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Abstract. In this paper, a new class of multifunctions, called generalized o(ux,puy)-
continuous multifunctions, has been defined and studied. Some characterizations and several
properties concerning generalized a(px, gy )-continuous multifunctions are obtained. The re-
lationships between generalized a(ux, py )-continuous multifunctions and some known con-
cepts are also discussed.
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1. Introduction

There are various types of functions which play an important role in the classical
theory of set topology. A great deal of works on such functions has been extended to
the setting of multifunctions. A multifunction is a set-valued function. The theory of
multifunctions was first codified by Berge [10]. In the last three decades, the theory of
multifunctions has advanced in a variety of ways and applications of this theory, can
be found for example, in economic theory, noncooparative games, artificial intelligence,
medicine, information sciences and decision theory (See [14] and references therein).
Continuity is a basic concept for the study of general topological spaces. This concept
has been extended to the setting of multifunctions and has been generalized by weaker
forms of open sets such as a-open sets [18], semiopen sets [17], preopen sets [9], S—

*Corresponding author.
E-mail address: feerol@cumhuriyet.edu.tr (F. Erol).

Print ISSN: 2252-0201 © 2015 TAUCTB. All rights reserved.
Online ISSN: 2345-5934 http://jlta.iauctb.ac.ir



2 M. Akdag et al. / J. Linear. Topological. Algebra. 04(01) (2015) 1-9.

open sets [16] and semi-preopen sets [13] . Multifunctions and of course continuous mul-
tifunctions stand among the most important and most researched points in the whole
of the mathematical science. Many different forms of continuous multifunctions have
been introduced over the years. Csaszar [1] introduced the notions of generalized topo-
logical spaces and neighborhood systems are contained in these classes, respectively.
Specifically, he introduced the notions of continuous functions on generalized topological
spaces and investigated the characterizations of generalized continuous functions. By us-
ing these consepts, Min [21] introduced the notions of « (gx, gy )-continuity, 8 (gx, gyv)
-continuity, pre (gx, gy )-continuity and semi (gx, gy )-continuity of functions on general-
ized topological spaces. Kanibir and Reilly [8] extended these concepts to multifunctions.
Also, Boonpok [12] studied the /3 (px, pty)-continuous multifunctions. Then Akdag and
Erol [15], studied the pre (ux, pty) -continuous multifunctions. In this paper our purpose
is to define « (px, py )-continuous multifunctions and to obtain some characterizations
and several properties concerning such multifunctions. Moreover, the relationships be-
tween generalized « (px, py )-continuous multifunctions and some known concepts are
also discussed.

2. Preliminaries

Let X be a nonempty set and p be a collection of subsets of X. Then pu is called a
generaized topology (briefly GT) on X iff ) € pu and an arbitrary union of elements
of p belongs to p [1]. A set with a GT p is said to be generalized topological spaces
(briefly GTS) and denoted by (X, u). The elements of p are called p — open sets and
their complements are called p — closed sets. The generalized interior of a subset A of
X denoted by i, (A) is the union of 1 — open sets contained in A, and the generalized
closure of A denoted by ¢, (A) is the intersection of y — closed sets containing A. It is
easy to verify that ¢, (A) = X —i, (X —A) and i, (A) = X —c, (X — A). Let p1 be a
GT on a set X # @. Clear that X € p must not hold; if all the same X € p, then we
say that the GT p is strong [2]. In general M, denote the union of all elements of u, of
course M,, € pand p is strong GT if and only if M, = X [2]. Let us now consider those
GTS pu satisfy the following condition: if M, M € pu, then M N M € p. We call such a
GT quasitopology (briefly QT) [3], the QTS clearly are very near to the topologies.

A subset A of a generalized topological spaces (X, u) is said to be uregular — open
[3] (resp. pregular — closed ) if A = i,(cu(A)) (resp. A = cu(iy(A))). A subset A of a
generalized topological spaces (X, i) is said to be p — semiopen [3] (resp. p — preopen,
p—a—open and p—f—open) if A C cpu(i,(A)) (resp. A Ciy(cu(A)), A Ciylcy (iu(A))),
A C ¢y (iu(cu(A)))). The family of all p — semiopen (resp. p — preopen, 1 — a — open
and p — 8 — open) sets of X is denoted by o (u) (resp. 7 (u), a(p) and S (u)). It is
shown in [3], that « (1) = 7 (x) No (p) and it is obvious that o (u) Un (1) C B (p). The
complement of a 1 — semiopen (resp. u — preopen, p— o —open and p— 3 — open) set is
said to be p — semiclosed (resp. p — preclosed, p — a — closed and p — 8 — closed). The
intersection of all u — semiclosed (resp. p— preclosed, u— a — closed and p— 8 — closed)
sets of X containing A is denoted by ¢, (A), (resp. ¢x (A), ca (A) and cz (A)) are defined
similarly. The union of all u — « — open (1 — 8 — open ) sets containing in A is denoted
by ia(A) (ig(A)).

