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1. Introduction

In 1922, Banach proved his famous fixed point theorem [2]. Suppose that (X, d) is a
complete metric space and a self-map T of X satisfies d(Tx, Ty) ⩽ λd(x, y) for all x, y ∈
X where λ ∈ [0, 1); that is, T is a contractive mapping. Then T has a unique fixed point.
Afterward, many authors considered various definitions of contractive mappings and
proved several fixed point theorems, which are extensions and generalizations of Banach’s
theorem (see [7, 19, 23] and the references contained therein). Fixed point theory in K-
metric and K-normed spaces was developed by Perov et al. [12], Mukhamadijev and
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Stetsenko [11] (also, see Zabrejko [25]). In 2007, Huang and Zhang [8] reintroduced K-
metric spaces, replacing the set of real numbers by an ordered Banach space, and proved
some fixed point theorems. Afterward, many authors proved several fixed and common
fixed point results on cone metric spaces (see, for example, [1, 15, 16, 18, 21, 22] and the
references contained therein).

On the other hand, Morales and Rajes [10] introduced T -Kannan and T -Chatterjea
contractive mappings in cone metric space and proved some fixed point theorems. Then,
Filipović et al. [5] defined T -Hardy-Rogers contraction in cone metric space and proved
some fixed and periodic point theorems. Very recently, Rahimi et al. [14, 16, 17] proved
new fixed and periodic point theorems for T -contractions involving two mappings on
cone metric spaces.

In 2006, Bhaskar and Lakshmikantham [4] considered the concept of coupled fixed point
theorems in partially ordered metric spaces. Afterward, some other authors generalized
this concept [16, 20, 24]. Finally, Berinde and Borcut [3] and Karapinar and Loung [9]
introduced the notion of tripled and quadrupled fixed points and proved several n-tuple
fixed point results.

In this paper, we consider the concept of T -contraction in quadrupled fixed point theory
and obtain some quadrupled fixed point results on K-metric spaces without normality
condition. Our theorems extend, unify and generalize the results of Rahimi et al. [13].

2. Preliminaries

Let us start by defining some important definitions.

Definition 2.1 [6, 8]. Let E be a real Banach space and P a subset of E. Then P is

called a cone if and only if

(a) P is closed, non-empty and P ̸= {θ},
(b) a, b ∈ R, a, b ⩾ 0, x, y ∈ P imply that ax+ by ∈ P ,

(c) if x ∈ P and −x ∈ P , then x = θ.

Given a cone P ⊂ E, we define a partial ordering ⪯ with respect to P by

x ⪯ y ⇐⇒ y − x ∈ P.

We shall write x ≺ y if x ⪯ y and x ̸= y. Also, we write x ≪ y if and only if y−x ∈ intP
(where intP is interior of P ). If intP ̸= ∅, the cone P is called solid. The cone P is
named normal if there is a number K > 0 such that for all x, y ∈ E,

θ ⪯ x ⪯ y =⇒ ∥x∥ ⩽ K∥y∥.

The least positive number satisfying the above is called the normal constant of P .

Definition 2.2 [8]. Let X be a nonempty set. Suppose that the mapping d : X×X → E

satisfies

(d1) θ ⪯ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y,

(d2) d(x, y) = d(y, x) for all x, y ∈ X,

(d3) d(x, z) ⪯ d(x, y) + d(y, z) for all x, y, z ∈ X.
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Then d is called a cone metric [8] or K-metric [25] on X and (X, d) is called a cone metric

space [8] or K-metric space (or abstract metric spaces) [25].

The concept of a K-metric space is more general than that of a metric space, because
each metric space is a K-metric space where E = R and P = [0,∞).

Example 2.3 [8]. Let E = R2, P = {(x, y) ∈ E|x, y ⩾ 0} ⊂ R2, X = R and d : X×X →
E such that d(x, y) = (|x − y|, α|x − y|), where α ⩾ 0 is a constant. Then (X, d) is a

K-metric space.

Definition 2.4 [5]. Let (X, d) be a K-metric space, {xn} a sequence in X and x ∈ X.

