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Abstract. We investigate the mechanisms of dynamic technique to rational type contraction
in the context of partially ordered complete metric spaces and obtain coupled fixed point
theorems in this article. Our derived results extend and generalize some prominent outcomes
in the literature. At last, we have presented an example and an application for a system of
integral that preserve the main results.
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1. Introduction and preliminaries

In 1922, Banach [5] presented a fixed point theorem (FPT) for contraction mappings
in metric space. The FPT is also known as the Banach contraction mapping theorem
(BCMT) or the Banach fixed point theorem (BFPT). BFPT has been generalized for
various mappings in various metric spaces by numerous researchers. In 1975, Wolk [27]
and Monjardet [6] developed the partially ordered metric space theory and expanded
the Banach contraction principle. Ran and Reurings [23] looked into the idea of fixed
points and applied it to matrix equations in partially ordered metric spaces. Additionally,
Nieto et al. [IR-20] extended the outcomes of [23] to partially ordered sets with periodic
conditions and applied this idea in equations of ordinary differential of the first order.
Numerous authors have extensively generalized, expanded and discussed the results in
partially ordered metric spaces and obtained unique fixed points (see [[-3, I, I7]).
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In 2006, Bhaskar and Laxmikantham [I7] defined mixed monotone functions, proved
the existence and uniqueness of a solution for periodic boundary value problems and
found the coupled fixed point theorem. Additionally, coupled coincidences or common
coupled fixed points were added to nonlinear contractions in ordered metric spaces by
Lakshmikantham and Ciric [T5]. Many conclusions have been generalized in partially
ordered metric spaces on coupled fixed points and common coupled fixed points (for
instance, see [d, [1-00, T2-06, 21, 02, 25, 2]]).

Very recently, Rao and Kalyani [?4] generalized the outcomes of Singh and Chatterjee
[76] in partially ordered metric space with properties of mixed monotone and got some
results from coupled fixed points. Consequently, its investigation intends to obtain new
results by constructing coupled fixed points for mappings satisfying rational type con-
traction. The obtained results expand and modify a range of results from the body of
previous literature. We start with the following definitions and notations.

Definition 1.1 [24] A self-mapping ¢ : R — R is said to be increasing on partially
ordered set (R, <) if () < ¢(pB) for all o, € R when o < 8, and is also known as
decreasing if ((«) > ((8) when a < .

Definition 1.2 [I7] A self-mapping ¢ : R — R is said to be have strict mixed monotone
property on partially ordered set (R, <) if {(«, 3) is increasing in « and decreasing [ as
well, i.e., aj,as € R with oy < ag = ((a1,8) < {(ae,pB) for all f € R and 51,02 € R
with 81 < B2 = ((a, £1) = ((a, B2) for all a € R.

Definition 1.3 [6] If (R, <) is a partially ordered set in addition to (R, d) being a metric
space, then triple (R, d, <) is referred to as a partially ordered metric space.

Definition 1.4 [6] An element (7,w) € R X R is said to be coupled fixed point of the
mapping ¢ : R x R — R if {(1,w) = 7 and ((w, 7).

2. Main results

Here, we display key outcomes and deliver their proofs.

Theorem 2.1 Let a mapping ( : R Xx R — R having the mixed monotone property
on (R,d, <), where (R,d,<) is a partially ordered complete metric space, satisfy the
condition

A @), ) < rd(r, ) + rad(, ) 4 7 (AT E VA )

d(t,n)
1ty [d(ﬂé(mz)():’l;n),((ﬂ w)) |+ 75 [d(w,C(wC,l(Tz)ﬂ)’dp()p,C(p, 1)) ]
g [d(w((p,g()z)ﬂd(pp),é(wm)) ] (1)

for all 7,ww,n,p € R with 7 > n and w < p, where r; € [0,1] for i = 1,2, ...,6 such that
Z?Zl r; < 1 and there exist 79,y € R such that 79 < ((70, o) and wy = ((wo, 10). If
¢ is continuous, then ¢ has a coupled fixed point (7,w) € R x R.

Proof. Given that ¢ is a continuous and 79,y € R through 79 < ((79,w™o) and wy >
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(wo, 10). We construct {7} and {wy} in R such that
Thp1 = C(Th, wx) and wpy1 = ((wg, ox) for all k > 0. (2)
Now, we have to show that
T < Tpr1 and @y = wyyq forall k >0 (3)
by the process of mathematical induction for this. Now, from () with k£ = 0, we have 79 <
¢(10,m0) = 71 and wy = ((wop,T9) = wi. Because 19 < ((70,wop) and wpy = (w0, 70)-

Thus, the inequalities in (B) holds for £ = 0. Let (B8) hold for k and according to the
mixed monotone property of {, we have

Tht2 = C(Tht1, Wrt1) 2 C(Th, @ir1) 2 C(Ths @h) = Th1- (4)
and

@ht2 = C(@ht1, Thr1) < C(@hs Tot1) < (@, Th) = Tt (5)
Now, from (@) and (B), we get Tx11 < Tkr2 and wriq = wiio. Thus, the inequalities in

(B) hold for &+ 1 and we get 79 < 71 < ooo. < 7 < Tpa1 < oo and wg = w1 = ... = wWE =
Wk+1 = ... Now, using (), we get

d(Tr, Tht1) = d(C(Th—1, Wr—1), C(Th> k)
d(Tp—1,C(Th—1, @r—1))-d(Tk, C(Th, Tk ))

)