By a multifunction F' : X — Y, we mean a point-to-set correspondence from X to
Y, and we always assume that F (z) # () for all z € X. For a multifunction F' : X — Y,
following we shall denote the upper and lower inverse set of a set B of Y by F* (B) and
F~ (B) respectively, that is, F*(B) = {x € X : F(z) C B} and F~ (B) = {z € X :



M. Akdag et al. / J. Linear. Topological. Algebra. 04(01) (2015) 1-9. 3

F(xz)N B # 0}. In particular, F~ (y) = {z € X : y € F (z)} for each point y € Y. Also,
F(A) =U,ex F (x), for each A C X. Then F' is said to be surjection if F(X) =Y, or
equivalently, if for each y € Y there exists an x € X such that y € F'(x). Throughout
this paper (X, px) and (Y, py) (or simply X and V') always mean generalized topological
spaces.

3. Upper and Lower a (px, py )-Continuous Multifunctions

Lemma 3.1 [21] Let A be a subset of a generalized topological space (X, ux). Then,
(1) © € cay (A) if and only if ANU # & for each U € a(ux) containing x.
(1) Cax (X — A) =X —in, (A).
(791) Cay (A) is px — a— closed in X.

Definition 3.2 Let (X, ux) and (Y, uy) be a generalized topological spaces. Then a
multifunction F': X — Y is said to be;

(1) upper « (px, puy) -continuous at a point x € X if for each py—open set V of YV
containing F'(x), there exists U € a (pux) containing x such that F(U) C V.

(1) lower « (px, py) -continuous at a point z € X if for each py—open set V of Y
such that F(z) NV # &, there exists U € a (ux) containing x such that F(z) NV # &
for every z € U.

(731) upper(lower) « (pux, py) — continuous if F' has this property at each point of X.

Definition 3.3 [12] Let (X, ux) and (Y, uy) be a generalized topological spaces. Then
a multifunction F' : X — Y is said to be;

(7) upper B (px, py )-continuous at a point x € X if for each py —open set V of Y
containing F'(x), there exists U € f (ux) containing x such that F(U) C V.

(73) lower 8 (pux, py )-continuous at a point x € X if for each py —open set V of Y such
that F'(x) NV # &, there exists U € §(ux) containing = such that F(z) NV # @ for
every z € U.

(7i7) upper(lower) 8 (ux, py )- continuous if F' has this property at each point of X.

Definition 3.4 [8] Let (X, ux) and (Y, uy) be a generalized topological spaces. Then
a multifunction ' : X — Y is said to be

(1) upper (ux,py)-continuous at a point z € X if for each py—open set V of YV
containing F'(x), there exists U € (ux) containing = such that F(U) C V.

(73) lower (ux, py )-continuous at a point z € X if for each py —open set V of Y such
that F(x) NV # &, there exists U € (ux) containing x such that F'(z) NV # & for every
zeU.

(731) upper(lower) (ux, py )- continuous if F' has this property at each point of X.

Remark 1 For a multifunction F : X — Y, following implications hold:
upper(lower) (px, py)-continuous = upper(lower) o (ux, py )-continuous = up-

per(lower) B (ux, py) -continuous.
The following examples shows that these implications are not reversible.

Ezxzample 3.5 Let X = {a,b,c,d} =Y and pux = {0,{a},{a,b,c}} = py . Consider
a multifunction F : (X, ux) — (Y, py) defined by F (a) = {a} = F (b) and F (c) =
{b}, F(d) = {d}. Then F* ({a,b,c}) = {a,b,c} and F* ({a}) = {a,b}. Now {a,b} is
x —a—open but not px—open. Hence F' is upper a (ux, gy )-continuous but not upper
(x, py )-continuous.