Then

(i) {xn} converges to x if for every c ∈ E with 0 ≪ c there exist n0 ∈ N such that

d(xn, x) ≪ c for all n > n0.

(ii) {xn} is called a Cauchy sequence if for every c ∈ E with 0 ≪ c there exist n0 ∈ N
such that d(xn, xm) ≪ c for all m,n > n0.

Also, a K-metric space X is said to be complete if every Cauchy sequence in X is
convergent in X.

Lemma 2.5 [5]. Let (X, d) be a K-metric space over an ordered real Banach space E.

Then the following properties are often used.

(P1) If x ⪯ y and y ≪ z, then x ≪ z.

(P2) If θ ⪯ x ≪ c for each c ∈ intP , then x = θ.

(P3) If x ⪯ λx where x ∈ P and 0 ⩽ λ < 1, then x = θ.

(P4) Let xn → θ in E and θ ≪ c. Then there exists a positive integer n0 such that

xn ≪ c for each n > n0.

Definition 2.6 [5]. Let (X, d) be a K-metric space, P a solid cone and S : X → X.

Then

(i) S is said to be sequentially convergent if we have for every sequence (xn), if S(xn)

is convergent, then (xn) also is convergent.

(ii) S is said to be subsequentially convergent if we have for every sequence (xn) that

S(xn) is convergent, implies (xn) has a convergent subsequence.

(iii) S is said to be continuous, if limn→∞ xn = x implies that limn→∞ S(xn) = S(x),

for all (xn) in X.

Definition 2.7 [5]. Let (X, d) be a K-metric space and T, f : X → X two mappings. A

mapping f is said to be a T -Hardy-Rogers contraction, if there exist αi ⩾ 0, i = 1, · · · , 5
with α1 + α2 + α3 + α4 + α5 < 1 such that for all x, y ∈ X,

d(Tfx, Tfy) ⪯ α1d(Tx, Ty) + α2d(Tx, Tfx) + α3d(Ty, Tfy) + α4d(Tx, Tfy)

+α5d(Ty, Tfx).

In previous definition, suppose that α1 = α4 = α5 = 0 and α2 = α3 ̸= 0 (resp. α1 = α2 =

α3 = 0 and α4 = α5 ̸= 0). Then we obtain T -Kannan (resp. T -Chatterjea) contraction
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from [10].

Theorem 2.8 [14, 16] Let (X, d) be a complete K-metric space, P a solid cone and

T : X → X a continuous and one to one mapping. Moreover, f : X → X be a mapping

satisfying

d(Tfx, Tfy) ⪯ αd(Tx, Ty) + β[d(Tx, Tfx) + d(Ty, Tfy)]

+γ[d(Tx, Tfy) + d(Ty, Tfx)],

for all x, y ∈ X, where α, β, γ ⩾ 0 with α+ 2β + 2γ < 1. Then

(i) for each x0 ∈ X, {Tfnx0} is a Cauchy sequence, (define the iterate sequence

{xn} by xn+1 = fn+1x0);

(ii) there exists a zx0
∈ X such that limn→+∞ Tfnx0 = zx0

;

(iii) if T is subsequentially convergent, then {fnx0} has a convergent subsequence;

(iv) there exists a unique wx0
∈ X such that fwx0

= wx0
; that is, f has a unique fixed

point;

(v) if T is sequentially convergent, then, for each x0 ∈ X, the sequence {fnx0}
converges to wx0

.

3. Main results

For simplicity, denote X ×X ×X ×X by X4, where X is a non-empty set.

Definition 3.1 [13]. An element (x, y, z, u) ∈ X4 is called a quadrupled fixed point of a

given mapping F : X4 → X if x = F (x, y, z, u), y = F (y, z, u, x), z = F (z, u, x, y) and

u = F (u, x, y, z).

Definition 3.2 [13]. Let (X, d) be a K-metric space and T : X → X be a mapping. A

mapping F : X4 → X is said to be a T -contraction, if there exist α, β, γ, δ ⩾ 0 with

α+ β + γ + δ < 1 such that for all x, y, z, u, x∗, y∗, z∗, u∗ ∈ X,

d(TF (x, y, z, u), TF (x∗, y∗, z∗, u∗)) ⪯ αd(Tx, Tx∗) + βd(Ty, Ty∗)

+γd(Tz, Tz∗) + δd(Tu, Tu∗).

