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Abstract. Recently, Rahimi et al. [Comp. Appl. Math. 2013, In press| defined the concept
of quadrupled fixed point in K-metric spaces and proved several quadrupled fixed point
theorems for solid cones on K-metric spaces. In this paper some quadrupled fixed point results
for T-contraction on K-metric spaces without normality condition are proved. Obtained
results extend and generalize well-known comparable results in the literature.
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1. Introduction

In 1922, Banach proved his famous fixed point theorem [2]. Suppose that (X,d) is a
complete metric space and a self-map T" of X satisfies d(Tx, Ty) < Md(z,y) for all z,y €
X where X € [0,1); that is, T' is a contractive mapping. Then T has a unique fixed point.
Afterward, many authors considered various definitions of contractive mappings and
proved several fixed point theorems, which are extensions and generalizations of Banach’s
theorem (see [7, 19, 23] and the references contained therein). Fixed point theory in K-
metric and K-normed spaces was developed by Perov et al. [12], Mukhamadijev and
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Stetsenko [11] (also, see Zabrejko [25]). In 2007, Huang and Zhang [8] reintroduced K-
metric spaces, replacing the set of real numbers by an ordered Banach space, and proved
some fixed point theorems. Afterward, many authors proved several fixed and common
fixed point results on cone metric spaces (see, for example, [1, 15, 16, 18, 21, 22] and the
references contained therein).

On the other hand, Morales and Rajes [10] introduced T-Kannan and T-Chatterjea
contractive mappings in cone metric space and proved some fixed point theorems. Then,
Filipovi¢ et al. [5] defined T-Hardy-Rogers contraction in cone metric space and proved
some fixed and periodic point theorems. Very recently, Rahimi et al. [14, 16, 17] proved
new fixed and periodic point theorems for T-contractions involving two mappings on
cone metric spaces.

In 2006, Bhaskar and Lakshmikantham [4] considered the concept of coupled fixed point
theorems in partially ordered metric spaces. Afterward, some other authors generalized
this concept [16, 20, 24]. Finally, Berinde and Borcut [3] and Karapinar and Loung [9]
introduced the notion of tripled and quadrupled fixed points and proved several n-tuple
fixed point results.

In this paper, we consider the concept of T-contraction in quadrupled fixed point theory
and obtain some quadrupled fixed point results on K-metric spaces without normality
condition. Our theorems extend, unify and generalize the results of Rahimi et al. [13].

2. Preliminaries

Let us start by defining some important definitions.

Definition 2.1 [6, 8]. Let E be a real Banach space and P a subset of E. Then P is
called a cone if and only if

(a) P is closed, non-empty and P # {6},
(b) a,b € R,a,b>0,z,y € P imply that ax + by € P,
(c) if z € P and —z € P, then z = 6.

Given a cone P C E, we define a partial ordering < with respect to P by
ry<=y—xcP

We shall write x < y if z < y and & # y. Also, we write x < y if and only if y —x € intP
(where intP is interior of P). If intP # (), the cone P is called solid. The cone P is
named normal if there is a number K > 0 such that for all z,y € F,

02z 2y = |zl < Kllyl.

The least positive number satisfying the above is called the normal constant of P.

Definition 2.2 [8]. Let X be a nonempty set. Suppose that the mappingd : X x X — F
satisfies

(dl) 0 = d(x,y) for all z,y € X and d(z,y) = 0 if and only if z =y,
(d2) d(z,y) =d(y,z) for all z,y € X,
(d3) d(x,z) <d(x,y) + d(y,2) for all z,y,z € X.
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Then d is called a cone metric [8] or K-metric [25] on X and (X, d) is called a cone metric

space [8] or K-metric space (or abstract metric spaces) [25].

The concept of a K-metric space is more general than that of a metric space, because
each metric space is a K-metric space where E = R and P = [0, c0).

Ezample 2.3 [8]. Let E =R? P ={(z,y) € Elz,y >0} CR* X =Randd: X x X —
E such that d(z,y) = (|]z — y|, |z — y|), where @ > 0 is a constant. Then (X,d) is a
K-metric space.

Definition 2.4 [5]. Let (X,d) be a K-metric space, {x,} a sequence in X and =z € X.
Then

(7) {xn} converges to x if for every ¢ € E with 0 < ¢ there exist ny € N such that
d(zp,x) < c for all n > nyg.

