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1. Introduction and Preliminaries

The symbol K denotes a field that can be either R or C. Let X and ) be Banach spaces
over K. We denote by BLg(X,)) the Banach space of all bounded linear operators from
X into ) over K with the operator norm. Let us recall that T' € BLg(%,)) is compact
if the closure of T'(E) is compact in ) whenever E is a bounded set in X.

It is known that if X, ) and Z are Banach spaces over K and S € BLg(X,Y) and
T € BLg(), Z), then T o S is compact if S or T is compact.

Let X be a Banach space over K. Then BLk(X, X) is a unital Banach algebra over K
when ST = SoT for all S,T € BLg(X,X). For T € BLg(X,X), the spectrum of T is
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denoted by o(7T") and defined by
o(T) ={X € K: AMx — T is not invertible in BLg (X, X)},

where [x : X — X is the identity operator on X.

Let X be a nonempty set, Vk(X) be a vector space over K of K-valued functions
on X and ¢ : X — X be a map such that fo¢ € Vg(X) for all f € Vg(X). Then
Covie(x) : Vi(X) — Vi(X) defined by Cy v, (x)(f) = fo¢ is a linear operator on Vi (X)
which is called the composition operator induced by ¢ on Vi (X).

Let X be a topological space. We denote by C%(X) the set of all K-valued bounded
continuous functions on X. Then C%(X) is a unital commutative Banach algebra over
K under the pointwise operations and with the uniform norm

I £ llx=sup{|f(2)] : 2 € X} (f € Ck(X)).

We denote by Ck(X) the algebra of all K-valued continuous functions on X. Clearly,
Ch(X) = Cg(X) whenever X is compact. We write C®(X) and C(X) instead of
C&(X)and Cc(X), respectively.

Let (X, d) and (Y, p) be metric spaces. A map ¢ : X — Y is called a Lipschitz mapping
from (X, d) into (Y, p) if there exists a constant M > 0 such that p(é(z), ¢(y)) < Md(x,y)
for all z,y € X. A map ¢ : X — Y is called supercontractive from (X, d) into (Y, p) if

p(d(z), 9(y))

lim =0,
d(df7y)—>0 d(m7 y)
that is, for each € > 0, there exists § > 0 such that p(qb(( ) ¢)(y)) < € whenever x,y € X
x,y

and 0 < d(x,y) < 9.

Let (X,d) be a metric space. A function f : X — K is called a K-valued Lipschitz
function on (X, d) if f is a Lipschitz mapping from (X, d) into the Euclidean metric space
K. For a K-valued Lipschitz function f on (X, d), the Lipschitz number of f on (X,d) is
denoted by L(x 4)(f) and defined by

() — f(v)]

L ($) =sun{ T IO a y € Xoo ),

We denote by Lipk (X, d) the set of all K-valued bounded Lipschitz functions on (X, d).
Clearly, Lipg(X,d) is a subalgebra of C%(X) and 1x € Lipk(X,d), where 1x is the
constant function with value 1 on X. Moreover, Lipk (X, d) with the norm

[fllx.2 = max{[| fllx, Lix.a)(f)}

is a Banach space and with the norm

I lzipcxay = 1 lx + Lixa)(f)

is a unital commutative Banach algebra over K. Since

I llx. < Ifllripexay < 20 flx.z
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for all f € Lipx(X,d), we deduce that || - ||xz and | - ||Lip(x,q) are equivalent norms
on Lipg(X,d). The set of all f € Lipg(X,d) for which f is supercontractive on (X, d),
is denoted by lipk(X,d). Clearly, lipx(X,d) is a subalgebra of Lipg(X,d) and 1x €
lipk (X, d). Moreover, lipk (X, d) is a closed set in (Lipk (X, d), ||-||x,) and (Lipk (X, d), ||-
| Lip(x,a))- So (lipx(X,d), || - | x,z) is a Banach space and (lipk(X,d), || - |Lip(x,q)) is a
unital commutative Banach algebra over K. We write Lip(X,d) and lip(X, d) instead of
Lipc(X,d) and lipc (X, d), respectively. These algebras were first introduced by Sherbert
in [8, 9]. Note that, if ¢ : X — X is a Lipschitz mapping then f o ¢ € Lipk(X,d)
(f o € lipr(X,d), respectively) for all f in Lipx(X,d) (lip(X,d), respectively).

Let (X,d) be a pointed metric space with the base point e € X. We denote by
Lipo (X, d) the set of all K-valued Lipschitz functions f on X such that f(e) = 0.
Clearly, Lipox(X,d) is a linear subspace of Cg(X). Moreover, Lipyk(X,d) with the
norm L(x 4(-) is a Banach space over K. Note that if ¢ : X — X is a base point
preserving Lipschitz mapping, then f o ¢ € Lipox(X,d) for all f € Lipox(X,d). We
write Lipg(X, d) instead of Lipy c(X,d). For further general facts about Lipschitz spaces
Lipx (X, d), lipg(X,d) and Lipox (X, d), we refer to [10].

Kamowitz and Scheinberg [5] characterized compact endomorphisms of complex Lip-
schitz algebras on compact metric spaces and determined their spectra.

Jiménez-Vargas and Villegas-Vallecillos [4] characterized compact composition opera-
tors on Banach spaces of Lipschitz functions Lipk (X, d) with the norm ||| x 1, lipx (X, d)
with the norm ||-||x,z and Lipo x (X, d) with the norm Lx 4)(-) and determined the spec-
trum of compact composition operators on Lipg(X,d) and lipk(X,d), where (X,d) is a
metric space, not necessarily compact.

Let X be a topological space. A self-map 7 : X — X is called a topological involution
on X if 7 is continuous and 7(7(z)) = z for all z € X.

