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Abstract. New norm and numerical radius inequalities for operators on Hilbert space are
given. Among other inequalities, we prove that if A, B € B(H), then

3|A— B 0A
Jan- ==L <o (|55 1)

Moreover, w(AB) < 2||Im(A)||||B|| + Dp w(A). In particular, if A is self-adjointable, then
w(AB) < Dgl|A||, where Dp = /{rel@fc |B = \IJ|.
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1. Introduction and preliminaries

Let B(H) denote the C*-algebra of all bounded linear operators on a complex Hilbert
space H with inner product (-,-). The numerical radius of A € B(H) is defined by
w(A) = sup{ [(Az,z)| : ||z|| = 1 }. In [I1], Yamazaki proved for any A € B(H) that
w(A) = supgeg [|[Re(e®®A)||. Tt is well known that w(-) is a norm on B(H) which is

equivalent to the usual operator norm ||.||. In fact, for all A € B(H),
1A
- swd) <Al (1)
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The first inequality becomes an equality if A2 = 0. The second inequality becomes an
equality if A is normal. Several numerical radius inequalities improving the inequalities
in (W) have been recently given in [2, B, 8, 9J.

If A and B are operators in B(H ), we write the direct sum A® B for the 2 x 2 operator

0 } , regarded as an operator on H @ H. Thus, w(A® B) = max(w(A),w(B)).

matrix [O B

Also,
0 A
a0 81= | 3| = mextian iz,

Some numerical radius inequalities for certain 2 x 2 operator matrices is obtained in [d].
More precisely,

YR w(BA7) <o (| g |) < H A

for n =1,2,.... In [6], Holbrook showed for any A, B € B(H) that w(AB) < 4w(A)w(B).
In the case AB = BA, then w(AB) < 2w(A)w(B). In [3], it is shown for any A, B € B(H)
that

W(A*B + BA) < 2||A|lw(B). 2)

Let Dy = )i\né |A — AI|| and let R4 denote the radius of the smallest disk in the complex
€

plane containing o(A) (the spectrum of A). Stampfli in [T0] proved that if A € B(H)
and A is normal, then D4 = Ry4.
The question about the best constant k such that the inequality

w(AB) < k[[Afw(B) (3)

holds for all operators A, B € B(H) is still open.
Concerning the inequality (8), it is shown in [I]] that if A, B € B(H), then w(AB) <
(1Al + Da)w(B) and

W(AB) < ||Allw(B) + %w(B*A* _ABY). (@)

Also, if A > 0, then w(AB) < 3||Allw(B).

In Section 2, we introduce some inequalities between the operator norm and the nu-
merical radius of operators on Hilbert spaces. Particularly, we establish lower bound for
the numerical radius of the off-diagonal parts of 2 x 2 operator matrices.

2. Main results

In order to derive our main results, we need the following lemma. The lemma, which
can be found in [[7], gives new numerical radius inequalities for products of two Hilbert
space operators.
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Lemma 2.1 Let A, B € B(H). Then
w(AB) < w(A)w(B) + DaDp. (5)
The following result may be as well.
Theorem 2.2 If A, B,C € B(H), then

3lA = Blllc] 1

|Re(CA)| < 1 + 5w(CA+ BCY).

Proof. Clearly, ||Re(AB)|| = w(Re(AB)). Then
[Re(AB)|| = w(Re(AB))

AB + B*A*

= (S5

< %w(A(B + BY) + %w(AB _ BAY)

B+ B*|w(A) 1 1 .
< ”2|“() + 5DaDpyp- + Jw(AB = BAY)  (by (8)
B+ B* 1 *
< H2|(w(A) + |4l + 5(AB - BA").
Hence,
B + B* 1 *
1re(a) < LB ) + ) + Lotas - Bav) )

0 -B

Now, let A1 = [8%] and B; = [A 0

]. By (B), we have

re(ar ) < PP a4 s + St - Biar)
and so
preean = e ([ 575
= [|Re(A1B1)]
<3[a 5 "0 7| tan + naam + 5o (94 550)])
= S 14° = Bl(w(4) + [C]) + 3w(CA + BCY)
Consequently,

|R(CA)] < SIA* ~ Bl(w(Ar) +[Cl) + (€A + BCY). @
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Since A1? =0 and w(A4;) = ”—(2]”, the result follows from ([@). [ |

The following result may be as well.