Ezample 3.6 Let X = {a,b,c} =Y and pux = {0,{a},{b},{a,b}} = py. Consider a
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multifunction F : (X, ux) — (Y, py) defined by F (a) = {b} = F (b) and F (¢) = {a}.
Then F' is upper 3 (ux, py )-continuous but not upper a (px, 1y )-continuous.

Theorem 3.7 For a multifunction F : (X, ux) — (Y, uy) the following are equivalent.
(i) F is upper « (px, fty )-continuous,
(i1) F* (V) is a ux — a-open set in X for each py-open set V of Y.
(191) F~ (K) is a px — a-closed set in X for each uy-closed set K of Y.
(1v) cay (F~ (B)) € F~ (¢, (B)) for each subset B of Y.
(v) FT (iy (B)) Ciay (F“‘ (B)) for each subset B of Y.

Proof. (i) = (ii) Let V be any uy-open set of Y and x € F* (V). Then F(z) C V.
There exists U € a(ux) containing x such that F(U) C V. Thus 2 € U C F* (V).
This implies that x € i, (F'* (V)). This shows that F* (V) Cin, (F(V)). We have
oy (FT(V)) C F* (V). Therefore, iq, (F*(V)) = F* (V) and so F* (V) is ux — a-
open set in X.

(11) = (i7i) Let K be any py-closed set of Y. If we take, V =Y — K, then V is a py-
open set in Y. By (ii) F™ (V) isa ux-opensetin X.So X—F* (V)= X—-F" (Y — K) =
F~ (K) is a pux-closed set in X.

(131) = (iv) Let B be any subset of Y. Since ¢, (B) is a puy-closed set in Y, by (éii),
F~ (¢, (B)) is a pux — a-closed set in X. Thus co, (F'~ (¢, (B))) € F~ (¢, (B)). So
o (F~ (B)) C F~ (¢, (B)).

(iv) <= (v) It follows from [Lemma 3.2, [18]].

(v) = (i) Let x € X and V be any py-open set V of Y containing F'(x). Then by (v),
x e FT(V)=F7" (i, (V)) Cia, (FT(V)). Therefore, there exists a ux — a—open set
U = F* (V) of X containing x such that F(U) C V. This implies F' is upper « (ux, pty )-
continuous at x. [ |

Theorem 3.8 For a multifunction F': (X, ux) — (Y, py), the following are equivalent.
(1) F is lower a (pux, py )-continuous.
(13) F~ (V) is a px — a-open set in X for each py-open V of Y.
(i13) FT (K) is a ux — a-closed set in X for each uy-closed set K of Y.
(iv) cayx (FT(B)) C F* (¢, (B)) for each subset B of Y.
(v) F~ (i, (B)) Ciay (F~ (B)) for each subset B of Y.
(vi) F (cay (A)) C e, (F (A)) for each subset A of X.

Proof. We prove only the implications (iv) = (vi) and (vi) = (v) with the proofs
the other being similar to those of Theorem 3.7.

(iv) = (vi) Let A be any subset of X. By (iv), we have cq, (A) C ca FT (F (A))
F* (¢, F(A)) and F (cay (4)) C ¢, (F(A)).

N

(vi) = (v) Let B be any subset of Y. By (vi), we have F (cq, (FT (Y — B))) C
c, (F(F*(Y-DB)) C ¢,(Y-B) = Y —i,(B) and F(cay (FT (Y —B))) =
F(coy (X —F (B)) = F(X —ia, (F (B))).This implies F~ (i, (B)) C
iax (F7 (B)). u

Theorem 3.9 Let (X, ux), (Y, uy) be two generalized topological spaces and the multi-
functions F; : X — Y | F5 : X — Y be upper a (ux, py )-continuous. Then F} U F the
combination of Fj and Fj is defined (Fy U Fy) () = Fy (z) U Fy (z) is upper « (ux, py)-
continuous.

Proof. Let V be any py-open set of Y. Since F} and F; are upper « (px, j1y )-continuous
then Fi" (V) and F; (V) are pux —a-open set in X. So Fit (V) U Fyf (V) = (FLU F>) T (V)
is px — a-open set in X. Therefore F} U F» is upper « (ux, iy )-continuous. [ |
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Theorem 3.10 Let (X, ux), (Y,puy) be two generalized topological spaces and the
multifunctions F; : X — Y, Fy : X — Y be lower «a (ux, py)-continuous. Then
Fy U Fy is lower o (px, ,uy)—continuous.