Now, we prove the main theorems of our work.

Theorem 3.3 Suppose that (X, d) is a complete K-metric space, P is a solid cone, and

T : X → X is a continuous and one to one mapping. Moreover, let F : X4 → X be a
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mapping satisfying

d(TF (x, y, z, t), TF (u, v, w, s))

⪯ α1d(TF (x, y, z, t), Tx) + α2d(TF (y, z, t, x), T y) + α3d(TF (z, t, x, y), T z)

+α4d(TF (t, x, y, z), T t) + α5d(T (u, v, w, s), Tu) + α6d(TF (v, w, s, u), T v)

+α7d(TF (w, s, u, v), Tw) + α8d(TF (s, u, v, w), T s) + α9d(TF (u, v, w, s), Tx)

+α10d(TF (v, w, s, u), T y) + α11d(TF (w, s, u, v), T z) + α12d(TF (s, u, v, w), T t)

+α13d(TF (x, y, z, t), Tu) + α14d(TF (y, z, t, x), T v) + α15d(TF (z, t, x, y), Tw)

+α16d(TF (t, x, y, z), T s) + α17d(Tx, Tu) + α18d(Ty, Tv) + α19d(Tz, Tw)

+α20d(Tt, Ts), (1)

for all x, y, z, t, u, v, w, s ∈ X, where αi for i = 1, 2, · · · , 20 are nonnegative constants

with
∑20

i=1 αi < 1. Then

(t1) For each x0, y0, z0, t0 ∈ X,

{TFn(x0, y0, z0, t0)} , {TFn(y0, z0, t0, x0)},

{TFn(z0, t0, x0, y0)} , {TFn(t0, x0, y0, z0)}

are Cauchy sequences.

(t2) There exist qx0
, qy0

, qz0 , qt0 ∈ X such that

lim
n→∞

TFn(x0, y0, z0, t0) = qx0
, lim
n→∞

TFn(y0, z0, t0, x0) = qy0
,

lim
n→∞

TFn(z0, t0, x0, y0) = qz0 , lim
n→∞

TFn(t0, x0, y0, z0) = qt0 .

(t3) If T is subsequentially convergent, then

{TFn(x0, y0, z0, t0)} , {TFn(y0, z0, t0, x0)}

{TFn(z0, t0, x0, y0)} , {TFn(t0, x0, y0, z0)}

have a convergent subsequence.

(t4) There exist unique rx0
, ry0

, rz0 , rt0 ∈ X such that

F (rx0
, ry0

, rz0 , rt0) = rx0
, F (ry0

, rz0 , rt0 , rx0
) = ry0

,

F (rz0 , rt0 , rx0
, ry0

) = rz0 , F (rt0 , rx0
, ry0

, rz0) = rt0 ;

that is, F has a unique quadruple fixed point.

(t5) If T is sequentially convergent, then, for each x0, y0, z0, t0 ∈ X, the sequence

{TFn(x0, y0, z0, t0)} converges to rx0
∈ X, the sequence {TFn(y0, z0, t0, x0)} converges

to ry0
∈ X, the sequence {TFn(z0, t0, x0, y0)} converges to rz0 ∈ X and the sequence
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{TFn(t0, x0, y0, z0)} converges to rt0 ∈ X.

Proof. Let x0, y0, z0, t0 ∈ X and set


x1 = TF (x0, y0, z0, t0)

y1 = TF (y0, z0, t0, x0)

z1 = TF (z0, t0, x0, y0)

t1 = TF (t0, x0, y0, z0)

· · ·


xn+1 = TF (xn, yn, zn, tn)

yn+1 = TF (yn, zn, tn, xn)

zn+1 = TF (zn, tn, xn, yn)

tn+1 = TF (tn, xn, yn, zn)

for n = 0, 1, · · · . Now, according to (1), we have

d(Txn, Txn+1) = d(TF (xn−1, yn−1, zn−1, tn−1), TF (xn, yn, zn, tn))