Let X be a topological space and 7 be a topological involution on X. The map o :
C*’(X) — CY(X) defined by o(f) = f o7 is an algebra involution on the complex
algebra C°(X), which is called the algebra involution induced by 7 on C?(X). Note that
lo(£)llx = || f]lx for all f € C*(X). We now define

C'(X,7)={feC’X):0(f) = f}

Then C*(X,7) is a unital self-adjoint uniformly closed real subalgebra of C*(X), ix ¢
C®(X,7) where ix is the constant function with value i on X, C*(X) = C%(X,7) @
iC*(X, 1) and

max{[|fllx, [lgllx} < IIf +igllx <2max{|[fllx, llgllx},

for all f,g € C*°(X, ). Moreover, C*(X,7) = C3(X) if 7 is the identity map on X. Note
that if X is compact, then C*(X,7) = C(X,7), where C(X,7) = {f € C(X) : for = f}.
Real Banach algebra C(X, 1) was defined explicitly by Kulkarni and Limaye in [6]. For
further general facts about C'(X,7) and its real subalgebras, we refer to [7].

In this part we introduce real Lipschitz spaces Lip(X,d,7), lip(X,d,7) and
Lipo(X,d, ).

Definition 1.1 Let (X,d) be a metric space. A self-map 7 : X — X is called a
Lipschitz involution on (X, d) if 7(7(z)) = x and 7 is a Lipschitz mapping from (X, d)
into (X, d).

Note that if 7 is a Lipschitz involution on (X, d), then 7 is a topological involution on
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(X,d) and C > 1 whenever d(7(z),7(y)) < Cd(z,y) for all x,y € X.

Let (X,d) be a metric space, 7 be a Lipschitz involution on (X,d) and o be the
algebra involution induced by 7 on C°(X). We can easily show that o(Lip(X,d)) =
Lip(X,d), o(lip(X,d)) = lip(X,d), Lx,q(o(f)) < CLxa(f) for all f € Lip(X,d) and
lo(NHllx, < C|fllx, for all f € Lip(X,d) , where C > 1 and d(7(z),7(y)) < Cd(z,y)
for all z,y € X. We now define

Lip(X,d,7) = {f € Lip(X,d) : o(f) = f},
lip(X,d,7) == {f € lip(X,d) : o(f) = f}.

In fact, Lip(X,d,7) = Lip(X,d) N C*(X,7) and lip(X,d,7) = lip(X,d) N C*(X, 7).
In the following result, we give some properties of Lip(X,d, ) and lip(X,d, 7).

Theorem 1.2 Let (X,d) be a metric space and 7 be a Lipschitz involution on (X, d).
Suppose that A = Lip(X,d,7) and B = Lip(X,d) (A = lip(X,d,7) and B = lip(X,d),
respectively). Then:

(i) A is a self-adjoint real subalgebra of C*(X,7) and B, 1x € A and ix ¢ A.
(ii) B=A®iA.
(iii) For all f, g € A we have

max{||fllx.z, l9llx.c} < CIIf +igllx.r <2Cmax{|/f]

x.L l9llx,z}

where C' > 1 and d(7(z),7(y)) < Cd(z,y) for all z,y € X.

(iv) Ais closed in (B, || - ||x,z) and so (A, | - ||x,z) is a real Banach space.

(v) fop e Aforall f € Awhenever ¢ : X — X is a Lipschitz mapping from (X, d)
into (X,d) with po7 =170 ¢.

(vi) A = Lipr(X,d)(A = lipr(X, d), respectively), if 7 is the identity map on X.

Note that lip(X,d,7) is a real subalgebra of Lip(X,d,7) and a closed set in
(Lip(X, d, T)v H ’ ’ X,L)'

Real Lipschitz algebras Lip(X,d, T) and lip(X,d, 7) were first introduced in [1], when-
ever (X,d) is a compact metric space. In this case, Ebadian and Ostadbashi [3] char-
acterized compact endomorphisms of real Lipschitz algebras Lip(X,d, 7) with the norm
| - HL’ip( x,4) and determined their spectra.

Let (X,d) be a pointed metric space with a base point e € X, 7 be a base point-
preserving Lipschitz involution on (X, d) and o be the algebra involution induced by 7
on C*(X). Then Lxq)(o(f)) < CL(xq4(f) for all f € Lipy(X,d), where C > 1 and
d(m(x),7(y)) < Cd(z,y) for all z,y € X. Therefore, o(Lipo(X,d)) = Lipo(X,d). We now
define

L’ipo(X, d, T) = {f € Lipo(X, d) : U(f) = f}

In fact, Lipo(X,d, ) = Lipo(X,d) N C(X, ).
In the following result, we give some properties of Lipg(X,d, 7).

Theorem 1.3 Let (X, d) be a pointed metric space and 7 be a base point preserving
Lipschitz involution on (X, d). Then:
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(i) Lipo(X,d, ) is a self-adjoint real subspace of C®(X,7) and Lipo(X,d), 1x ¢
Lipo(X,d,7) and ix ¢ Lipo(X,d, 7).
(ii) Lipo(X,d) = Lipo(X,d, ) ® i Lipo(X,d, ).
(iii) For all f,g € Lipo(X,d, T) we have

max{Lx,a)(f), Lix,a)(9)} < CLxq(f +1ig)
<20 max{Lix q)(f), Lix,a)(9)}

where C > 1 and d(7(z),7(y)) < Cd(z,y) for all x,y € X.

(iv) Lipo(X,d,7)1is closed in (Lipo(X,d), L(x,q)(-)) and so Lipy(X, d, 7) with the norm
L(x a)(+) is a real Banach space.

(v) fodo € Lipg(X,d,7) for all f € Lipo(X,d, ), whenever ¢ : X — X is a base
point preserving Lipschitz mapping from (X, d) into (X, d) with ¢ o7 = 7 0 ¢.