Proof. The proof is similar to Theorem 3.9. |

Theorem 3.11 Let (X, ux), (Y, puy) be generalized topological spaces and the multi-
functions F} : X — Y, F5: X — Y be upper a (ux, py') -continuous. Then F} x Fy the
product of F} and Fy is defined (F} x Fy) (z) = Fy () X F (x) is upper a (uxxx, by xy )-
continuous.

Proof. Let V be any uy-open subset of Y. Since F} and Fy are upper « (ux, iy )-
continuous then F;" (V) and F,f (V) are ux — a-open set in X. So F;" (V) xF,F (V) =
(Fy X F2)+ (V') is ux —a-open set in X x X. Therefore F} X Fy is upper a (ixxx, fy xy )-
continuous. [ |

Theorem 3.12 Let (X, pux) and (Y, uy) be generalized topological spaces and the
multifunctions F; : X — Y and F» : X — Y be lower « (ux, py )-continuous. Then
Fy x Fy is lower a (uxxx, ty xy )-continuous.

Proof. The proof is similar to Theorem 3.11. [ |

Theorem 3.13 Let (X, ux), (Y, py) and (Z, uz) be three generalized topological spaces.
The multifunctions F; : X — Y be upper «a (ux, py )-continuous and Fs : Y — Z be
upper (uy, ptz)-continuous. Then the multifunction Fj o Fy is defined (Fj o Fy) (x) =
Fy (Fy (x)) is upper « (ux, ptz)-continuous.

Proof. Let W be any uz-open subset of Z. Since Fy is upper (uy, pz)-continuous
then F2+ (W) is py-open set in Y. Also, since F} is upper a (px, piy )-continuous then
FiF (FsF (W) = (FroFy)" (W) is a — px-open set in X. Therefore, F} o F) is upper
a (pux, pz)-continuous. [ |

Theorem 3.14 Let (X, ux), (Y, uy) and (Z, pz) be three generalized topological spaces.
The multifunctions F} : X — Y be lower « (ux, py )-continuous and Fy : Y — Z lower
(1x, pz)-continuous. Then the multifunction Fy o F; is lower « (pux, pz) -continuous.

Proof. The proof is similar to Theorem 3.13. |

Theorem 3.15 Let (X, ux), (Y, py) be two generalized topological spaces and F (X)) is
endowed with subspace topology. If the multifunction F' : X — Y is upper « (ux, 1y )-
continuous then the multifunction F': X — F (X)) is upper « (,uX, ,uF(X))—continuous.

Proof. Since F' is upper «(ux,py) -continuous, for every py-open set V of Y,
FH(VAF(X))=Ft(V)nF* (F(X))=Ft(V)nX = F* (V) is a — uux-open set in
X. Therefore F': X — F (X)) is upper « (,uX, uF(X)) -continuous. [ ]

Theorem 3.16 Let (X, ux), (Y, uy) be two generalized topological spaces and F' (X) is
endowed with subspace topology. If the multifunction F': X — Y is lower « (ux, py)-
continuous then the multifunction F': X — F' (X)) is lower « (p X5 HE( X))—continuous.

Proof. The proof is similar to Theorem 3.15. [ |

Let K # 0 be an index set and Xy # @ for k € K and X = ][ Xj the cartesian
keK
product of the sets Xj;. We denote by p; the projection function pg : X — X defined

by zr = pi (z), for each x € X. Suppose that for k € K, ui is a given generalized
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topological space on Xj. Let us consider all sets of the form [[ M, where My € uy,
keK
with the exception of a finite number of indices k, M}, = X, = M,,, . We denote by @ the

collection of all these sets. Clearly @ € p so that we can define a GT p = u(p) having
o for base. We call u the product [11] of the GT’s y, and denoted by P, (k € K).

Lemma 3.17 [20] Let A = [[ Ax € [] Xk and let Ky be a finite subset of K. If
kEK keK
A € (My,, X)) for each k € K — Ko, then iA = [] iz Ay.
keK

Lemma 3.18 [11] Let A= [[ Ax € [[ X, then cA = [] cxAx.
kEK kEK keK

Lemma 3.19 [11] If every ug is strong, then u = [] px is strong and pg is (p, pk)-
keK
continuous for k € K.

