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G-Frames, g-orthonormal bases and g-Riesz bases
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Abstract. G-Frames in Hilbert spaces are a redundant set of operators which yield a repre-
sentation for each vector in the space. In this paper we investigate the connection between
g-frames, g-orthonormal bases and g-Riesz bases. We show that a family of bounded opera-
tors is a g-Bessel sequences if and only if the Gram matrix associated to its defines a bounded
operator.
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1. Introduction

Let H,K be separable Hilbert spaces, let I,J and every J; denote the countable (or
finite) index sets. Let {W}};cs is a sequence of closed subspaces of K and let B(H, W)
denote the algebra of all bounded linear operators from H to W;. Recall that a family
F ={fj}jes is called a frame for H if there exist constants 0 < A < B < oo such that,

AFIP<Y 1< £ fi>P<BIfI? Vfeh. (1)

jeJ

Frames have many nice properties which make them very useful in the characterization
of function spaces, signal processing and many other fields. Gabor [5], in 1946 intro-
duced a technique for signal processing which eventually led to wavelet theory. Later in
1952, Duffin and Schaeffer [3] in the context of nonharmonic Fourier series introduced

*Corresponding author.
E-mail addresses: s_karimizad@yahoo.com.

Print ISSN: 2252-0201 (© 2013 TAUCTB. All rights reserved.
Online ISSN: 2345-5934 http://jlta.iauctb.ac.ir



26 S. S. Karimizad. / J. Linear. Topological. Algebra. 02(01) (2013) 25-33.

frame theory for Hilbert spaces. In 1986, Daubechies, Grassman and Meyer [2] showed
that Duffin and Schaeffers definition was an abstraction of Gabors concept. Sun in [6]
introduced g-frames and g-Riesz bases in a complex Hilbert space and discussed some
properties of them. We refer to [1, 4, 7] for an introduction to the frames and g-frames
and its applications.

Definition 1.1 A family A = {A; € B(H,W;)| j € J} is called a generalized frame, or
simply a g-frame for H with respect to {W;};es if there are two positive constant C' and
D such that

CIAIP <Y A FIZ < DIFIP VfeH. (2)

jed

The real numbers 0 < C < D < oo are called the lower and upper g-frame bounds,
respectively. We call this family a g-frame for H with respect to K whenever £ = W
for all j € J. The family A is called a C-tight g-frame if C' = D and if C = D =1,
it’s called a Parseval g-frame, the sup{rank(A;) : j € J} is called the multiplicity of the
g-frame. If ||[A;|| = ||A;]| = X for all 4, j € J, then the g-frame is called A-uniform. If we
only have the upper bound, we call A a g-Bessel sequence for H with respect to {W;};es
with g-Bessel bound D. The family A is called

(i) A g-complete set for H with respect to {W;};e; if H = span{Aj(W;)}jes.
(i1) A g-orthonormal system for H with respect to {W;},c s, if:

<Ag,Njg >=0i5<g,9 > VijelJ geW,g eW,

(#4i) A g-orthonormal basis for H with respect to {W;};ey, if it is a g-orthonormal
system for H with respect to {W;}jes and {Aj(e;)}jesies; is a basis for H,
where {e;;}ics, is an orthonormal basis for W} for all j € J.

Notation 1.2 Let A = {A;};cs be a g-frame for H with respect to {W;};cs. The
representation space associated to A denotes by

(Y ems),, = {{oihsesl 9 €Wy and Y Jlgsl* < oc}. (3)
jeJ jeJ
which is a Hilbert space with inner product as follows:
<A{giliergitees >=>_ <gig; >  oitiesrddgjties € (D aWy),

jeJ jeJ

Moreover, if {e;;}ic, is an orthonormal basis for W; for all j € J, then {u;;}jcie, is
called the standard orthonormal basis of (ZjeJ EBVVJ-)Z2 where u;; = {di;€ij}res and Oy;
is the Kronecker delta.

Definition 1.3 The synthesis operator of a g-frame A = {A;};c; is defined by

Z@W p——H with Oa({gj}jes) = ZA*QJ (4)
JjeJ jeJ
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The associated adjoint operator given by
Or:H — (D W), with OK(f) = {A;f}jer- (5)
jed

is called the analysis operator. By composing © and ©} we obtain the g-frame operator

Sa:H —H  with  Sa(f) = OaOK(f) = D AJA;(f) (6)

jeJ

which is a bounded, invertible, and positive operator. This provides the reconstruction
formula

F=Y MM =) NAf (7)

jeJ jeJ
where A; = Angl. The family A = {A;};cs is also a g-frame for H with respect to
{W;}jes with g-frame bounds 4 and % respectively.