Corollary 2.3 If A, B € B(H), then

34— B 04
lag - 222 < (| 501 )

Proof. Replacing C' by I in Theorem 22 gives

_3la- B

IRe(a)] < AP0 4 Zu(a s B) (8)

Now, let

0A 00
A1:|:00:| andBlz{BO}

By (B), we have

A
20— e

3 L1
< 1||A1 - ByY|| + 50.:(141 + By)

<t 2 ([53))

34— B| 0A
lal < = e (| 5ol )

This completes the proof. |

and so

As a natural application of the above Corollary in providing upper bounds for the
nonnegative quantity ||A|| —w(A), A € B(H), we can state the following result:

Corollary 2.4 If A, B € B(H), then ||A|| —w(A4) < 3[[Im(A4)].

Proof. Replacing B by A in Theorem P23, we deduce the desired result. [ |
The following result may be as well.

Theorem 2.5 If A, C € B(H), then w(CA) < 3[[Im(A)|/|C|| + Dc w(A).

Proof. By Theorem P22,

HRdCAﬂhngL_f|WC”+;w«DL+BCﬂ.
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Replacing B by A in the last inequality gives

A— A*
ey < A= ATCl

: w(CA+ AC*)

il O

3 *
= SIHmA]C] + Zw(CA+AC"),
Therefore,

3 1 .
[Re(C AN < SIHm(AC] + Gw(CA+ ACT).

Z

17

Let ap = %, where 29 € C is such that |C — 20I|| = D¢. Replacing C' by apC' in the

Q
Zo‘7

inequality (B) gives

3 1 .
[Re(aoCA)|| < SIHm(AIC] + Fw(aoCA = aCA)

3 1 .

< IHMANC] + 5w(a0(C = 200)A = a0 A(C = 201)")

< gHIm(A)HHC’H + ||C = zol||w(A). (by (@)
Thus,

3
1Re(aoC A < 5 ITm(AC] + Do w(A).

9)

On the other hand, there exists fy € R such that ag = ¢'®. Let § € R and replacing C

by ¢?C in the inequality () gives
; 3
|Re(eH*ICA)| < S HmAIC] + Do w(A).
Taking the supremum over 6 € R gives
3
w(CA) < S HmAIC] + Do w(A),

which is exactly the desired result.

The following corollary are immediate consequences of Theorem 3.

Corollary 2.6 If A,C € B(H) and A is self-adjointable, then w(CA) < D¢|| Al

The following theorem is a considerable improvement of the inequality ().

Theorem 2.7 If A, B € B(H), then w(AB) < Daw(B) + jw(AB — BA*).
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Proof. Let 6 € R. We have

|Re(e® AB)| = w(Re (e AB))
¢ AB 4 e~ B* A*

- (AR TR,
A i@B —iGB* —10 B*A* — AB*
- (e +e ) n e ))
2 2
1 . : 1
< §DAH6ZGB +e OB + gw(B*A* — ABY) (by Corollary(2H8))

; 1
= D4||Re(e"B)| + iw(B*A* — AB¥).
Consequently,
|Re(e® AB)|| < Dal|Re(e?B)| + JW(B"A" — AB").

Taking the supremum over 6 € R gives w(AB) < Dw(B) + jw(B*A* — AB*), which is
exactly the desired result. [ |

The following corollary are immediate consequences of Theorem P74.

Corollary 2.8 If A, B € B(H) and AB = BA*, then w(AB) < Djw(B).
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