(73) {zn} is called a Cauchy sequence if for every ¢ € E with 0 < ¢ there exist ng € N
such that d(z,, z,,) < ¢ for all m,n > ny.

Also, a K-metric space X is said to be complete if every Cauchy sequence in X is
convergent in X.

Lemma 2.5 [5]. Let (X,d) be a K-metric space over an ordered real Banach space E.
Then the following properties are often used.

(P) If x <y and y < z, then z < z.

(P2) If 0 < = < ¢ for each ¢ € intP, then x = 0.

(P3) If © < Az where z € P and 0 < A < 1, then = = 0.

(Py) Let z, — 6 in E and # < c. Then there exists a positive integer ng such that
r, < c for each n > ng.

Definition 2.6 [5]. Let (X,d) be a K-metric space, P a solid cone and § : X — X.
Then

(1) S is said to be sequentially convergent if we have for every sequence (z,), if S(zy,)
is convergent, then (x,) also is convergent.

(77) S is said to be subsequentially convergent if we have for every sequence (x,) that
S(xp) is convergent, implies (z,,) has a convergent subsequence.

(13i) S is said to be continuous, if lim,_,~ 2, = x implies that lim, o S(z,) = S(x),
for all (z,,) in X.

Definition 2.7 [5]. Let (X, d) be a K-metric space and T, f : X — X two mappings. A
mapping f is said to be a T-Hardy-Rogers contraction, if there exist a; > 0,i=1,---,5
with a1 + as + ag + a4 + a5 < 1 such that for all x,y € X,
d(Tfr,Tfy) X ard(Tz, Ty) + aed(Tz, T fx) + azd(Ty, T fy) + cud(Tz, T fy)
+asd(Ty, T fx).

In previous definition, suppose that a1 = ay = a5 = 0 and ag = as # 0 (resp. a1 = ag =
ag = 0 and oy = a5 # 0). Then we obtain 7T-Kannan (resp. T-Chatterjea) contraction
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Theorem 2.8 [14, 16] Let (X,d) be a complete K-metric space, P a solid cone and
T : X — X a continuous and one to one mapping. Moreover, f : X — X be a mapping
satisfying

d(Tfx,Tfy) = ad(Tx,Ty) + Bld(Tz, T fz) + d(Ty, T fy)]
+y[d(Tz, T fy) +d(Ty, T fz)],

for all x,y € X, where «, 8,7 > 0 with o + 25 + 2y < 1. Then

(i) for each zg € X, {T'f"zo} is a Cauchy sequence, (define the iterate sequence
{zn} by Tni1 = [ a0);
(ii) there exists a z,, € X such that lim,, o0 Tf"x0 = 24,;
(iii) if T is subsequentially convergent, then {f"x¢} has a convergent subsequence;
(iv) there exists a unique wy, € X such that fwg, = wy,; that is, f has a unique fixed
point;
(v) if T is sequentially convergent, then, for each xzy € X, the sequence {f"zo}

converges to Wy, .

3. Main results

For simplicity, denote X x X x X x X by X*, where X is a non-empty set.

Definition 3.1 [13]. An element (x,y, z,u) € X* is called a quadrupled fixed point of a
given mapping F : X* — X if x = F(x,y,2,u), y = F(y,z,u,2), 2 = F(z,u,r,y) and
u=F(u,z,y,2).

Definition 3.2 [13]. Let (X,d) be a K-metric space and T': X — X be a mapping. A
mapping F : X* — X is said to be a T-contraction, if there exist o, 3,7, > 0 with
a+ B+ v+ 6 <1 such that for all x,y, z,u, 2*, y*, z*, u* € X,

d(TF(x,y,z,u), TF(z*,y*, 2", u")) < ad(Tz, Tx*) + Bd(Ty, Ty")
+vd(Tz,Tz") + 0d(Tu, Tu™).

Now, we prove the main theorems of our work.