The well-known relations between a frame and associated analysis and synthesis op-
erator also holds in g-frames situation.

Theorem 1.4 Let Aj € B(H,W;) for all j € J. Then the following are equivalent:

(i) A={A;};es is a g-frame for H with respect to {W;};c.
(71) The synthesis operator O, is bounded, linear and onto.
(#4i) The analysis operator ©7} is injective with closed range.

Proof. This claim holds in an analogous way as in frame theory. [ |

A family A = {A;};e is called a g-frame sequence for H with respect to {W;};cs if A
is a g-frame for span{A;(W;)}jes with respect to {W;};ecs. The definition shows that if
Ais a g-frame for H with respect to {W; };es then A is g-complete set for H with respect
to {W;}jes. Theorem 1.4 leads to a statement about g-frame sequence.

Corollary 1.5 A sequence A = {A,};c; is a g-frame sequence for H with respect to
{W;}jes if and only if

On: (D W), —H . Oal{gi}ies) =Y Mg,
jeJ jeJ

is a well-defined bounded operator with closed range.

Proof. This follows immediately from Theorem 1.4. [ |

2. G-Frames, g-orthonormal bases and g-Riesz bases

If A = {Aj}jcs is a g-Bessel sequence for H with respect to {W;};c, then the Gram
matrix associated to A is defined by

OAOA = {< Ajeij, Ay emn >}jnedie; mel,- (8)

Theorem 2.1 Let A; € B(H,W;) for all j € J, then the following are equivalent:



28 S. S. Karimizad. / J. Linear. Topological. Algebra. 02(01) (2013) 25-33.

(i) A={A;};ecs is g-Bessel sequence with bound B for H with respect to {W;};ec.
(73) The Gram matrix associated to A defines a bounded operator on ( > jed @Wj) 2
with norm at most B.

Proof. (i) = (ii) Let {gj}jcs € (ZjGJ ®Wj) o, we show that Ox({g;}jes) is well-
defined. Fix I C J with |I| < oo, we have

[ aia =
i€l

sup. }<fZA*gz>\

1f11=
— A f, gi
DI
< s (S 181F) (S o) < B3 il

FlI=t er icl icl

It follows that Z]e sAjgj is weakly unconditionally Cauchy and hence uncondition-

ally convergent in M. Thus ©x({g;};es) is well-defined. Clearly ©30, is bounded and
10301l < B.
(i1) = (i) suppose that {g;};es € (ZjeJ ®Wj) 2, then we have

DI AP < B2 llgsl*

jeJ keJ jeJ

Given arbitrary I C J with |I| < oo, we have

| ] =< St >

kel

= ‘Z < gi,ZAiAng > ‘2

il kel

< (o) (U Asti)

iel i€l kel

<5 (X lail?)

iel

It follows that ©r({gj}jes) = >_;cs Ajg) is convergent and [[©4] < V/B. Hence for all
f € H we obtain

DA FIP = lleRfI* < Bl
Jj€J
m

Theorem 2.2 Let {A;}je; and {I';};c; be g-Bessel sequences for H with respect to
{W;}jes,{Vj}jes then the series } . ;I'7A; f converges unconditionally for all f € H.

Proof. Since {A;}jes is a g-Bessel sequence for H with respect to {WW;},cs, hence
{A;jf}jes € C3(K,J) for all f € H. Fix I C J with |I| < oo, and let B be the g-Bessel
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bound of {I';};es. Then for all f € H we have

i€l

= sup ‘<ZFAf,g>‘
IIH— ic

= sup | > < Aif,Tig> [

lgll=1" s
< swp (o Ias12) (X Il
llgll=1 T iel
<BY AP,
iel

It follows that > jed F;Aj f is weakly unconditionally Cauchy and hence unconditionally
convergent in H. [ |

Proposition 2.3 Let {Ej}jej,{E;-}jeJ be g-orthonormal bases for H,U with respect
to {W;};jes respectively, and let T' : H — U be a bounded linear operator such that
E;«T =E; for all j € J. Then T' is a unitary operator.