⪯ α1d(Txn, Txn−1) + α2d(Tyn, T yn−1) + α3d(Tz, Tzn−1) + α4d(Ttn, T tn−1)

+α5d(Txn+1, Txn) + α6d(Tyn+1, T yn) + α7d(Tzn+1, T zn) + α8d(Ttn+1, T tn)

+α9d(Txn+1, Txn−1) + α10d(Tyn+1, T yn−1) + α11d(Tzn+1, T zn−1)

+α12d(Ttn+1, T tn−1) + α17d(Txn−1, Txn) + α18d(Tyn−1, T yn)

+α19d(Tzn−1, T zn) + α20d(Ttn−1, T tn)

It follows

(1− α5 − α9)d(Txn, Txn+1)

⪯ (α1 + α9 + α17)d(Txn−1, Txn) + (α2 + α10 + α18)d(Tyn−1, T yn)

+(α3 + α11 + α19)d(Tzn−1, T zn) + (α4 + α12 + α20)d(Ttn−1, T tn)

+(α6 + α10)d(Tyn+1, Tyn) + (α7 + α11)d(Tzn+1, T zn)

+(α8 + α12)d(Ttn+1, T tn). (2)

Similarly, we obtain

(1− α5 − α9)d(Tyn, T yn+1)

⪯ (α1 + α9 + α17)d(Tyn−1, T yn) + (α2 + α10 + α18)d(Tzn−1, T zn)

+(α3 + α11 + α19)d(Ttn−1, T tn) + (α4 + α12 + α20)d(Txn−1, Txn)

+(α6 + α10)d(Tzn+1, T zn) + (α7 + α11)d(Ttn+1, T tn)

+(α8 + α12)d(Txn+1, Txn), (3)
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and

(1− α5 − α9)d(Tzn, T zn+1)

⪯ (α1 + α9 + α17)d(Tzn−1, T zn) + (α2 + α10 + α18)d(Ttn−1, T tn)

+(α3 + α11 + α19)d(Txn−1, Txn) + (α4 + α12 + α20)d(Tyn−1, T yn)

+(α6 + α10)d(Ttn+1, T tn) + (α7 + α11)d(Txn+1, Txn)

+(α8 + α12)d(Tyn+1, T yn), (4)

and

(1− α5 − α9)d(Ttn, T tn+1)

⪯ (α1 + α9 + α17)d(Ttn−1, T tn) + (α2 + α10 + α18)d(Txn−1, Txn)

+(α3 + α11 + α19)d(Tyn−1, T yn) + (α4 + α12 + α20)d(Tzn−1, T zn)

+(α6 + α10)d(Txn+1, Txn) + (α7 + α11)d(Tyn+1, T yn)

+(α8 + α12)d(Tzn+1, T zn). (5)

Because of the symmetry in (1), we have

(1− α1 − α13)d(Txn+1, Txn)

⪯ (α5 + α13 + α17)d(Txn, Txn−1) + (α6 + α14 + α18)d(Tyn−1, T yn)

+(α7 + α15 + α19)d(Tzn−1, T zn) + (α8 + α16 + α20)d(Ttn−1, T tn)

+(α2 + α14)d(Tyn+1, Tyn) + (α3 + α15)d(Tzn+1, T zn)

+(α4 + α16)d(Ttn+1, T tn), (6)

and

(1− α1 − α13)d(Tyn+1, T yn)

⪯ (α5 + α13 + α17)d(Tyn, T yn−1) + (α6 + α14 + α18)d(Tzn−1, T zn)

+(α7 + α15 + α19)d(Ttn−1, T tn) + (α8 + α16 + α20)d(Txn−1, Txn)

+(α2 + α14)d(Tzn+1, T zn) + (α3 + α15)d(Ttn+1, T tn)

+(α4 + α16)d(Txn+1, Txn), (7)
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and

(1− α1 − α13)d(Tzn+1, T zn)

⪯ (α5 + α13 + α17)d(Tzn, T zn−1) + (α6 + α14 + α18)d(Ttn−1, T tn)

