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Commutativity degree of 7, Z»
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Abstract. For a finite group G the commutativity degree denote by d(G) and defind:

H(z, )|z, y € G zy = yz}|
|G|2 '

d(G) =

In [2] authors found commutativity degree for some groups,in this paper we find commuta-
tivity degree for a class of groups that have high nilpontencies.
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1. Introduction

For a finite group G the commutativity degree

H(z,y)|z,y € G,zy = yx}|
|G? '

d(G) =

is defined and studied by several authors (see for example [2, 3, 7]).

When d(G) > %, it is proved by P.Lescot in 1995 that G is abelain ,or % is

elementary abelian with |G| = 2 ,or G is isoclinic with S3 and d(G) = 1.
Throughout this paper n is positive integer and p is odd prime number.

We consider the wreath product G, = Zp1Zy» where ,the standard wreath product

G ! H of the finite groups G and H is defined to be semidirect product of G by

direct product B of |G| copies of H.

In [1] it is proved that G, has efficient presentation as follows:

Gn:<x,y|yp:xp":1 ) [‘rvxyi]:]- ) 1<7’<7>
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Main theorems in this paper are:

THEOREM 1.1

d(Gn) p(pfl)n+2
THEOREM 1.2
. 1
nhﬁrgo d(Gy) = el
THEOREM 1.3
1 1
— < d(Gp) < —.
p p

2. Proofs

We need some lemmas for proving Theorems 1.1, 1.2 and 1.3.

LEMMA 2.1 In group G, every element z has an unique presentations as follows:

y = ya(x)ﬁo (xy)ﬁl (xyz)ﬂz__.(xy’”)ﬁpﬂ

where a € {0,1,2,...,p— 1} and 8; € {0,1,2,...,p" —1} (0<i<p-—1).
Proof By presentation of Gy,it is clearly. [ ]

LEMMA 2.2 Let 21,22 € Gy and 21 = y® (z)% (a¥)P (a¥")P2 (2" )P and 29 =
Y2 ()0 (2¥) 1 (@V*) 2. (a¥ )1 Then 2120 = 2021 if and only if:

ﬂi T Yoo t+i = ﬁCVeri + Yoo —as+i (mOd pn) ; (Z = 07 ]-7 2) P — 1)

where indices are reduced module of p.

Proof We have:
2221 =

2 o1 a1t~y ar1+p—1 p—1 1 2\ B, p—1 1
yortee (¥ Yo (VT (29 ) (x)ﬂo(xy)ﬂ (Y )/3 (xR

and
2122 =

ya1+az (xy"z )Bo (xy”“ )Bl '_.(xy"f’”‘l )ﬁp_l ()7 (z¥)™ (ny)vz ._.(xy"‘l Yoo,

By lemma 2.1 every element in GG, has unique presentation ,so we have:
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60 + 7042 = Baz + 7042—041 (mOd pn)
ﬁl + /-}/a2+1 = Bﬂéz"rl + ’ya2—a1+1 (mOd pn)
5p—1 + Yaz+p-1 = ﬁag-&-p—l + Yaz—ai+p—1 (mod pn)'

Then we have:
ﬂi + Yooti = Baeri + Yoo —ay+i (’ITLOd pn) P (Z = O» 17 23 P — ]-)

Remark:On set G,, X G,,,we consider:
C(Gr) ={(21,22)|21, 22 € Gy, 2122 = 2221}
LEmmA 2.3
(G| = PP (pl= D" 4 p? — 1),

Proof Let z € G,, and z = y® ()% (a¥)01 (V)P (x¥" " )P,
We consider (z) = a. Now let

Car,a (Gn) = {(21,22)|21, 22 € G, 2122 = 2221, (21) = 1, Y(22) = a2}

So we have:

p—1 p—1

U U Goren(Gn) = C(G).

a1=0a=0
More over:

p—1 p—1

IC(Gn)| = Z Z |Car 0z (G)|-

a1=0 ax=0

Now we have two cases.
Casel: a;=0,a0=0
let 21 = 2P0 (x¥)Pr (2V*)B2 . (2¥" " )Pr1 and zp = 270 (x¥) 1 (x¥°)%2...(2¥" ") ¥~ where
Birv; €{0,1,...,p" =1} and 0<i,j<p—1.
Since 2129 = 2921 then:
[Go.0(Gn)| = p" x pl" x - x pl' = p?P".

2p

Case II: a1 # 0 or as # 0,
let 21 = Yo ()P ()P (2¥") B2 (2¥" )P and 29 =
Y@ (@) (a¥) M (@Y )2 (2¥" )1 I 2120 = 2921 by lemma 2.2 we have:

ﬂi + Ya,+i = ﬁaz—i-i + Yas—ay+i (mOd pn) ) (Z =0,1,2,....,p— 1) (*)
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where indices are reduced module of p.
Now we can choose Sy, 31, ..., Bp—1, 70 and findyi, 72, ..., 7p—1 uniquely by (x), then

ICar,a0 (Gr)| = p" xp™ x ... x p" :Pn(p+1)~
p+1
Finally we have
p—1 p—1
GG =D > lCarian(Gn)l = P>+ (p* = 1)p" P = pPrDn(ple=liny 2 7)),

For 1.1 since d(G,) = % so by lemma 2.3 we find d(G,) = % .

For 1.2 and 1.3 we have d(G,) = 1% + % , SO

1

n—oo p

and d(Gy) > 5. d(Gy) < 5 issimple. O
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