Proof. For each f € H we have

TP =D IETAP =D =017 = I/1P,

JjeJ JjeJ

which implies that T is an isometry operator. Further for every g € U we compute

el derls —%=/
Mg = ZT =9 = 2_=i=i9-
JjeJ jeJ

This yields

IT*g|> =< > E5Ei9,> EfEhg >

jeJ kedJ

:::g::jg:(%k < E;g,E%gﬁ>

jeJ ke

=Y IEjgl? = llgl*.

Jj€J
Thus T is a co-isometry, which finishes the proof. |

Theorem 2.4 Let = = {Z;},c; be a g-orthonormal system for H with respect to
{W;};cs. Then the following conditions are equivalent:

(i) = 1is a g-orthonormal basis for H with respect to {W;};c.

(1) f=2,esE}5) VfeH.

(iid) 11F1? = 35es 15551 VfeH.

(i) 117 =2 es H~;f\|2 VfeN.
)
)

~.

(v) <f,9>=> 7 <Eif.Ejg> VfgeH.
(vi) If 25 f =0 for all j € J then f =0.
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(vii) H = span{=}Z;(H)}jes-

(viii) H = span{a (Wi)}tjer.
Proof. (i) = (ii) By the assumptions {Z}e;;}jesics; is an orthonormal basis for H.
Therefore for all f € H we have

<N EEif = 0EfP =Y I < £ = > P=IfIP =< f.f>.

jed jeJ jeJiEd;

From this (i7) follows.
(1) = (t4i) Since = is a g-orthonormal system for H with respect to {W;},cs, hence
for all f € H and j € J we have (] Z;)%f = =32, f. This yields

IFI? =< D ESEif. £ >= Y IEESI

jeJ jeJ

which implies (i7¢). The implications (iii) = (iv) = (v) = (vi) are clear. To prove
(vi) = (vii) assume that f L span{Zj=;(H)};es, hence 1=, fII? =< f, EjEjf >=0and
so Z;f =0 for all j € J, it shows that f = 0 and thus (vii) follows. Also the implication

(vii) = (viit) is obvious. To prove (viii) = (i) suppose that

a=fren: Semr-s)

jeJ

It is obvious that A is a closed subspace of H. It follows by assumption that for every
i,j € J and f € H we have < EXE; f,EIE;f >= d;; < E;f,=;f >, which implies that
27558 = 0;557E;. Thus :*:Jf 6 .A. Now suppose f € A*, then for all j € J we
compute [|Z;f[? =< EiE;f.f >= 0, hence Z;f = 0. Let j € J and g € W; then
< f,Ejg >=< Ejf,g >= 0. It follows that f L span{=}(W;)}je; = H and so f = 0,
therefore H = A. For every f € H we further have

f= ZH*H]C ZZ<JC7“6U>“6U

jeJ jeJ ied;

—

From this the result follows. [ ]

Let {Z;} ;e be a family of closed subspaces in H, then {Z;} je s is called an orthonormal

fusion basis for H if H = P, Z;

Corollary 2.5 Let = = {Z;}c be a g-orthonormal basis for 7 with respect to {W;};e.s,
and let V; = E7Z;(H) for all j € J. Then {V};e, is an orthonormal fusion basis for H.

Proof. This claim follows immediately from the fact that for each 4, j € J we have

Corollary 2.6 Let Z = {Z;};cs be a Parseval g-frame of co-isometries for H with
respect to {W;};es. Then = is a g-orthonormal basis for # with respect to {W;};e..
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Proof. Fix i € J, since = is a Parseval g-frame for # with respect to {W;}cs. Thus for
every g € W;, we have

2 ook 12 2|2 = = 12
Ei9ll ZIujuZ‘gH = I=5gll* + Y IE5Ef gl
=
Hence Y ies [|Z;E5g]|> = 0. So E;2;g = 0 for all j # i. This shows that = = {Z;},e; is
J#i
a g-orthonormal system for H with respect to {W;};ecs. Now the result follows from the
Theorem 2.4. [ ]

Definition 2.7 Let {A;};cs and {I';};cs be sequences for H with respect to {W;};ecs
and {Vj}c respectively. Then

(i) {Aj}jes and {I'j}jes are said to be biorthogonal for H with respect to
Witjer {Vitjes if