+(α7 + α15 + α19)d(Txn−1, Txn) + (α8 + α16 + α20)d(Tyn−1, T yn)

+(α2 + α14)d(Ttn+1, T tn) + (α3 + α15)d(Txn+1, Txn)

+(α4 + α16)d(Tyn+1, T yn), (8)

and

(1− α1 − α13)d(Ttn+1, T tn)

⪯ (α5 + α13 + α17)d(Ttn, T tn−1) + (α6 + α14 + α18)d(Txn−1, Txn)

+(α7 + α15 + α19)d(Tyn−1, T yn) + (α8 + α16 + α20)d(Tzn−1, T zn)

+(α2 + α14)d(Txn+1, Txn) + (α3 + α15)d(Tyn+1, T yn)

+(α4 + α16)d(Tzn+1, T zn). (9)

Let

∆n = d(Txn, Txn+1) + d(Tyn, T yn+1) + d(Tzn, T zn+1) + d(Ttn, T tn+1).

Now, adding (2) to (5) and (6) to (9), we have

(1−
12∑
i=5

αi)∆n ⪯ (

4∑
i=1

αi +

12∑
i=9

αi +

20∑
i=17

αi)∆n−1, (10)

and

(1−
4∑

i=1

αi −
16∑

i=13

αi)∆n ⪯ (

8∑
i=5

αi +

20∑
i=13

αi)∆n−1. (11)

Ultimately, adding (10) and (11), we have

(2−
16∑
i=1

αi)∆n ⪯ (

16∑
i=1

αi + 2

20∑
i=17

αi)∆n−1.

Thus, for all n,

θ ⪯ ∆n ⪯ λ∆n−1 ⪯ λ2∆n−2 ⪯ · · · ⪯ λn∆0, (12)
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where

λ =

∑16
i=1 αi + 2

∑20
i=17 αi

2−
∑16

i=1 αi

< 1.

If ∆0 = θ then (x0, y0, z0, t0) is a quadrupled fixed point of F . Now, let θ ≺ ∆0. If m > n,

we have

d(Txn, Txm) ⪯ d(Txn, Txn+1) + d(Txn+1, Txn+2) + · · ·+ d(Txm−1, Txm), (13)

d(Tyn, T ym) ⪯ d(Tyn, Tyn+1) + d(Tyn+1, T yn+2) + · · ·+ d(Tym−1, T ym), (14)

d(Tzn, T zm) ⪯ d(Tzn, T zn+1) + d(Tzn+1, T zn+2) + · · ·+ d(Tzm−1, T zm), (15)

d(Ttn, T tm) ⪯ d(Ttn, T tn+1) + d(Ttn+1, T tn+2) + · · ·+ d(Ttm−1, T tm). (16)

Adding (13) to (16) and using (12). Since λ < 1, we have

d′ ⪯ dn + dn+1 + · · ·+ dm−1

⪯ (λn + λn+1 + · · ·+ λm−1)d0

⪯ λn

1− λ
d0 → θ as n → ∞,

where

d′ = d(Txn, Txm) + d(Tyn, T ym) + d(Tzn, T zm) + d(Ttn, T tm).

Now, by (P1) and (P4), it follows that for every c ∈ intP there exist positive integer N

such that d′ ≪ c for everym > n > N . Thus {Txn}, {Tyn}, {Tzn} and {Ttn} are Cauchy
sequences in X. Since X is a complete K-metric space, there exist qx0

, qy0
, qz0 , qt0 ∈ X

such that

lim
n→∞

TFn(x0, y0, z0, t0) = qx0
, lim
n→∞

TFn(y0, z0, t0, x0) = qy0
,

lim
n→∞

TFn(z0, t0, x0, y0) = qz0 , lim
n→∞

TFn(t0, x0, y0, z0) = qt0 . (17)

Now, if T is subsequentially convergent, then Fn(x0, y0, z0, t0), Fn(y0, z0, t0, x0),

Fn(z0, t0, x0, y0) and Fn(t0, x0, y0, z0) have convergent subsequences. Thus, there exist

rx0
, ry0

, rz0 , rt0 ∈ X and the sequences {xni
}, {yni

}, {zni
} and {tni

} such that

lim
i→∞

Fni(x0, y0, z0, t0) = rx0
, lim
i→∞

Fni(y0, z0, t0, x0) = ry0
,

lim
i→∞

Fni(z0, t0, x0, y0) = rz0 , lim
i→∞

Fni(t0, x0, y0, z0) = rt0 .



