nonsingular and

(14 p)2to

<1
p+ 2t

[ Vel Ulla (T 4+t +tp)er <[V 2| Ull2 (1+to +tp)e =

We discuss in two cases:
e Casel

x®

441 is nonsingular. Then by lemma (3.4), we have

p I V12l Ull2 (1 +t, + ti)?ex
L=V l2ll U ll2 (1 + tg + tp:)ex

thp1 < p(ty +trr) +

pll V2l U [l2 (1 + 2tg)%e

< p2to +
=V {2l U [l2 (1 + 2t0)e
1—p)2to 1+42t0)(1—p)2to
. p(1+ 2t0)(p+p2)t0 < p(p#
< p2to + L Ll s Ty ey
T pt2t p+2to

p(1+ 2t0) (1 - p)2ty

< p2tg +
peto p(1 + 2to)

= 2t07

o Case II

X ]&_)1 is singular. Then let

5 1 0
Jktr1 = Yk+1 + OVIRk11 + pVa <0> Riv1+0V3 <1> Ri41
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where Y;11 = Xp+1Ri+1 and d,u > 0 are two parameters. Then we have

- 1 0
Aypi1 = Aypar + 0AVI R 1 + pAVs <0> Ry 1 +0V3 <1) Ryy1

- 1 0
Ayiy1 = BXy + Ex + 0AVI Riq + pAVs <O> Ryy1+0V3 (1) Ry

1 0 ~
Ep +0AVIRppq + pAVy <O) Ry11+0V3 <1> Ryi1 = E}

Ayg1 = BXy, + Ej,

Since || By ||2< €, we have || E}, l2< € for sufficiently small § and u. Let i}k_l’_l =

Xk+1Rk+1 be the QR-factorization and let Xk+1 = VlX((liil) + ng(,gi)l + V3X}£§21

Then XkH satisfies the same condition that Xjy1 does and the bound on tx14
applies to fp,1 :=|| Xl(i)l (X,g?l)*l ||l2 as well. It follows from

Vi1 = V1X,§1+)1Rk+1 + VzX,gi)leH + %X;Si_)lék—&-l (7)

~ 1 0
Yit1 = Yip1 + ViRg41 + 1V <0> Rit1 + 0V3R 41 (1>
1 1 0
= (Yk+1Rk+1 + 5V1 + ,LLVQ (O) + 9V3 <1>)Rk+1

1 0
= (VX + Vax P+ 6Vi 4 uVa (0) + 0V <1 > )R 11

1 0
=R 400+ a + (o )+ 40 (] PR ®)

now let this relation (7) is equal to (8) that

1 1 5(—1
Xlgju)l = (Xig+)1 + 5I)Rk+1R§e+1)

2 2 1 (-1 3 3 0 5(—1
X2 = (X2 +p <0>)Rk+131(4+1) X = (X +0 (1))Rk+1Rl(g+1)
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So X 1&)1 is nonsingular for sufficiently small § > 0. Then, by case I, we have

r F(2) (1) \(—
fen =l X2 XY o< o

~ (3 (1 _
frn =) X3 (XN DY o<t

for all sufficiently small § > 0 and g < 0 and 6 < 0. However
X &N = () + (0)>Rk+lRL:3< X, + 00 VR R
= (2 )exi + o
= x2 (X 160D 4 ( é) (X, +60)D)

is unbounded as § — 0, because if XI£+)1(X1£21 + 61)~! is unbounded, then #;, 1 is

unbounded by setting pu = 0; and if Xlgjl(X(l)l + 6I)~! is bounded, then #j; is

unbounded by setting p > 0. Therefore X, (1 )1 is nonsingular and hence ;41 < 2t
SR = 00 (p DR RV L 00 Rua )
= (G +6 (?))(X‘”l +on Y
= X2 (XM o0 10 (?) (XM 460Dy

is unbounded as § — 0, because if x® (X,gi_)l + 61)~! is unbounded, then #;, 1 is

k+1
unbounded by setting § = 0; and if X,ng)l(Xlgljl + 6I)~! is bounded, then f;,1 is
unbounded by setting 8 > 0. Therefore X li +)1 is nonsingular and hence ;11 < 2%p
proof is completed. n

We now prove our main result on convergence of t; and t;. We are interested in
the case that ¢ is a linearly decreasing sequence.