Lemma 3.20 [11] The projection py is (u, pg)- open.

Lemma 3.21 Let f: X — Y be (ux, py)-continuous and (ux, sy )-open function. If
Ais a a — px-open set in X, then f(A) is a — py-open set in Y.

Proof. Let A be a a — pux-open set of X. Since f is (ux,py)-open and (px, pmy)-
continuous, then f(i,, (A)) C iy, (f(A4)) and f(cu, (A)) C cuy (f(A)). Thus, f(A) C

Pl (Cux (iux (A)))) and f(A) © fiux (cux (e (A)))) S duy (Cuy (i (F(A)))) . This
show that, f(A) is a — py-open in Y. [ |

Theorem 3.22 Let X be a strong generalized topological space, F' : X — Y be
a multifunction and Gr : X — X x Y be the graph multifunction of F' defined by
Gp(z) = (x, F (z)) for each z € X. If Gp is upper o« (ux, jtx xy )-continuous then F' is
upper « (px, py )-continuous.

Proof. Let V be any uy-open set of Y. Then X x V is uxxy-open set of X x Y. Since
GF is upper a (ux, fixxy)-continuous, then GL (X x V) = FH (V)NX = FT (V) is a
a — px-open set in X. Thus F is upper « (ux, 1y )-continuous. |

Theorem 3.23 Let X be a strong generalized topological space, F : X — Y be a
multifunction and Gp : X — X x Y be the graph multifunction of F. If Gg is lower
a (ux, pxxy )-continuous then F' is lower « (ux, py )-continuous.

Proof. The proof is similar to Theorem 3.22. [ |

Let {Xy:k€ K} and {Y;:k € K} be any two families of generalized topological
spaces with the same index set K. For each k € K, let F : X; — Y; be a multi-

function. The product space []| X} is denoted by [[ X and the product multifunction
keK
IT1Fx ] X — [] Y%, defined by F(x) = [ Fx (zx) for each x = {x} € [ Xy, is

keK
simply denoted by F': [[ X — [] Y%-

Theorem 3.24 Let Y = [] Yi. If a multifunction FF : X — ][] Yx is upper
keK keK
a (px, py )-continuous and every py is strong, then pyoF' : X — Y, is upper o (ux, ity;,)

-continuous, where py, is the projection of [] Yy onto Yy, for each k € K.

keK
Proof. Let k € K and Vj, be any puy,-open set of Y;. By Lemma 3.19, py is (ux, py,)
-continuous, so plzl (Vi) is a generalized open set in Y. Since F' is upper « (px, iy, )
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-continuous, then F'~ (p,;1 (Vi) = (pk o F)™ (Vi) is a o — px-open set in X. Therefore,

pr o F' is upper a (ux, fy, )-continuous. [ |
Theorem 3.25 Let Y = ][] Y;. If a multifunction F : X — ][] Yx is lower
keK keK

a (ux, py )-continuous and every py, is strong, then pgo F': X — Y} is lower a (pux, iy, )
-continuous.

Proof. The proof is similar to Theorem 3.24. |

Theorem 3.26 Let k € K, uy, be strong generalized topological spaces and Fj, : Xj —
Y: be multifunctions. If the product multifunction F' : X — Y is upper o (ux, pmy)-
continuous where X = [[ Xy, Y = [[Yx , then Fy : X — Y} is upper o (ux,, py, )-
continuous for each k € K.

Proof. Let ko be an arbitrary fixed index in K and Vi, be any puy, -open set of Yy, .

Then [] Yi x Vi, is a py-open set in Y. Since F is upper « (px, fy)-continuous,
k#ko

then F~ | ] Yiax Vi, | = I Xg x F}_ (Vi) is a & — px-open set in X. By Lemma
ktho kit ko ’

3.21, Fy_ (Vi) is a py, -open set in Xj,. This shows that Fy, is upper o (x4, 1y, )-
continuous. ]

Theorem 3.27 Let k € K and let X and py, be strong generalized topological spaces
and Fj : X — Y, be multifunctions. If the product multifunction F : X — Y is
lower « (px, py )-continuous where X = [[ Xy, Y = [[ Y% , then Fj : Xi — Y} is lower
a (px,, 1y, )-continuous for each k € K.

Proof. The proof is similar to Theorem 3.26. [ |

Definition 3.28 [7] A space X said to be p-compact (resp. o — p-compact) if every
p-open (resp. a — p—open) cover of X has a finite subcover.