(vi) Lipo(X,d, ) = Lipor(X,d), if 7 is the identity map on X.

In Section 2, we characterize compact composition operators on real Lipschitz spaces
(Lip(X,d,7), || -[x.0), (ip(X,d,7), || -[|x,0) and (Lipo(X,d, 7), L(x,q4(-)) and in Section
3 we determine the spectrum of compact composition operators on real Lipschitz spaces
(Lip(X,d,7),|| - ||x,r) and (lip(X,d,7),| - ||x,r.), whenever (X,d) is a metric space, not
necessarily compact and 7 is a Lipschitz involution on (X,d). In fact, we extend basic
results of [3] and [4].

2. Compact composition operators

Let X be a real linear space. The complexification of X is the complex linear space
Xc = X @ iX with addition and scalar multiplication defined by

(x1 +iy1) + (w2 + iy2) = (x1 + 22) +i(y1 + y2) (x1,y1, 22,92 € X).
(a+iB)(x +iy) = (ax — By) +i(Br + ay) (o, B e R, z,y € X).

Let (X, ]| - ||) be a real Banach space. By a modification of [2, Proposition 1.13.3], there
exists a norm ||| - ||| on X¢ such that |||z + i0[|| = ||z| for all z € X, and

max{||z|, [lyl[} < [l + iy|l| < 2max{||z|, [ly[l},

for all z,y € X, and so (Xc, ||| - |||) is a complex Banach space.

Theorem 2.1 Let (X, | - ||) be a real Banach space, X¢ be the complexification of X
and ||| - ||| be a norm on X¢ with |||f||| = || f]| for all f € X and C be a positive costant
satisfying

max{[[f[], [lgll} < ClI|f + iglll < 2C max{||f], llg]},

for all f,g € X. Let T € BLr(%X,%) and T : Xc — Xc be the mapping defined by
T (f+ig) =Tf+iTg (f,g € X%). Then:
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"€ BLe(X¢,Xc) and || T < 20T
" is compact if and only if T is compact.
" is invertible in BL¢(Xc, Xc) if and only if T is invertible in BLg (X, X).

/

T
T
T
iv) T" = Iy if and only if T' = Ix.
(v) o(T)NR = o(T).

Proof. Clearly T is a complex linear map from ¥¢ into ¥¢. Since

T (f +ig)lll = ITf +iTglll < NITfI+ Tl
= TAI+1Tgll < [T+ 1T gl
< 2T [fmax{[[ £l lgll} < 2ITNCISf + igll]

for all f, g € X, we deduce that T € BL¢(X¢, Xc) and |[|T7||| < 2C||T||. Hence, (i) holds.

To prove (i), we first assume that 7" is compact. Let {f,}°%; be a bounded sequence

in (X, - ||). Since ||full = |l|fn]]| for all n € N, we deduce that {f,}>2, is a bounded
sequence in (Xc, ||| - |||). The compactness of 7" implies that there exists a subsequence
{fn 352, of {fn}5% such that {T" f,,}3°, is a Cauchy sequence in (X, ||| - |||). Since

HTfnJ - TfnkH = |HT/fnj - T/fnkm

for all j,k € N, we conclude that {T'f,, }?°, is a Cauchy sequence in (X, | - ||). The
completeness of (X, || - ||) implies that {T'f,, }32; is convergence in (X, || - ||). Therefore,
T is compact.

We now assume that T is compact. Let {h,,}>°; be a bounded sequence in (X, ||| - |||)-
Since X¢ = X @ iX, there exists unique elements f,, g, € X such that h, = f, + ig, for
all n € N. Since

max{|[ful, lgnll} < Cllfn + igal

for all n € N, we deduce that {f,}>2; and {g,}"2, are bounded sequences in (X, || - ||)-
The compactness of T" implies that there exist strictly increasing functions p: N — N
and ¢ : N — N and elements f and g in X such that

oy = fl =0, lim {lggek) — gl = 0.

For each k € N, set n, = q(p(k)). Clearly, {fn, }?2, is a subsequence {f,}22,
lm ||Tfn, — fll = 0, {gn,}3>; is a subsequence {g,}r>; and lim ||Tg,, — g|| = 0.
k—o0 k—o0

Clearly {hn,}32, is a subsequence of {h,}>2,, f +ig € Xc and

T . = (f +ig)ll| < 2max{|[Tfn, = fII, 1T 90, — 9l}

for all k € N. Thus, klirn || T B, — (f +ig)||| = 0. Therefore, T" is compact. Hence (ii)
—00
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holds.

To prove (iii), we first assume that 7" is invertible in BL¢(Xc, X¢). Then there exists
(T')~' € BLc(Xc,Xc) such that T o (T')™! = (T") "' o T" = Ix.. We now define the
maps V1 : X — Xc and P : X¢c — X by

Uy (f)=f+i0 (VfeX) and Py(f+ig)=f (Vf,g¢€X).
We can easily show that
U, € BLr(X,Xc), ||[¥1]] <2C, P, € BLg(Xc,X) and ||P|| < C.
Moreover, ¥ o T = T oW, and ToP, =P, oT . Now, we have
(Pro(T) o) oT =Ix =To(Pro(T) o).

Therefore, T is invertible in BLg(X,X) and 7! = Py o (T") "' o 0.
We now assume that T is invertible in BLg(X, X). Then there exists T~! € BLg(X, X)
such that T o T~ = T o T = Ix. We now define the map (T~!)" : ¥¢c — X¢ by

(T (f+ig) =T f+iT"'g (Vf.g € %),
Then (T71) € BLc(X¢, Xc) and ||[(T71)'|| < 2C||T~!||. Moreover,
(TY oT' =T o (T = Ix..