THEOREM 3.6 Assume that Xq is such that X(;l is invertible. Let e, = ay® with
v <1 and

(1 = p)2to
[V ll2ll U {2 (1 + 2t0)(p + 2t0)

a <
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Then we have

k 7+ —p*
t < 2Pkto+ac = YFE P
2p%to + ackp y=p

where
c=[[V 2l U [l2 (1 + 2to)(p + 2to)

Proof Since

(1 —p)2to
€ \
STV IRITU [ (1 + 2t0) (o + 2t0)

we have t;, < tg by Lemma (3.5). Then,

(1—p)2t
IV l2ll U [l2 (14 2to)(p + 2to)

€k <

so we have t;, < tg

1—p)2ty
1V 112l U ll2 (4t + e <LV llll U fl2 (1 2t0)e < Goi2te <

It follows from Lemma (3.4) that tg11 < p(tx + trr) + crer

p IV Il U ll2 (1 + ty + ti)?ex
L=V 2l U [l2 (1 + tg + tp:)er

trr < plty +tr) +

trt1 < p(ty + te) + acgr®

p(ty + tw) + ack—17*
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now if p = v we have t;, < p*2tg + ackp®".

tpr1 < p(tg + tir) + crex

oo =PIV Il UL (et t0)° pl V2l U Jl2 (1 + 2t0)?

=71 , = (1—p)2to
1= [V 2 U [l2 (tk + thr)ex L =5

< PUV Il U2 (1 + 2t0)? < PUV Il U2 (1 + 2t9)%(p + 2to)

CIERTA oL+ 207

SV RIU [l (1 +2t0)(p + 2t0) = ¢

Therefore, g1 < p(tg + tr) + acy®. Solving this inequality, we obtain the bound
for t [ ]

The conclusion of the above theorem is that the subspace spanned by X, R(X}),
converges to the spectral subspace R(V}) linearly at the rate of max{p,~}. The
condition on a is to ensure convergence and is clearly not a necessary condition.
An interesting fact is that there is no gain in convergence rate if we choose v < p,
some shall focus on the case v > p. The following corollary gives a more precise
bound for the constant C and hence for ¢; and t; at the convergence stage.

COROLLARY 3.7
Let 1 > v > p and €, = a*. Suppose that a is chosen such that t, — 0 and
ti — 0. Then

. 173 -
limsup — < p(y=p) [V 21 U |2
ay
and
. Uity -1
limsup —= < p(vy—p)" [V [l U [|2
ay
Proof Apply the main theorem to t; starting from k = kg, we have

k—ko _ ph—k

v

0
tr < 205 oty + ay*ck,

where

o = —F [V 2l U l2 (1 + try + tir,)?
o l=p V2l U ll2 (1 +tg, + trry) ek,
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=P IV 1l20l U ll2 (1 + b + trry)?
LoV 2l U 2 (U4 try + targ )er,

~o VIR 2

2(1 B pko)tko

IV ll2ll U2 (14 28k, )(p + 2tk,) < -

Dividing ay* and taking & — oo first and then kg — oo in the inequality, we
obtain the bound.

k—k k—k k—k
178 POtk yPTRO—pFTRO K,
oy S T (v—p)ar —Fo 47" Cho
k—k k—k k—k
e o POk AP TRO—pPRO (k)
N ) Rt Cko

and so p<y<1

—k
ot
lim (2)*(2 ko) =0
k—o0 7y a
and
ko k—ko 1— (g)k—ko)
. PP ko v (k—ko)
1 —)(—= 1
kinc}o('y)( a )+ki>nc}o (v=p) 7 Cho
and

. 1-0 _
:0+khm f(p | V2l U [l2) = p(v = p) ! [V 2l U |2
—oo Y — P

. 172 _
thUPCTYk < P(’Y_ p) ! H v ”2H U HQ

Apply the main theorem to t, starting from k' = ko, we have

/

. k -
thUPT,Yk <ply—p) ! IVl U |2
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Conclusions

We have presented an inexact inverse subspace iteration for computing a few small-
est eigenpairs of the generalized eigenvalue problem Ax = Bx. By properly scaling
the block vectors, we ensure convergence of columns in the iterative blocks, which
allows using approximation from one step as an initial approximation for the next
step.we analyzed convergence of the subspace to the spectral space sought.
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