18 G. Soleimani Rad. / J. Linear. Topological. Algebra. 02(01) (2013) 9-23.

Because of the continuity of T , we have

lim
i→∞

TFni(x0, y0, z0, t0) = Trx0
, lim
i→∞

TFni(y0, z0, t0, x0) = Try0
,

lim
i→∞

TFni(z0, t0, x0, y0) = Trz0 , lim
i→∞

TFni(t0, x0, y0, z0) = Trt0 . (18)

Now, by (17) and (18), we conclude that

Trx0
= qx0

, T ry0
= qy0

, T rz0 = qz0 , T rt0 = qt0 .

On the other hand,

d(TF (rx0
, ry0

, rz0 , rt0), T rx0
) ⪯ d(TF (rx0

, ry0
, rz0 , rt0), TF (xni

, yni
, zni

, tni
))

+d(Txni+1, T rx0
)

Using (1), we obtain

(1− α1 − α13)d(TF (rx0
, ry0

, rz0 , rt0), T rx0
)

−(α2 + α14)d(TF (ry0
, rz0 , rt0 , rx0

), T ry0
)

−(α3 + α15)d(TF (rz0 , rt0 , rx0
, ry0

), T rz0)− (α4 + α16)d(TF (rt0 , rx0
, ry0

, rz0), T rt0)

⪯ α5d(Txni+1, Txni
) + α6d(Tyni+1, T yni

) + α7d(Tzni+1, T zni
)

+α8d(Ttni+1, T tni
) + (1 + α9)d(Txni+1, T rx0

) + α10d(Tyni+1, T ry0
)

+α11d(Tzni+1, T rz0) + α12d(Ttni+1, T rt0) + (α13 + α17)d(Trx0
, Txni

)

+(α14 + α18)d(Try0
, T yni

) + (α15 + α19)d(Trz0 , T zni
)

+(α16 + α20)d(Trt0 , T tni
). (19)

Similarly, we obtain

(1− α1 − α13)d(TF (ry0
, rz0 , rt0 , rx0

), T ry0
)

−(α2 + α14)d(TF (rz0 , rt0 , rx0
, ry0

), T rz0)

−(α3 + α15)d(TF (rt0 , rx0
, ry0

, rz0), T rt0)− (α4 + α16)d(TF (rx0
, ry0

, rz0 , rt0), T rx0
)

⪯ α5d(Tyni+1, T yni
) + α6d(Tzni+1, T zni

) + α7d(Ttni+1, T tni
)

+α8d(Txni+1, Txni
) + (1 + α9)d(Tyni+1, T ry0

) + α10d(Tzni+1, T rz0)

+α11d(Ttni+1, T rt0) + α12d(Txni+1, T rx0
) + (α13 + α17)d(Try0

, T yni
)

+(α14 + α18)d(Trz0 , T zni
) + (α15 + α19)d(Trt0 , T tni

)

+(α16 + α20)d(Trx0
, Txni

), (20)
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and

(1− α1 − α13)d(TF (rz0 , rt0 , rx0
, ry0

), T rz0)

−(α2 + α14)d(TF (rt0 , rx0
, ry0

, rz0), T rt0)

−(α3 + α15)d(TF (rx0
, ry0

, rz0 , rt0), T rx0
)− (α4 + α16)d(TF (ry0

, rz0 , rt0 , rx0
), T ry0

)

⪯ α5d(Tzni+1, T zni
) + α6d(Ttni+1, T tni

) + α7d(Txni+1, Txni
)

+α8d(Tyni+1, T yni
) + (1 + α9)d(Tzni+1, T rz0) + α10d(Ttni+1, T rt0)

+α11d(Txni+1, T rx0
) + α12d(Tyni+1, T ry0

) + (α13 + α17)d(Trz0 , T zni
)