Therefore, T" is invertible in BLc(Xc, X¢) and (T")~' = (T1)". Hence, (44i) holds.
The proof of (iv) is obvious. From (iii) and (iv), we deduce that (v) holds. [ |

Compact composition operators on Lipschitz spaces (Lipk (X, d), ||-||x,z.) characterized
in [4] as the following.

Theorem 2.2 (see [4, Theorem 1.1]). Let (X, d) be a metric space and let ¢ : X —
X be a Lipschitz mapping from (X,d) into (X,d). Then the composition operator
Co,Lipe(x,d) * Lipr(X,d) — Lipk(X,d) is compact if and only if ¢ is supercontrative
and ¢(X) is totally bounded in (X, d).

In the following result, we characterize compact composition operators on real lipschitz
spaces (Lip(X,d,7), |- [|x,L)-
Theorem 2.3 Let (X,d) be a metric space, 7 be a Lipschitz involution on (X, d) and
¢ : X — X be a Lipschitz mapping from (X,d) into (X,d) such that ¢ o7 = 7 0 ¢.
Then the composition operator Cy rp(x,d,r) : Lip(X,d, ) — Lip(X,d,7) is compact if
and only if ¢ is supercontractive and ¢(X) is totally bounded in (X, d).

Proof. Since 7 is a Lipschitz involution on (X,d), by Theorem 1.2, we deduce that
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Lip(X,d) = Lip(X,d, ) @1 Lip(X,d, ), there exists a constant C' > 1 such that

max{ | fllx,z. l9llx,.} < C|f +igllx,c <2Cmax{||f|x.r,llglx.Lc}

for all f,g € Lip(X,d,7) and Lip(X,d,7) is a real Banach space. Hence, by Theorem
2.1, the compactness of Cy rip(x.4,r) : Lip(X,d,7) — Lip(X,d, T) is equivalent to the
compactness of (Cy Lip(x.dr)) : Lip(X,d) — Lip(X,d) which is defined by

(Cy Lipx.an) (f T19) = Cy Lipx.an () +iCy Lip(x.a.1)(9)

for all f,g € Lip(X,d, 7).

Since
(C¢,Lip(X,d,‘r))/(f +ig) = (fo¢) +i(go )

=(f+ig)oo

= Cy Lip(x,a)(f +19)

for all f,g € Lip(X,d, ), we conclude that

(Co.rip(x.am) = Co Lip(x.d)-

Thus, the compactness of Cy ripx.d,r) @ Lip(X,d,7) — Lip(X,d, ) is equivalent to
the compactness of Cy rip(x.q) : Lip(X,d) — Lip(X,d), and this is equivalent to ¢
is supercontractive from (X,d) into (X,d) and ¢(X) is totally bounded in (X,d) by
Theorem 2.2. Hence, the proof is complete. [ |

Note that Theorem 2.3 is a generalization of Theorem 2.2, whenever K = R.

We now show that the class of real Lipschitz spaces (Lip(Y,p,7),|| - |ly,z) is larger
than the class of complex Lipschitz spaces (Lip(X,d), || - || x,1.) regarded as real Lipschitz
spaces (Theorem 2.4, below), and the class of compact composition operators on real
Lipschitz spaces (Lip(Y,p,7), || - |ly,z) is larger than the class of compact composition
operators on complex Lipschitz spaces (Lip(X,d), || - || x,r) (Theorem 2.5, below).

Theorem 2.4 Let (X, d) be a metric space. Suppose that Y = X x {0,1} and p is the
metric on Y defined by

p((z1, 1), (22, j2)) = max{d(z1, 2),|j1 — jal}-
Let 7: Y — Y be the self-map on Y defined by
7(z,0) = (x,1) (x € X), 7(z,1) = (2,0) (z€ X).

Then:

(i) 7 is a Lipschitz involution on (Y, p).
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(ii) The map A : Lip(X,d) — Lip(Y, p,7) defined by

(Af)(2,0) = f(z) (f € Lip(X,d),z € X),

(AN, 1) = f(z) (f € Lip(X,d),z € X),

is an injective bounded real-linear operator from (Lip(X,d), || - ||x,z) regarded as

a real Banach space onto (Lip(Y, p,7),| - ||v,r), satisfying

1 fllx,L < Afllv,e <2 fllx,L

for all f € Lip(X,d).

Proof. Clearly, 7(7(x,j)) = (x,j) for all (x,5) € Y, and

p(T(x1, 1), T(22, J2)) = p((z1,41), (22, J2))

for all (z1,71), (w2, j2) € Y. Hence, (i) holds.

It is easy to see that A is well-defined and a real-linear operator from Lip(X, d), regarded
a real Banach space, into Lip(Y,p,7). Let g € Lip(Y, p,7). We define the function f :
X — € by f(z) = g(z,0). Then f € C*(X), [Iflx < lglly and Lix.a)(f) < Ly (o).
Hence, f € Lip(X,d). Moreover,

(Af)(2,0) = f(z) = g(x,0),
(Af)(x,1)

I
—~
8
I
KQ
s
(=)
S~—
I
o
O
2
—~
8
=

for all x € X. Therefore, A(f) = g and so A is onto.
Let f € Lip(X,d). Clearly, ||f||x = [|[Af|ly. Let z1,29 € X with 21 # x9. Then

[f(@1) = f(@2)] = [(Af)(21,0) — (Af)(22,0)]
< L(Y,p) (Af)p(((l?l, 0)7 (.%2, 0))
= L(y,p)(Af)d(z1, z2).