Theorem 3.29 Let a multifunction F' : X — Y be upper « (ux, py )-continuous and
X is a — pux-compact, then Y is puy-compact.

Proof. Let x be a cover of Y by uy-open sets in Y. Since F' is upper a (ux,py)-
continuous then {F* (A): A € x} is a @ — ux- open cover of X. Also, since X is a —
px-compact, so the cover of X has a finite subcover {F* (A): A € x'}, where X' is a

subfamily of . Then Y ¢ |J F(F* (4)) = (U A. Therefore Y is py-compact. |
Aex! Aey!

Theorem 3.30 Let (X, pux) be a generalized topological space and (Y, uy) be a qua-
sitopological space. If F' : X — Y be upper « (ux, gy )-continuous such that F(zx) is
a — py —compact for each x € X and M is o — px—compact set of X, then F(M) is
o — py —compact.

Proof. Let {V;:i€ I} be any cover of F(M) by a — py-open sets. For each = €
M, F(x) is a — py- compact and there exists a finite subset Iy (z) of I such
that F(z) C U{V;:i€ lp(z)}. Now set V(z) = U{V;:i € Iy(z)}. Then we have
F(x) C V(x) and V(z) is o — py-open set of Y. Since F is upper o« (ux,py) -
continuous, there exists an « — px-open set U(z) containing x such that F(U(x)) C
V(xz). The family {U(z):x € M} is a cover of M by «a — pux-open sets. Since M
is a — px-compact, there exists a finite number of points, say, x1,x2,...,z, in M
such that M C U{U(zm):xm € M, 1 < m < n}. Therefore, we obtain F(M) C
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U{F (U(zw)):xm €M, 1<m<n} CU{V;:i€i(xy), zm € M, 1 <m <n}. This
shows that F'(M) is a — py-compact. [ |

Corollary 3.31 Let (X, ux) be a generalized topological space and (Y, uy) be a qu-
asitopological space. If F': X — Y be upper a (ux, py) -continuous such that F(z)
is @ — py-compact for each x € X and (X, pux) is a — px-compact, then (Y, uy) is
« — py-compact.

Definition 3.32 [10] A space X is said to be px-connected if there are no nonempty
disjoint sets U,V C px such that UUV = X.

Definition 3.33 A space X is said to be a — px-connected if there are no nonempty
disjoint c-open sets U,V C ux such that UUV = X.

Theorem 3.34 Let (X, ux), (Y, uy) be generalized topological spaces and the multi-
functions F': X — Y be upper a (ux, py )-continuous. If (X, ux) is o — px-connected,
then (Y, puy) is py-connected.

Proof. Suppose there are two nonempty disjoint puy-open subsets U,V of Y, such that
UUV =Y. Since F is upper « (ux, sty )-continuous, so F* (U),F* (V) are a — pux-open
subsets of X. Also FT (U)NFt(V)=Ft({UNV)=F"0)=0and FT (U)UFT (V) =
FH({UuUV) = F"(Y) = X. So (X,ux) is a-disconnected. Therefore (Y, uy) is py-
connected. [ |

Lemma 3.35 Let A and B be subsets of a GTS (X, i) .
(a) fAeo(p)Unm(p) and B € a(p), then ANB € a(p).
b)fACBCX, Aca(Bu)and B€ a(u), then A€ a(p).

Proof. Obvious. [ ]

Theorem 3.36 Let (X, ux), (Y, uy) be generalized topological spaces and the multi-
functions F' : X — Y be upper (resp. lower) a (ux, py)-continuous. If A € o (u) U
7 (u) ,then defined as (F'|4) (z) = F (x) the restriction F'|4 : A — Y is upper (resp.
lower) a (14, py )-continuous.

Proof. We prove only the assertion for F' upper « (p4, py )-continuous, the proof for F'
lower « (pa, y )-continuous being analogous. Let © € A and V' be uy-open set of Y such
that (F'|a) (x) € V. Since F is upper « (ux, gy )-continuous and (F'|4) () = F (z),
there exists U € a(ux) containing x such that F'(U) C V. Set Uy = U N A, then by
Lemma 5, we have x € Uy € a(pa) and (F' |4) (Up) € V.This shows that (F'|4): A—=Y
is upper a (p4, py )-continuous. [ |

Theorem 3.37 Let (X, ux), (Y, puy) be generalized topological spaces and the multi-
functions F' : X — Y is upper (resp. lower) « (ux, pry )-continuous. If for each = € X,
there exists A € a(ux) containing x, the restriction (F'|4) : A — Y is upper (resp.
lower) a (14, py )-continuous.