Theorem 3.3 Suppose that (X, d) is a complete K-metric space, P is a solid cone, and
T : X — X is a continuous and one to one mapping. Moreover, let F' : X* — X be a
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mapping satisfying

d(TF(z,y,z,t), TF(u,v,w,s))
2 ad(TF(z,y,z,t), Tx) + agd(TF(y, z,t,x), Ty) + asd(TF(z,t,z,y), Tz)
+asd(TF(t,z,y,2),Tt) + asd(T(u,v,w,s), Tu) + agd(TF (v, w, s,u), Tv)
+a7d(TF(w, s,u,v), Tw) + agd(TF(s,u,v,w),Ts) + agd(TF (u,v,w,s),Tx)
(TF(v,w,s,u), Ty) + an1d(TF(w, s,u,v),Tz) + ajod(TF(s,u,v,w), Tt)
+a13d(TF (z,y, 2,t), Tu) + a14d(TF (y, 2, t,2), Tv) + a15d(TF (2, t,z,y), Tw)
+a16d(TF(t,z,y,2),Ts) + ar7d(Tx, Tu) + a18d(Ty, Tv) + a19d(Tz, Tw)
+aged(Tt, T's), (1)
for all z,y,z,t,u,v,w,s € X, where «; for i = 1,2,---,20 are nonnegative constants
with 3°2 a; < 1. Then
(t1) For each xg,yo, 20,t0 € X,
{TF" (0,0, 20,t0)} , {T'F" (30, 20, to, o) },
{TF"(z0,t0,0,50)} , {TF" (to, ®o, Yo, 20) }

are Cauchy sequences.
(t2) There exist gu,, @y, , Gz, G, € X such that

lim TFn(iBo,yo,Zo,t(]) = dqzx, lim TFn(y07Z07t07$0) = Qyq,
n—00 n—00

lim TFn(ZQ,to,xo,yo) =4z lim TFn(to,CL'(),yo,Zo) = Q-
n—o00

n—o0

(t3) If T is subsequentially convergent, then

{TFn('any(sz:tO)} 5 {TFn(y07ZO7t07x0)}
{TF" (20,0, %0,y0)} » {TF"(to, T0, Y0, 20) }

have a convergent subsequence.

(t1) There exist unique 74, 7y,, 7, 7, € X such that

F(ngaryovrzoarto) =Tz 5 F(Tyoarzoartoyrmo) = Tyo>

F(szrto?’rl“ovryo) =Tz F(TtovTﬁfovryoﬂrZo) = Ttgs

that is, F' has a unique quadruple fixed point.

(t5) If T is sequentially convergent, then, for each x,yo,z20,t0 € X, the sequence
{TF"(x0, 0, 20,t0)} converges to r,, € X, the sequence {T'F"(yo, 20, t0,x0)} converges
to 7y, € X, the sequence {T'F" (2,10, %0,y0)} converges to r,, € X and the sequence
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{TF"(to, z0, Yo, 20)} converges to r, € X.

Proof. Let xg,yo, 20,t0 € X and set

= T'F(xo, yo, 20, to) Tpt1 = TF(Tn, Yn, 2n, tn)

TF(yo, 20, to, o) ) Yn1 = TF(Yn, 2ns tns Tn)
TF (20, to0,0,Y0) Znt1 = TF(zp, by, Tn, Yn
TF(to, x0,%Yo, 20)

)
)

tpt1 = TF (tmxmyn,zn

forn =0,1,---. Now, according to (1), we have

d(Txy, Txpi1) = A(TF(Tn—1,Yn-1,2n—1,tn-1), TF(Xn, Yn, 2n, tn))

2 a1d(Txpn, Trp-1) + a2d(Tyn, Tyn—1) + a3d(Tz, Tzp—1) + agd(Tty, Tty—1)
+asd(Txns1, Txn) + a6d(TYns1, Tyn) + ard(Tzn41, T2n) + agd(Ttng1, Tty,)
+agd(Txpi1, Trn—1) + a10d(Tynt1, Tyn—1) + a11d(T2p41, T2n—1)
+aod(Ttp1, Tty—1) + a17d(Txp—1, Txy) + c18d(TYn—1,Tyn)
+a19d(Tzp—1,Tzn) + agod(Ttn—1,Tty)

It follows

(1 — a5 — ag)d(Txy, Trpi1)

= (a1 + a9+ a17)d(Txp_1,T2n) + (2 + a10 + 018)d(TYn—1,TYn)
+(ag + a1 + a19)d(Tzp—1,Tz,) + (a4 + @12 + a0)d(Ttn—1,Tty)
+(as + @10)d(Tyn+1, Tyn) + (a7 + @11)d(T 2041, T2n)
+(ag + a12)d(Ttyi1, Tty).