+(α14 + α18)d(Trt0 , T tni
) + (α15 + α19)d(Trx0

, Txni
)

+(α16 + α20)d(Try0
, T yni

), (21)

and

(1− α1 − α13)d(TF (rt0 , rx0
, ry0

, rz0), T rt0)

−(α2 + α14)d(TF (rx0
, ry0

, rz0 , rt0), T rx0
)

−(α3 + α15)d(TF (ry0
, rz0 , rt0 , rx0

), T ry0
)− (α4 + α16)d(TF (rz0 , rt0 , rx0

, ry0
), T rz0)

⪯ α5d(Ttni+1, T tni
) + α6d(Txni+1, Txni

) + α7d(Tyni+1, T yni
)

+α8d(Tzni+1, T zni
) + (1 + α9)d(Ttni+1, T rt0) + α10d(Txni+1, T rx0

)

+α11d(Tyni+1, T ry0
) + α12d(Tzni+1, T rz0) + (α13 + α17)d(Trt0 , T tni

)

+(α14 + α18)d(Trx0
, Txni

) + (α15 + α19)d(Try0
, T yni

)

+(α16 + α20)d(Trz0 , T zni
). (22)

Now, set

µ1 = d(TF (rx0
, ry0

, rz0 , rt0), T rx0
) + d(TF (ry0

, rz0 , rt0 , rx0
), T ry0

)

+d(TF (rz0 , rt0 , rx0
, ry0

), T rz0) + d(TF (rt0 , rx0
, ry0

, rz0), T rt0),

µ2 = d(Txni+1, T rx0
) + d(Tyni+1, T ry0

) + d(Tzni+1, T rz0) + d(Ttni+1, T rt0),

µ3 = d(Txni
, T rx0

) + d(Tyni
, T ry0

) + d(Tzni
, T rz0) + d(Ttni

, T rt0).

Adding (19) to (22). We have

(1−
4∑

i=1

αi −
16∑

i=13

αi)µ1 ⪯
8∑

i=5

αi∆n + (1 +

12∑
i=9

αi)µ2 +

20∑
i=13

αiµ3

⪯ ∆n + 2µ2 + µ3.
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Therefore,

µ1 ⪯
1

A
∆n +

2

A
µ2 +

1

A
µ3,

where

A = 1−
4∑

i=1

αi −
16∑

i=13

αi.

By applying Lemma 2.5, we can obtain

d(TF (rx0
, ry0

, rz0 , rt0), T rx0
) = θ , d(TF (ry0

, rz0 , rt0 , rx0
), T ry0

) = θ

d(TF (rz0 , rt0 , rx0
, ry0

), T rz0) = θ , d(TF (rt0 , rx0
, ry0

, rz0), T rt0) = θ.

which implies that

TF (rx0
, ry0

, rz0 , rt0) = Trx0
, TF (ry0

, rz0 , rt0 , rx0
) = Try0

TF (rz0 , rt0 , rx0
, ry0

) = Trz0 , TF (rt0 , rx0
, ry0

, rz0) = Trt0 .

Since T is one to one, then

F (rx0
, ry0

, rz0 , rt0) = rx0
, F (ry0

, rz0 , rt0 , rx0
) = ry0

F (rz0 , rt0 , rx0
, ry0

) = rz0 , F (rt0 , rx0
, ry0

, rz0) = rt0 .

Thus, (rx0
, ry0

, rz0 , rt0) is quadrupled fixed point of the mapping F . Now, if

(r′x0
, r′y0

, r′z0 , r
′
t0) is another quadrupled fixed point of F , then we obtain

d(Trx0
, T r′x0

) = d(TF (rx0
, ry0

, rz0 , rt0), TF (r′x0
, r′y0

, r′z0 , r
′
t0)) (23)

⪯ (α9 + α13 + α17)d(Tr
′
x0
, T rx0

) + (α10 + α14 + α18)d(Tr
′
y0
, T ry0

)