Hence, Lx,q)(f) < Ly,p)(Af). Therefore,

| fllx,r <[ Afllv,L-
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Now, let (z1, /1), (#2,2) € Y with (z1,j1) # (22,]2). If j1 = j2, then
[(A) (@1, 51) = (Af) (2, 52)| = [f(21) — f(22)]

< Lix,a)(f)d(z1, 22)

< 2| fllx,Le((z1, 41), (w2, j2)),
and if j; # jo, then
|(Af)(z1,51) — (Af) (22, J2)| = [ f(21) — f(22)]

< 2| fllx |51 = gl

<2 fllx,Lp((z1, 41), (22, j2))-

Thus,

Ly (Af) <2[fllx.z-

On the other hand, we have

IAflly = [Ifllx < 201 fllx.z-

Therefore,

[Afllv.e <201 flx.L-

Hence, (ii) holds. [ |

Theorem 2.5 Let (X, d) be a metric space, Y = X x{0, 1}, p be the metric on Y defined
by p((z1, 1), (z2,72)) = max{d(z1,x2),|j1 — jo|} and 7 be the Lipschitz involution on
(Y, p) defined by

7(z,0) = (x,1), 7(z,1) = (2,0), (ze€X).

Let ¢ : X — X be a Lipschitz mapping from (X, d) into (X,d) and let ¢ : Y — Y be
the self-map on Y defined by

1/1(3570) = (¢(9€)70)7 1/1(337 1) = (¢($), 1) (x S X),

Then:

(i) % is a Lipschitz mapping from (Y, p) into (Y, p) such that ¢ o7 =7 0.
(ii) The composition operator Cy rip(x,a) : Lip(X,d) — Lip(X,d) is compact if
and only if the composition operator Cy, rip(y,p,r) : Lip(Y, p,7) — Lip(Y, p,7) is

compact.
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Proof. Clearly, (i) holds.
Let A : Lip(X,d) — Lip(Y, p, ) defined by

(Af)(l‘,()) = f($)7 (Af)(wvl) :m (LI? S X)

By Theorem 2.4, A is an injective bounded real-linear operator from Lip(X,d) with the

norm || - ||x,z regarded as a real Banach space, onto the real Banach space Lip(Y, p, T)
with the norm || - ||y,.. We can easily show that
Ao Gy Lip(x.a) = Oy Lip(v,p.r) © A- (1)

According to A € BLg(Lip(X,d), Lip(Y,p,7)) and (1), we deduce that the opera-
tor Cy rip(x,a) @ Lip(X,d) — Lip(X,d) is compact if and only if Cy ripvipr)
Lip(Y, p,7) — Lip(Y, p,7) is compact. Hence, (ii) holds. [ |
According to Theorems 2.4 and 2.5, it is clear that Theorem 2.3 is also a generalization
of Theorem 2.2, whenever K = C.
In [4], Jiménez-Vargas and Villegas-Vallecillos obtained the analogous result for com-

pact composition operators on little Lipschitz spaces (lipx(X,d), | - ||x,z) that satisfy a
kind of uniform separation property.

Definition 2.6 (see [4, Definition 1.1]). Let (X, d) be a metric space, not assumed to be
compact. It is said that a linear subspace M of Lipg (X, d) separates the points uniformly
on bounded subsets of X if for each bounded set K C X, there exists a constant a > 1

(which may depend on K') such that for every x,y € K, some f € M satisfies || f||x,r < a
and |f(z) — f(y)| = d(z,y).

Note that lipk (X, d) satisfies aforementioned uniform separation property when (X, d)
is uniformly discrete (that is, inf{d(x,y) : * # y} > 0), or when (X,d) is a totally
disconnected metric space [10, Example 3.1.6].

Theorem 2.7 (see [4, Theorem 1.3]). Let (X, d) be a metric space and ¢ : X — X be
a bounded Lipschitz mapping from (X, d) into (X, d). Assume that lipk (X, d) separates
points uniformly on bounded subsets of X. Then the composition operator C¢ j;p, (x.q) :
lipg (X,d) — lipg(X,d) is compact if and only if ¢ is supercontractive and ¢(X) is
totally bounded in (X, d).

In the following result, we characterize compact composition operators on real little

Lipschitz spaces (lip(X,d,7), | - ||x,r) when lip(X,d) satisfies aforementioned uniform
separation property.

Theorem 2.8 Let (X,d) be a metric space, 7 be a Lipschitz involution on (X, d) and
¢ : X — X be a Lipschitz mapping from (X,d) into (X,d) with ¢ o7 = 7 0 ¢.
Suppose that lip(X,d) separates points uniformly on bounded subsets of X. Then the
composition operator Cg ip(x,d,r) : lip(X,d,7) — lip(X,d, T) is compact if and only if
¢ is supercontractive and ¢(X) is totally bounded in (X, d).
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Proof. Since 7 is a Lipschitz involution on (X,d), by Theorem 1.2, we deduce that
lip(X,d) =lip(X,d, 7) ®ilip(X,d, 1), there exists a constant C' > 1 such that

max{|| f]

x.L 9llx.c} < Clf +igllxL < 2Cmax{| flx.r, llgllxr}

for all f,g € lip(X,d,7) and lip(X,d, ) with the norm || - [ x  is a real Banach space.
Hence, by Theorem 2.1, the compactness of the operator Cy jip(x.d,r) : lip(X,d, 7) —
lip(X,d, ) is equivalent to the compactness of the operator (C¢,lip(X,d,T)), dlip(X,d) —
lip(X,d) which is defined by

(Cd),lip(X,d,T))/(f +1ig9) = Corip(x,d,r) (f) +1Co1ip(x,d,r) (9)

for all f,g € lip(X,d, 7). It is easy to see that

(C¢>,lip(X,d,T) )/ = Cgb,lip(X,d) .

Since lip(X,d) separates the points uniformly on bounded subsets of X and ¢ is a
bounded Lipschitz mapping from (X, d) into (X, d), by Theorem 2.7, the compactness of
Co ip(x,4) 18 equivalent to ¢ is supercontractive and ¢(X) is totally bounded in (X, d).
Hence, the proof is complete. [ ]

Note that Theorem 2.8 is a generalization of [4, Theorem 1.3] whenever K = R.