Similarly, we obtain

(1 — a5 — a9)d(Tyn, Tyn+1)

= (a1 + a9 + a17)d(Tyn—1,Tyn) + (2 + a10 + a18)d(Tzn—1,Tzp)
+(az + a1 + ar9)d(Ttn—1,Ttn) + (a4 + a2 + ag0)d(Txp—1, Txy)
+(ag + a10)d(Tzn+1, Tzn) + (a7 + a11)d(Ttyy1, Tty,)

+(ag + a12)d(Twpy1, Try),
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and
(1 — 05 — a9)d(TZna T2n+1)
< (a1 + a9 + a17)d(Tzp—1,Tzn) + (2 + a1p + a18)d(Tt,—1,Tty,)
+(ag + aa1 + ar9)d(Txp—1,Txy) + (a4 + @12 + @20)d(TYn—1, Tyn)
+(a6 + a10)d(Ttny1, Ttn) + (7 + a11)d(Txp g1, Tn)
+(ag + a12)d(TYn+1, Tyn),
and

(1 —as —ag)d(Tty, Ttnt1)
= (1 +ag +a17)d(Tt,1,Tty) + (a2 + a10 + a18)d(Tzn 1, Txy)
+(az + a1 + a19)d(Tyn—1,Tyn) + (4 + @12 + a20)d(Tzp—1,T2p)
+(ag + a10)d(Txps1, Txy) + (a7 + 011)d(TYn+1, Tyn)
(

+(as + a12)d(Tzng1, Tzn).
Because of the symmetry in (1), we have

(1 —a1 —a13)d(Tzpt1, Txy)

= (a5 + 13+ a17)d(Txp, Txp—1) + (s + a4 + 018)d(Tyn—1, Tyn)
+(a7 + a5 + a19)d(T2p-1,Tzn) + (s + 16 + a20)d(Ttn—1,Ttn)
+(ag + a14)d(Tyn+1, Tyn) + (a3 + a15)d(T 241, T2n)
+(aa + a16)d(Ttns1, Tty),

and

(1 — a1 —a13)d(Tyn+1, Tyn)
= (a5 + aiz + a17)d(Tyn, Tyn—1) + (a6 + a14 + a18)d(Tzp—1,T2y)
+(ar + a15 + a19)d(Ttn—1, Tty) + (ag + a1 + 20)d(TTp—1, Txy,)
+(ag + a14)d(Tzp+1, Tzn) + (a3 + aas)d(Ttyy1, Tty,)
(

+(ou + an6)d(Txps1, Txy),
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and

(1 -1 —a13)d(Tzps1,Tzy)

< (a5 + a1z + a17)d(Tzp, Tzp—1) + (a6 + a4 + a18)d(Tty—1,Tty,)
+(a7 + ais + a19)d(Trp—1, Tzn) + (s + 16 + @20)d(TYn—1, Tyn)
+(ag + a14)d(Ttp1, Ttn) + (a3 + a15)d(Txp i1, Tay)

+(ag + a16)d(Tyn+1, Tyn),
and

(1 —ay —a13)d(Ttp41, Tty)

= (a5 + a1z + a17)d(Ttyp, Tty—1) + (a6 + @14 + a18)d(Txp—1, Txy,)
+(a7 + a1s + a19)d(TYn-1, Tyn) + (as + a16 + a20)d(T2p-1,Tzn)
+(ag + a14)d(Txpt1, Txy) + (a3 + a15)d(TYn+1, Tyn)
+(as + a16)d(Tzn+1, T2n).

Let
Ay =d(Txn, Tepi1) + d(Tyn, Tyni1) + d(Tzn, Tzng1) + d(Tty, Ttp1)-

Now, adding (2) to (5) and (6) to (9), we have
12 4 12 20
(1- ZO@)An = (Z o; + Zai + Z @;)An_1,
i=5 i=1 =9 =17
and

4 16 8 20
A= ai—=> a)An 2O it > Ay 1.
i=1 =13 i=5 i=13
Ultimately, adding (10) and (11), we have
16 16 20
2= a)An 2 (O ai+2) ai)A, 1.
i=1 i=1 =17

Thus, for all n,

0 <A < AA, 1 2 A2A, 9 < < ATA,
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where