+(α11 + α15 + α19)d(Tr
′
z0 , T rz0) + (α12 + α16 + α20)d(Tr

′
t0 , T rt0),

and

d(Try0
, T r′y0

) = d(TF (ry0
, rz0 , rt0 , rx0

), TF (r′y0
, r′z0 , r

′
t0 , r

′
x0
)) (24)

⪯ (α9 + α13 + α17)d(Tr
′
y0
, T ry0

) + (α10 + α14 + α18)d(Tr
′
z0 , T rz0)

+(α11 + α15 + α19)d(Tr
′
t0 , T rt0) + (α12 + α16 + α20)d(Tr

′
x0
, T rx0

),
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and

d(Trz0 , T r
′
z0) = d(TF (rz0 , rt0 , rx0

, ry0
), TF (r′z0 , r

′
t0 , r

′
x0
, r′y0

)) (25)

⪯ (α9 + α13 + α17)d(Tr
′
z0 , T rz0) + (α10 + α14 + α18)d(Tr

′
t0 , T rt0)

+(α11 + α15 + α19)d(Tr
′
x0
, T rx0

) + (α12 + α16 + α20)d(Tr
′
y0
, T ry0

),

and

d(Trt0 , T r
′
t0) = d(TF (rt0 , rx0

, ry0
, rz0), TF (r′t0 , r

′
x0
, r′y0

, r′z0)) (26)

⪯ (α9 + α13 + α17)d(Tr
′
t0 , T rt0) + (α10 + α14 + α18)d(Tx

′, T rx0
)

+(α11 + α15 + α19)d(Tr
′
y0
, T ry0

) + (α12 + α16 + α20)d(Tr
′
z0 , T rz0).

Adding (23) to (26), we have

d(Trx0
, T r′x0

) + d(Try0
, T r′y0

) + d(Trz0 , T r
′
z0) + d(Trt0 , T r

′
t0)

⪯
20∑
i=9

αi[d(Trx0
, T r′x0

) + d(Try0
, T r′y0

) + d(Trz0 , T r
′
z0) + d(Trt0 , T r

′
t0)].

which implies that

d(Trx0
, T r′x0

) + d(Try0
, T r′y0

) + d(Trz0 , T r
′
z0) + d(Trt0 , T r

′
t0) = θ

Since T is one to one, we have (rx0
, ry0

, rz0 , rt0) = (r′x0
, r′y0

, r′z0 , r
′
t0). Ultimately, if T is

sequentially convergent, then we can replace n by ni. Thus, we have

lim
n→∞

TFn(x0, y0, z0, t0) = rx0
, lim
n→∞

TFn(y0, z0, t0, x0) = ry0

lim
n→∞

TFn(z0, t0, x0, y0) = rz0 , lim
n→∞

TFn(t0, x0, y0, z0) = rt0 .

This completes the proof of Theorem 3.3. ■

The results of Rahimi et al.’s work can be obtained from Theorem 3.3.

Corollary 3.4 [13]. Suppose that (X, d) is a complete K-metric space, P is a solid cone,

and T : X → X is a continuous and one to one mapping. Moreover, let F : X4 → X be

a mapping satisfying

d(TF (x, y, z, u), TF (x∗, y∗, z∗, u∗)) ⪯ αd(Tx, Tx∗) + βd(Ty, Ty∗)

+γd(Tz, Tz∗) + δd(Tu, Tu∗)

for all x, y, z, u, x∗, y∗, z∗, u∗ ∈ X, where α, β, γ, δ ⩾ 0 with

α+ β + γ + δ < 1.
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Then, the results of Theorem 3.3 are hold.

Corollary 3.5 [13]. Suppose that (X, d) is a complete K-metric space, P is a solid cone,

and T : X → X is a continuous and one to one mapping. Moreover, let F : X4 → X be

a mapping satisfying

d(TF (x, y, z, u), TF (x∗, y∗, z∗, u∗)) ⪯ k

4
[d(Tx, Tx∗) + d(Ty, Ty∗)

+d(Tz, Tz∗) + d(Tu, Tu∗)]

for all x, y, z, u, x∗, y∗, z∗, u∗ ∈ X, where k ∈ [0, 1). Then, the results of Theorem 3.3

hold.
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