We now show that the class of real little Lipschitz space lip(Y, p,7) with the norm
| - llv,r is larger than the class of complex little Lipschitz spaces lip(X,d) with the
norm || - || x,z, regarded as real Lipschitz spaces (Theorem 2.9, below) and the class of

compact composition operators on (lip(Y, p, 7), ||-||v,) is larger than the class of compact
composition operators on (lip(X,d),| - || x,z) (Theorem 2.10, below).

Theorem 2.9 Let (X, d) be a metric space, Y = X x{0,1} , p be the metric on Y defined
by p((z1,71), (z2,j2)) = max{d(x1,x2),|j1 — j2|} and 7 be the Lipschitz involution on
(Y, p) defined by

7(x,0) = (x,1), 7(z,1) = (z,0) (z€X).
Then the map I : lip(X,d) — lip(Y, p, 7) defined by
(Tf)(,0) = f(z), (Of)(@,1)=f(z) (f€lip(X,d),z € X),

is an injective real-linear operator from (lip(X,d), || - ||x,r) regarded as a real Banach

space onto (lip(Y, p,7), || - |lv,r) satisfying
Ifllx.e < ITfllvie < 2)fllx,z

for all f € lip(X,d).
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Proof. Let A : Lip(X,d) — Lip(Y, p,7) defined by

(Af)(@,0) = f(z), (Af)(x,1) = f(z) (f € Lip(X,d),z € X).

By Theorem 2.4, A is an injective bounded real-linear operator from Lip(X,d) with the
norm || - ||x, regarded as a real Banach space onto Lip(Y, p,7) with the norm || - ||y,

satisfying

Ifllxe < IAfllv,e <2[fllx.z

for all f,g € Lip(X,d). We claim that
Alip(X,d)) = lip(Y, p, 7). (2)

Let f € lip(X,d). Then f € Lip(X,d) and so Af € Lip(Y, p, 7). Let € > 0 be given. There
|f(z1) = f(z2)]
d(xlny)
Set 0 = min{dp, 1/2}. If (z1,71),(z2,752) € Y with 0 < p((x1, 1), (x2,J2)), then 0 <

d(z1,22) < g and j; = jo, so we have

exists dg > 0 such that < g, whenever z1, 29 € X and 0 < d(z1, z2) < do.

[(AS) (21, 1) = (Af) (w2, 42)| _ [f(21) — f(x2)|

p((z1,71), (z2,72)) - (1, 22) <e.

Thus, Af € lip(Y, p, 7).
Now, let g € lip(Y,p,7). Then g € Lip(Y,p,7) and so there exists f € Lip(X,d)

such that Af = ¢g. Let ¢ > 0 be given. Then there exists 6 > 0 such that
l9(x1,41) — g(z2, J2)|

p((z1, 1), (2, j2))
If 1,29 € X with 0 < d(z1,22) < 6, then (z1,0), (z2,0) € Y with 0 < p((x1,0), (z2,0)) <

4, and so

< &, whenever (1, j1), (72, j2) € Y and 0 < p((z1, j1), (72, 2)) < 6.

[f(x1) = f(x2)] _ [(AS)(21,0) = (Af)(22,0)]

dan,e)  p(n0),(22,0) O

Thus, f € lip(X,d) implies that g € A(lip(X, d)). Hence, our claim is justified.
From (2) and definitions of I" and A, we conclude that ' is well- defined and T" =
Alyip(x,4)- According to (2) and the above mentioned properties of A, we conclude that

I" satisfies the required conditions. |

Theorem 2.10 Let (X,d) be a metric space, Y = X x {0,1}, p be the metric on Y
defined by p((x1,71), (z2, j2)) = max{d(z1, xz2), |j1—Jj2|} and 7 be the Lipschitz involution
on (Y, p) defined by

7(z,0) = (x,1), 7(z,1) = (x,0) (z€ X).
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Let ¢ be a bounded Lipschitz mapping from (X, d) into (X,d) and the map ¢ : Y — Y
defined by

¢($70) = (¢(x)’0)v ¢($a 1) = ((ZS(‘T)’ 1) ('T € X)7

Then:

(i) % is a bounded Lipschitz mapping from (Y, p) into (Y, p) such that ¢po7 = 701).

(ii) The composition operator Cy jip(x,qa) : lip(X,d) — lip(X,d) is compact if and
only if the composition operator Cy, jiy,p.r) : lip(Y, p,7) — lip(Y, p,7) is com-
pact.

Proof. By part (i) of Theorem 2.5, 9 is a Lipschitz mapping from (Y, p) onto (Y, p) such
that ¥ o7 = 7 0. Since ¢ is bounded, there exists 1 € X and d; > 0 such that

d(X) C{r e X : d(z,z1) < 01}
We assume that y; = (z1,0) and 73 = 1 + d1. It is easy to see that

YY) CS{yeY :ply,y1) <M}

Therefore, 1) is bounded. Hence, (i) holds.
Let I' : lip(X,d) — lip(Y, p, 7) defined by

(Tf)(,0) = f(z), (Tf)(z,1)=f(z) (f€lip(X,d),zeX).

By Theorem 2.9, I' is an injective bounded real linear operator from lip(X,d) with the

norm || - ||x,z regarded as a real Banach space onto real Banach space lip(Y, p, 7) with
the norm || - ||y,r.. We can easily show that
o Cip(x.a) = Cptip(vipr) T (3)

According to I' € BLr(lip(X,d),lip(Y,p,7)) and (2.3) , we deduce that the operator
Colip(X,d) : lip(X,d) — lip(X,d) is compact if and only if Cop lip(v,p,7) lip(Y,p,7) —
lip(Y, p, T) is compact. Hence, (i7i) holds. [ |

According to Theorems 2.9 and 2.10, it is clear that Theorem 2.8 is also a generalization
of [4, Theorem 1.3], whenever K = C.