If Ay = 6 then (xg, yo, 20, to) is a quadrupled fixed point of F'. Now, let 6§ < Ag. If m > n,
we have

A(Txp, Try) 2 d(Twn, Tone1) + d(Txps1, Tonso) + -+ d(Tom—1,Txm), (13)
A(Tyn, Tym) = d(Tyn, Tyni1) + A(Tyns1, Tyns2) + -+ + d(Tym—1,Tym),  (14)
d(Tzp, Tzm) 2 d(T2n, Tzps1) + d(Tzps1, Tzngo) + -+ d(T2m—1,T2m), (15)
) =d( (16)

(Ttn, Tt Tt,, Tthrl) + d(Ttn+1, Ttn+2) —+ 04 d(Ttmfl, Ttm)

Adding (13) to (16) and using (12). Since A < 1, we have

d,jdn+dn+1+"'+dm—1
< (AN g,

n

=<
T 1-A

do — 0 as n— oo,

where
d' = d(Txn, Txm) + d(Tyn, Tym) + d(T 2y, Tzm) + d(Tty, Tty,).

Now, by (P;) and (Py), it follows that for every ¢ € intP there exist positive integer N
such that d’ < ¢ for every m > n > N. Thus {Tx,}, {Tyn}, {Tz,} and {Tt,} are Cauchy
sequences in X. Since X is a complete K-metric space, there exist qu,, Gy,: @z, @, € X
such that

lim TFn(x07y07ZO>t0) = dqx, lim TFn(y()vZO?tme) = Qyq,
n—00 n—00

lim T'F"(z0,t0,%0,Y0) = Gz, , lim TF"(to, 0, Y0, 20) = Gt,- (17)
n—o0 n—0o0

Now, if T is subsequentially convergent, then F"(xo,yo,z20,%0), F"(yo,z20,%0,20),

F" (29, to, xo,y0) and F™(to,xo0, Yo, 20) have convergent subsequences. Thus, there exist

Taos Tyer T2, 1, € X and the sequences {xy, }, {yn, }, {#n;} and {t,,} such that

zliglo Fnl(x()vyOvZO?tO) =Tz hm Fm (yOa ZOat()a:UO) = Tyo»

lim F™ (20, to, z0,Y0) = s, , im F™ (to, Zo, Yo, 20) = T, -
21— 00 71— 00
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Because of the continuity of T, we have

hm TF™ (LE(), Yo, Zo,to) = TTZ'O s zll>r£o TF™ (y07 ZOatO)xO) = TTym

71— 00
lim TF"™ (29, to0, x0,Y0) = T'Ts, , lim TF" (to, x0, Y0, 20) = Tr4,. (18)
1—00 1—00

Now, by (17) and (18), we conclude that
Tr:l‘(] = Gz, ) Tryo = Qyo 9 TTZ() = Gz ) T'/"to = (t,-
On the other hand,

d(TF(rIo y Tyos Tzo rfo)? Trzo) = d(TF(rl‘o 1 Tyos Tzo Tto)? TF(xnu Ynis Znys t'fh))
+d(T:I:ni+1’ Trilfo)

Using (1), we obtain

(1 — a1 — au3)d(TF (Tay, Tygs T2 Tto), T 7o)

—(aa + 01a)d(TF (Tyy, T2, Ttos Two ), TTy0)

—(ag + a15)d(TF (T2, Ttg, Tags Tyo )s LT20) — (s + 16)d(TEF (T1y, Tags Tyo» 20 )5 LTt

2 asd(Tan, 41, Twn,) + a6d(Tyn,+1, Tyn,) + ard(Tzp, 41, T2n,)

+ogd(Ttn, 41, Ttn,) + (1 + ag)d(Txp, 41, Trz,) + a10d(TYn,+1, Try,)

+a11d(Tzn, 41, Tr2) + c12d(Ttp, 11, Tre,) + (13 + a17)d(Try,, Ty,)

+(ona + ong)d(Try,, Tyn,) + (15 + a19)d(Tr2,, T2p,)

+(ae + ago)d(Tre,, Tty,). (19)

Similarly, we obtain

(1 — a1 — a13)d(TF (ryy, 29, Ttes Tag ) s LTy

— (a2 4+ a14)d(TF (12, Tty Tags Tyo )» T2

—(a3 + a15)d(TF (Tty, Twos Tyer T20)s T1ty) — (a + 16)A(TF (10 Tyos T2 Tto)s Lo )