Proof. The proof is similar to Theorem 3.36. |

Corollary 3.38 Let (X, ux), (Y, ny) be generalized topological spaces and {A; : i € I}
be an a — px-open cover of X . A multifunctions F' : X — Y is upper (resp. lower)
a (px, py )-continuous if and only if (F'|4) : A; — Y is upper (resp. lower) a (ux, py)-
continuous for each ¢ € 1.



M. Akdag et al. / J. Linear. Topological. Algebra. 04(01) (2015) 1-9. 9

References
[1] A. Csaszar, Generalized topology, generalized continuity, Acta Math. Hungar., 96, 351-357, 2002.
[2] A. Csaszar, Extremally disconnected generalized topologies, Annales Univ. Sci. Budapest., 47, 91-96, 2004.
[3] A. Csaszar, ”"d—and #—modifications of generalized topologies,” Acta Mathematica Hungarica, vol. 120, pp.
274-279, 2008.
[4] A. Csaszar, ”Product of generalized topologies,” Acta Mathematica Hungarica, vol. 123, no:1-2, pp. 127-132,
2009.
[5] A. Csaszar, y-connected sets, Acta Math. Hungar., 101, 273-279, 2003.
[6] A. Csaszar, ”Further remarks on the formula for y—interior,” Acta Mathematica Hungarica, vol. 113, no: 4,
pp. 325-332, 2006.
[7] A. Csaszar, ” Generalized open sets in generalized topologies,” Acta Mathematica Hungarica, vol. 106,no: 1-2
pp. 53-66, 2005.
[8] A. Kanibir and I. L. Reilly, ”Generalized continuity for multifunctions, ” Acta Mathematica Hungarica, vol.
122, no . 3, pp. 283-292, 2009.
[9] A.S. Mashour, M. E. Abd El-Monsef, and S. N. El-Deeb, ”On precontinuous and weakprecontinuous func-
tions, ”"Proceedings of the Mathematical and Physical Society of Egypt, pp. 47-53, 1982.
[10] C. Berge, Topological Spaces, Macmillian, New York, 1963. English translation by E. M. Patterson of Espaces
Topologiques, Fonctions Multivoques, Dunod, Paris, 1959.
[11] C. Cao, J. Yang, W. Wang, B. Wang, Some generalized continuities functions on generalized topological
spaces, Hacettepe Jou. of Math. and Stat., 42(2), 159-163, 2013.
[12] C. Boonpok, ”On upper and Lower 8 (ux, py )- Continuous multifunctions”, Int. J. of Math. and Math. Sci.,
2012 Doi: 10. 1155/2012/931656.
[13] D. Andrijevic, ”Semipreopen sets, 7 Matematicki Vesnik, vol. 38, no. 2, pp. 24-32, 1986.
[14] J. P. Aubin, H. Frankowska, Set-Valued Analysis, Birkhauser, Boston, 1990.
[15] M. Akdag and F. Erol, Upper and Lower Pre(ux,upy) Continuous Multifunctions, Scientific Journal of
Mathematics Research Oct. 2014, Vol. 4 Iss. 5, PP. 46-52.
[16] M. E. Abd El-Monsef, S. N. El-Deeb, and R. A. Mahmoud, ” 8-open sets and S-continuous mapping, ” Bulletin
of the Faculty of Science. Assiult Universty, vol. 12, no. 1, pp. 77-90, 1983.
[17] N. Levine, ”Semi-open sets and semi-contiuity in topological spaces, ” The American Mathematical Montly,
vol. 70, pp. 36-41, 1963.
[18] O. Njastad, On some classes of nearly open sets, Pacific Journal of Math., vol.15, 961-870, 1965.
[19] R. Shen, Remarks on products of generalized topologies, Acta Math. Hungar., 124, 363-369, 2009.
[20] R. Shen, A note on generalized connectedness, Acta Math. Hungar., 122, 231-235, 20009.
[21] W. K. Min, Generalized continuous functions defined by generalized open sets on generalized topological

spaces, Acta Math. Hun., 128, 299-306, 2010.