The following result is concerning the compactness of composition operators on Lips-
chitz spaces Lipo (X, d) obtained by Jiménez-Vargas and Villegas-Vallecillos [4].

Theorem 2.11 (see [4, Theorem 1.2]). Let (X, d) be a base pointed metric space and
¢ : X — X be a base point preserving Lipschitz mapping from (X, d) into (X, d). Then
the composition operator Cy rip, ,(x,q) : Lipox(X,d) — Lipox(X,d) is compact if and
only if ¢ supercontractive and ¢(X) is totally bounded in (X, d).
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In the following result, we characterize compact composition operators on real Lipschitz
spaces Lipo(X,d,T).
Theorem 2.12 Let (X, d) be a base pointed metric space, T be a base point preserving
Lipschitz involution on (X,d) and ¢ : X — X be a base point preserving Lipschitz
mapping from (X, d) into (X, d) satisfying ¢ o7 = 70 ¢. Then the composition operator
Co, Lipo(X,d,r) * Lipo(X,d,7) — Lipo(X,d, ) is compact if and only if ¢ is supercontrac-
tive and ¢(X) is totally bounded in (X, d).

Proof. Since 7 is a Lipschitz involution on (X,d), by Theorem 1.3, we deduce that
Lipo(X,d) = Lipo(X,d, ) & i Lipo(X,d, ), there exists a constant C' > 1 such that

max{Lxa)(f), Lix,a)(9)} < CLxq)(f +19)
< 20max{L(xq(f) Lix,a)(9)}

for all f,g € Lipo(X,d, ), and (Lipo(X,d,T), L(x,q)(-)) is a real Banach space. Hence,
by Theorem 2.1, the compactness of Cy rip,(x.d,-) * Lipo(X,d,7) — Lipo(X,d, ) is
equivalent to the compactness of (Cy Lipo(X,d,T))/ : Lipo(X,d) — Lipo(X,d) which is
defined by

(Cd),Lz'po(X,d,T))/(f +1i9) = Cy, Lipo(X,d,) (f) +1Cs, Lipo(X,d,r) (9)

for all f,g € Lipo(X,d, 7). It is easy to see that

(Co Lipo(x.dir)) = Cop Lipo(X.d)-

Therefore, the compactness of Cy rip(x,a,) * Lip(X,d,7) — Lip(X,d,T) is equivalent
to the compactness of Cy, 1ip,(x,a) : Lipo(X,d) — Lipo(X, d) and this is equivalent to ¢
is supercontractive and ¢(X) is totally bounded in (X, d). Hence, the proof is complete.
|

Note that Theorem 2.12 is a generalization of Theorem 2.11 whenever K = R.

3. Spectra of compact composition operators

We recall that if Y is a nonempty set, n € N and ¢ : Y — Y is a self-map of Y, then
a point yo € Y is called a fixed point of ¥ of order n if ¥ (yo) = yo whenever n = 1, and
Y™ (yo) = yo and ¥ (yg) # yo for all k € {1,...,n — 1} whenever n > 2.

Let (X, d) be a metric space and the metric space (X, d) be the completion of (X, d).
It is known [10, Proposition 1.7.1] that if (Y, p) is a complete metric space, then every
Lipschitz mapping ¢ : X — Y from (X, d) into (Y, p) has a unique Lipschitz extension
¢: X — Y from (X,d) into (Y, p), and

P(¢(), ()

( . :
W. (1) cx,y € X, x # ylh.
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Jiménez-Vargas and Villegas-Vallecillos [4] determined spectra of compact compo-
sition operators on Lipschitz spaces (Lipk(X,d),| - ||x,r) and little Lipschitz spaces
(lipg (X, d), | - ||x,z) as the following.

Theorem 3.1 (see [4, Theorem 1.4]). Let (X, d) be a metric space, ¢ : X — X is a
Lipschitz mapping from (X, d) into (X, d), ¢ : X — X its extension to the completion
(X,d) of (X,d) and A the set of all n € N such that ¢ has a fixed point of order n.

(1) I Cy Lipe(x,a) * Lipx(X,d) — Lipx(X,d) is a compact operator, then A is finite
and
0(Cy, Lipx(x,a)) \ {0} = U {AeK:\" =1}

neA

Moreover, if X is infinite and connected in (X, d), then

(Cqﬁ,szK X,d) ) {O 1}

(ii) Assume that ¢ is bounded and lipg (X, d) separates points uniformly on bounded
subsets of X. If Cy 5, (x,4) : lipx(X, d) — lipx(X, d) is compact, then A is finite

and
o (Coripexa) \{0} = [ J{A e K: A" =1},
neA

Moreover, if X is infinite and connected in (X, d), then

o (Coipg(x,a)) = 10,1}

In the following theorem, we determine spectra of compact composition operators on
Lip(X,d,7) and lip(X,d, ).

Theorem 3.2 Let (X, d) be a metric space, T a topological involutionon X, ¢ : X — X
a Lipschitz mapping from (X, d) into (X,d) with ¢ o 7 = 7 0 ¢, ¢ the unique Lipschitz
extension to completion (X, d) of (X,d) and A the set of all n € N such that ¢ has a

fixed point of order n.