= a5d(TYn,+1,Tyn,) + asd(Tzn,+1,T2n,) + azd(Tty, 41, Ttn,)

+ogd(Twpn, 41, Txn,) + (1 + ag)d(Tyn, 41, Try,) + crod(Tzn, 41, T72,)

+o1d(Tty, 41, Tre,) + c12d(TTp, 41, Trs,) + (013 + ca7)d(Try,, Tyn,)

+(og + a18)d(Trs,, Tzy,) + (15 + c9)d(T'r4,, Tth,)

+(au6 + a20)d(Tray, Tp,), (20)
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and

(1 — a1 —au3)d(TF (72, Tty 2o Tyo ), TT2)

—(aa + 01a)d(TF (715, T Tyo» 20) > T Tt

—(ag + a15)d(TF Ty, Tyos T2 Tt )s L) — (@ + 16)d(TF Ty, 7205 Tto T )» T Ty )

< a5d(Tzp,4+1,T2n,) + aed(Tty, 41, Tty,) + a7d(Txp, 41, Txy,)

+agd(Tyn,+1, Tyn,) + (L + a9)d(Tzp,+1, T72,) + c10d(Ttn,+1,Tre,)
+o1d(Txp,+1,Trgy) + c12d(Tyn,+1, Try,) + (13 + a17)d(Trs,, Tzp,)

+(oia + aag)d(Tre,, Tty,) + (15 + 19)d(Tray, Tay,)

+(ane + ao)d(Try,, Tyn,), (21)

and

(1 — a1 — 0oa3)d(TF (Tty, Tags Tye» T20), T Tt)

—(ag + 014)d(TF (Tay, Tyys T200 10 ) TTao)

—(a3 + a15)d(TF (Tyy, T2 Ttos Tao )s Tyy) — (a + a16)A(TF (720, Tt Tag s Tyo )s LT2)

2 asd(Ttn,+1, Ttn,) + a6d(Tan, 41, Ton,) + a7d(Tyn,+1, Tyn,)

+agd(Tzp, 41, Tzn,) + (1 + ag)d(Tty,+1,Tre,) + ar0d(Txpn, 41, T7s,)

+o1d(Tyn, 41, Try,) + a12d(Tzn, 11, Tr2,) + (13 + a17)d(Try,, Tty,)

+(ana + 0ag)d(Try,, Tay,) + (15 + a19)d(Tryy, Tyn,)

+(a16 + a20)d(Tr2y, T2n, ). (22)

Now, set

p1 = d(TF(rgy, Tyos T20: Tte)s Lo ) + A(TEF (Tyy s T2, Tty Tz )y TTys)

FA(TF (T2, Tto, 2o Tyo ) T T20) + AT F(Teys Ty Ty s T2 )s T4 )+
p2 = d(Tan, 11, Tra,) + d(Tyn, 41, Try,) + d(Tzn, 41, Trz) + d(Ttn, 11, Ty, ),
ps = d(Txy,, Try,) + d(Tyn,, Try,) + d(T2n,, Trs) + d(Ttn,, Ty, ).

Adding (19) to (22). We have

4 16 8 12 20
(1 — Zai — Z ai),ul = ZO@An + (1 + ZO&Z‘)/LQ + Z Q3
=1 =13 =5 =9 1=13
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Therefore,

1 2 1
p1 = ZAn + a2 + ack

where
4 16
A=Y e Y
i=1 i=13
By applying Lemma 2.5, we can obtain

A(TF (T30, Tyy, T2os Tt )s TTay) = 0 3 A(TF(Tyy, T2, Tty Tz )s L Tyy) = 6
A(TF (729, Tty Taos Tye )s T720) = 0, A(TEF (Tty, Ty Tye» T2 ), T7t) = 6.

which implies that

TF(Til?o? Tyo> T205 7ato) = Trzo ) TF(TZUN r207rt07rxo) = Tryo

TF(rZO’ Ttos Taos ’f‘yo) = TTZO ) TF(Ttovrwoaryoa Tzo) - Trto'
Since T is one to one, then