<A;‘g,F§g'>:5¢j<g,g'> Vi,jeJ, ge W, g eV,

(i7) {Aj}jes is called a g-Riesz basis for H with respect to {W;};¢ if it’s g-complete
set for H with respect to {W;};e; and there exist constants 0 < A < B < oo
such that for any finite subset I C J and g; € Wj, (i € I) we have

AN gl < |1 Argil < BY llgill (9)

iel il iel

Theorem 2.8 Let A = {A;},cs be a g-Riesz basis for # with respect to {W;};cs, then
there exists a sequence I' = {I'; } ;s for H with respect to {W;},cs such that

f=Y_TiAf Vfel (10)

jeJ

I' is also a g-Riesz basis for H with respect to {W;};e; and A,I' are biorthogonal for
H with respect to {W;};cs. Moreover the series (10) converges unconditionally for all

feH.

Proof. By [6, Corollary 3.4] there is a g-orthonormal basis {Z; } je.7 for # with respect to
{W;},es and a bounded invertible operator 7" on H such that A = {A;};e; = {Z;T}je.
Put I'; = E;(T~1)* for all j € J. Obviously I' = {I';},e, is a g-Riesz basis for H with
respect to {W;};es and we have

<Ajg.Tig >=<T'Eig, T 'Sy’ >=b;; < g, > Vi,jeJ geWygd eW;

which implies that A,T" are biorthogonal for H with respect to {W;};cs. Moreover, for
all f € H we observe that

TN f =) T'EETf =T 'Tf= /.

JjeJ jeJ

Since every g-Riesz basis is a g-Bessel sequence thus, convergent unconditionally of the
above series follows by Theorem 2.2. [ ]
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Let A = {Aj}jes and I' = {I';};cs be g-Bessel sequences for H with respect to
{W;}jcs,{V;j}jes respectively. Then I is called a dual g-frame of A for H with respect

to {Vj}jes, {Wjljes if

f=Y _TiAjf Vfenr

jeJ

It is easy to check that I' is a dual g-frame of A for H with respect to {V;}jers, {W;}jes
if and only if OO} = Idy, in this case A and I are also g-frames for H with respect to
{W;}ies,{Vi}jes. Since ©r0OF = Idy, hence A is also a dual g-frame of I' for H with

respect to {W;}ies, {Vj}jes.
The following example shows that the dual g-frame of a g-orthonormal basis is not
unique.

Ezample 2.9 Fix some n € N,1 < j < n and define W; c C""l by W, =
span{zg;ll e}, where {e;}71! is the standard orthonormal basis for C"*!. Also define

Jj+1
= : - 2j
Z;:C" = W; with Z;({z},) = —=2 Zek.
I+

Then E = {E;}/_, is a g-orthonormal basis for C" with respect to {W;}7_;. Therefore
by Theorem 2.4, = is a dual g-frame of itself for C" with respect to {W;}_;. Now if for
each 1 < j < n, we define V; = span{e;} and

[;:C"—=V; and T;({zi}is1) = VJ + 1zje;.

Then for all z € C" we have z = > 1, I'E;2, that is I' = {I';}_; is a dual g-frame of
E = {E;}}_, for C" with respect to {V;}7_, {W;}]_, respectively.

Proposition 2.10 Let A = {A;};c; be a g-frame for H with respect to {W;};es, then
there exists a g-orthonormal basis {Z;} ;e for (ZjeJ SWj) . with respect to {W;}jes
such that 2,03 = A; for all j € J.

Proof. For all j € J define E; : (ZjeJ ®Wj),. = Wj by Ej({gr}res) = g5, then
Ejg9 = {0kjmw,g}tres for all g € K, where dy; is the Kronecker delta. First of all, {Z;} e,

is a g-orthonormal system for H with respect to {W;};c . To see this, let g € W;,¢' € W;
and 4,7 € J. Then we have

=%/

<Eig,Eig > = kb < Twig, w9 >
keJ

=6ji < mw, g, ™w,g >=06ji <g,9 >.

On the other hand for any g = {gi }res € (ZjeJ ®W;),, we compute

02

D OIEigl* =D llgsll? = llgll*.

jedJ jeJ

By Theorem 2.4 {Z;},cs is a g-orthonormal basis for (Z jeJ @Wj) 2 With respect to
{W;}jecs. It is easy to check that =;0} = A, for all j € J. Now the conclusion follows.l
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