(i) If Cy rip(x,a7) * Lip(X,d,7) — Lip(X,d,7) is a compact operator, then A is

finite and

o(Cyripixan) \{0} = [ J{A eR: A" =1},

neA

Moreover, if X is infinite and connected in (X, d), then

o (Cy, Lip(x,d,r)) = {0, 1}
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(ii) Assume that ¢ is bounded and lip(X, d) separates points uniformly on bounded
subsets of X. If Cy jip(x,a,r) : lip(X,d,7) — lip(X,d,T) is compact, then A is

finite and

o(Coripxar) \{0} = [ J{A eR: A" =1}
neA

Moreover, if X is infinite and connected in (X, d), then

U(C¢,lip(X,d,T)) = {07 1}

Proof. Let A = Lip(X,d,7) and B = Lip(X,d) (A = lip(X,d,7) and B = lip(X,d),
respectively). Suppose that ¢ is bounded and B separates points uniformly on bounded
subsets of X whenever A = lip(X,d, 7).

Let Cy 4 : A — A be a compact operator. Since 7 is a topological involution on
(X,d), by Theorem 1.2, B= 4@ i A and there exists a constant C' > 1 such that

max{[|fllx.z, lgllx.c} < CIf +igllx.c <2Cmax{||f]x.r, lgllx.c},

for all f,g € A. By Theorem 2.1, (Cy 4) : B —> B is a compact operator and
7(Cy,4) = RN ((Cy)).

By the argument given in the proofs of Theorem 2.3 for A = Lip(X,d, ) and Theorem
2.8 for A = lip(X,d, 1), we have

(Cs,4) = Cyyp.
Therefore,
0(Cy.a) =RNo(Cyp). (4)
On the other hand, by Theorem 3.1, we have

o(Com)\ {0} = JfreC:am =1}, (5)

neA

From (4)and (5), we conclude that

o(Co)\ {0} = [ J{AeR: A" =1}

neA

Moreover, if X is infinite and connected in (X, d), then

o(Cy5) = {0,1}.
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So by (4), we have

J(C¢,A) = {07 1}'

Hence, the proof is complete. |

In the following example which is a modification of [4, Example 1.1], we determine the
spectrum of the compact composition operator Cy, rip(x,4,r) On Lip(X,d, ), where 7 is a
suitable Lipschitz involution on (X, d).

Example 3.3 Take the sets Z = [-1,—1/2]U[1/2,1] and Y = [-1/2,—-1/4]U[1/4,1/2]

endowed, respectively, with the metrics
dZ(fL',y): ’.’L‘—y’, (V:U,yEZ), dY($7y): ‘.’E—y‘, (vx7y€Y>

Let X =Y UZ and let d: X x X — R the distance on X given by

/

dz(z,y) if v,y € Z;
dy (2, y) if z,y €Y;

sy = | 2@ D £ A (C1/2) if e L1/ y e Y
dz(y,—1/2) +dy(-1/2,z) ifye[-1,-1/2|,z €Y;
dz(z,1/2) + dy (1/2,y) ifve [1/2 1],y €Y;
dz(y,1/2) +dy(1/2,z) ifye[l/2,1],z €Y.

\

Notice that (X, d) is compact since the topology generated by d is the usual topology
of X. Define the map 7: X — X by 7(x) = —z. It is easy to see that

d(t (), 7(y)) = d(z,y),

for all x,y € X, and so 7 is a Lipschitz involution on (X, d). Consider now ¢ : X — X
defined by

—2zxifx ey,
plx)=<1 ifzel[-1,-1/2]
~1 ifxe[1/2,1].

It is not hard to check that ¢ is Lipschitz mapping from (X, d) into (X,d) and ¢po7 =
7o ¢. Thus, Cy ripx.4,7) * Lip(X,d,7) — Lip(X,d,7) is compact by Theorem 2.3. It is
easy to see that —1 and 1 are fixed point of ¢ of order 2 and if z € X \ {—1, 1}, then = is
not fixed point of ¢ of order n for all n € N. Since (X, d) is a compact metric space, we
deduce that (X,d) = (X,d) and ¢ = ¢. Thus, A = {2} and so, by Theorem 3.2, we have

o(Copripxar) \{0} = [ JAeR: N2 =1} ={-1,1}. (6)

neA
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On the other hand, 0 € 0(Cy 1ip(x,4)) since X is infinite. Thus, 0 € RN o (Cy, rip(x,a))-
By the argument given in the proof of Theorem 3.2, we conclude that 0 € o(Cy, 1ip(x,d,r))-

Now, from (6) we have

o(Cy Lip(x,dr) = {—1,0,1}.

References

[1] D. Alimohammadi and A. Ebadian, Hedberg s theorem in real Lipschitz algebras, Indian J. Pure Appl. Math.
32 (10)(2001), 1479-1493.

[2] F. F. Bonsall and J. Duncan, Complete Normed Algebras, Springer- Verlag, 1973.

[3] A. Ebadian and S. Ostadbashi, Compact homomorphisms of real Lipschitz algebras, Southeast Asian Bull.
Math. 30(4) (2006), 653-661.

[4] A. Jiménez-Vargas and M. Villegas-Vallecillos, Compact composition operators on noncompact Lipschitz
spaces, J. Math. Anal. Appl. 398(2013), 221-229.

[5] H. Kamowitz and S. Scheinberg, Some properties of endomorphisms of Lipschitz algebras, Studia Math. 96
(1990), 61-67.

[6] S. H. Kulkarni and B. V. Limaye, Gleason parts of real function algebras, Canad. J. Math. (33) (1) (1981),
181-200.

[7] S. H. Kulkarni and B. V. Limaye, Real Function Algebras, Marcel Dekker, New Yorke, 1992.

[8] D. R. Sherbert, Banach algebras of Lipschitz functions, Pacific J. Math. 13(1963), 1387-1399.

[9] D. R. Sherbert, The structure of ideals and point derivations of Banach algebras of Lipschitz functions,
Trans. Amer. Math. Soc. 111(1964). 240-272.

[10] N. Weaver, Lipschitz Algebras, World Scientific, New Jersey, 1999.