F(Tlo7ryo7TZOaTto) =Tz F(TyO,T‘ZO,TtO,’I“xO) = Ty
F(Tzwrto?rﬂ?o?ryo) =Tz » F(Ttmrﬂ?o?T?JWTZO) = Ttp-

Thus, (7z,7ye,T2,"t,) is quadrupled fixed point of the mapping F. Now, if

(74> Tyos T2 T, ) 18 @another quadrupled fixed point of F', then we obtain

d(Try,, TT;O) = d(TF (T30, Tyos T20> Tto ) TF(T‘:/EO, T‘;O,’I“;O, réo)) (23)
= (g + 13 + a17)d(TT;D, Try,) + (10 + @14 + alg)d(Tr;(), Try,)

+(a11 + a1s + a19)d(Tr, , Trz,) + (@12 + i + ag0)d(Try , Try,),
and

d(TryO,Tréo) = d(TF(Tyys T2, Ttos Tao ) TF(T;O, 7“;0,7“,/&0, T;O)) (24)
= (ag + a3 + 0417)d(T7“;0,T?“y0) + (0410 + Q14 + alg)d(TT/zO,TTZO)

+(a11 + a1s + a1)d(Try,, Tre,) + (o2 + oug + a20)d(Try, , Tray),
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and
d(Tr,, Tr’zo) = d(TF (72, Ttys Ty Tyo )5 TF(T’ZO, réo, 7‘;0, réo)) (25)
= (g + a13 + Ozn)d(T”f’/ZO, Tr,) + (10 + a1a + als)d(TT;ﬂ, Try,)
+(o11 + a5 + a19)d(Try,, Tra,) + (12 + are + a0)d(Try,, Try, ),
and
d(TTtO,T’I“go) =d(TF(Ttys Tags Tyos T20 ) TF(’I“ZO, réo, T;O,T;U)) (26)

=< (ag + oz + a7)d(Try,, Tre,) + (10 + caa + cug)d(Ta!, Try,)

+(a11 + as + a1g)d(Try,, Try,) + (12 + a1 + a)d(T7%,, Trs,).
Adding (23) to (26), we have

d(Try,, T’I“‘,IEO) + d(Try,, TT;O) +d(Tr,,, TT‘/ZO) +d(Try,, Tréo)

20
= Z ai[d(Tra,, Try, ) + d(Try,, Try ) + d(Tr2,, Tr ) + d(Tre,, Ty
i=9

which implies that
d(Try,, TT;O) + d(Tryo,Tr;JO) +d(Tr,,, TT’ZO) + d(Trto,Tr{fO) =0

. . N, : R
Since T' is one to one, we have (1, Ty,; Tz, Tty) = (T Tyys T2 Tty )- Ultimately, if 7' is

sequentially convergent, then we can replace n by n;. Thus, we have

lim TFn(xo,yo,Zo,tQ) =Tz » lim TFn(yo,Zo,tQ,xo) = ’I”yO
n—00 n—00

lim TFn(Z(Jvth Zo, yO) =Tz 5 lim TFn(to,ﬂfo,ym ZO) = Ttp-
n—o0 n—oo
This completes the proof of Theorem 3.3. [ |

The results of Rahimi et al.’s work can be obtained from Theorem 3.3.

Corollary 3.4 [13]. Suppose that (X, d) is a complete K-metric space, P is a solid cone,
and T : X — X is a continuous and one to one mapping. Moreover, let F' : X* — X be
a mapping satisfying

d(TF(z,y,z,u), TF(z*,y", z*,u")) < ad(Tz, Tx") + Bd(Ty, Ty")
+yd(Tz,Tz") + 6d(Tu, Tu")

for all x,y, z, u, x*,y*, z*,u* € X, where «, 8,7, > 0 with

at+f+y+d<l.
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Then, the results of Theorem 3.3 are hold.

Corollary 3.5 [13]. Suppose that (X, d) is a complete K-metric space, P is a solid cone,
and T : X — X is a continuous and one to one mapping. Moreover, let F': X4 — X be
a mapping satisfying

d(TF(z,y,z,u), TF(z*,y", 2%, u")) X =[d(Tz, Tx") + d(Ty, Ty")

e~ 3

+d(Tz,Tz") + d(Tu, Tu"))

for all z,y, z,u,z*,y*,z*,u* € X, where k € [0,1). Then, the results of Theorem 3.3
hold.
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