< rd(TE—1, ) + rod(wi—1, wk) + 73]

d(Tg—1,Tr)
n T4[d(7k—1, C(TIwwdlzj—ifj(:likg(Tk—lawk—l))]
n T5[d(wk717 C(Wkdz;icll’);i()wk, C(wog, Tk))]

d(@wg—1, ¢ (@k, k) )d(Tk, C(Tr—1, Tk—l))]

+ ol d(wg—1, @k)

d(Thp—1, T,)d(Tk, Tkt 1)

< r1d(TK—1, k) + rod(wi—1, @) + 73]

d(Th—1, Tk)
n 7,4[d(7k—1, Tiv1)d(Tk, Tk)] [d(wk—h wy,)d(wy, wk+1)]
d(Tg—1, Tk) d(wp—1, @)
n Tﬁ[d(wk,l,wkﬂ)d(wk, wi,)
d(wg—1, @k,
< r1d(Ti—1,7k) + red(wi—1, wk) + r3d(Tk, Tk+1) + r5d(WWk, WE41) (6)

Similarly, we can prove that
d(wk, Wit1) < rid(wp—1, @) + r2d(Tp—1, T) + r3d(wr, Tt1) + 5 (T, TRr1)- (7)

Adding up (B) and (@), we have Cx = aC)_1 where Cy, = Ay + Bk, Cx—1 = Ak_1+ Bi_1,
Ar = d(Tk, Tkt1), By = d(wg, @pt1), Ap—1 = d(Th—1,7k), Br—1 = d(wg_1, @) and
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a= % < 1. Continuing this process, we have C}, < aCi_1 < a?Ci_s < ... < a*C)
which implies that hm Cr = lim Ap+ By = 0. Consequently, we have lim Ay = O and

n—oo

_)
lim By = 0. Therefore by the triangular inequality, we get for m < k that

n—o0

A(Tim, ) + d(wm, k) < Cpp—1 + C—a + ... + Cy,

<@ +am 4 +dM)C

ak

1—a

Co as m, k — oo, (8)

N

which implies that li_>m d(Tm, ) + d(wm, @) = 0. Hence, {7} and {wy} are Cauchy

sequence in R. Since ¢ be a continuous and (R, d,<) is a partially ordered complete
metric space, there exist g,¢ € R such that 7. — o and @y — ¢ and we have
o= lim 741 = lim ((7, k) = ((lim 7, lim wy) = ((0,9)
n—0o0 n—oo n—oo n—oo

¢ = lm @iy = lim ((wg, 7) = (( lim wy, lim 7,) = (<, 0)-

Hence, (0,¢) is a coupled fixed point of ¢. This completes the theorem. [ ]

Corollary 2.2 Let a mapping ¢ : R x R — R having the mixed monotone property
on (R,d, <), where (R,d,<) is a partially ordered complete metric space, satisfy the
condition

d(C(Tv w)v C("% p)) < rld(Tv 77) + T2d(wa p)

for all 7,,m,p € R with 7 > n and w < p, where r; € [0,1] for ¢ = 1,2 such that
2321 r; < 1 and there exist 79,y € R such that 79 < ((70,wo) and wy = ((wo, 10). If
¢ is continuous, then ¢ has a coupled fixed point (7,w) € R x R.

Proof. Taking r3 =14 =15 = r¢ = 0 in Theorem 27, we obtain Corollary 2. |

Theorem 2.3 Adding comparable condition to the hypothesis of Theorem P, we obtain
the uniqueness of the coupled fixed point of .

Proof. Suppose that (¢',<') € R x R is another coupled fixed point of ¢; that is,
C(o',s") = ¢ and ¢(0,s') = o .We shall show that ¢ = ¢ and ¢ = ¢". Consider the
following two cases.

Casel: If (o,<) and (¢',<’) are comparable. Then we have

’

d(o,0) = d(¢(0,5),¢(0,¢))

d(o,¢(0',<))d(0',¢(0,5))

+ sl i(0.0) ol a(0.0) |
+T5[d(<76(<, @C)i)<c§lfi:,C(< 9))]+rdd(c?C(?,@C;()g)’clg(fﬂC(@ @))]

=r1d(0,0 ) + r2d(s,s) + rad(0’, 0) + r6d(s <)
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ThllS, d(@, Q/) < (7’1 + T4)d(@, Ql) + (7'2 + Te)d(g, QJ). Slmllarly, d(g, gl) < (7”‘1 -+ 7‘4)d(§7 g/) —+
(ro +1¢)d(0, 0'). Now, we have

d(o,0) +d(s,s") < (r1+r2+ 714 +76)[d(0, ) + d(s,s )]

Since 11 + 19 + 14+ 16 < 1, d(0,0) + d(s,s’) < 0. Hence, d(o,0) = 0 and d(s,s ) = 0,
which implies that ¢ = o' and ¢ = ¢". Thus, (p,<) is a unique coupled fixed point of (.
Case 2: If (p,<) and (¢, <) are not comparable. By assumption, there exists (s,t) € RxR
comparable with both of them. We define sequence {sx} and {¢;} as follows: sg = s,
to = t, sg+1 = C(sg,tx) and tg41 = ((tg, si) for all k. Since (s,t) is comparable with
(0,¢), we may assume that (o,<) = (s,t) = (so,to). By using the mathematical induction,
it is easy to prove that (o,s) > (s, tx) for all k. Now, from (), we have

d(97 Sk-i—l) = d(C(Q7 §), C(Sk’ tk))

d(0,¢(0,5))-d(sk, C(sk, tk))]

d(gv Sk)

d(s,¢(s, 0))-d(tk, C(tk, sk))
d(s, tx,)

< rid(o, s) + rad(s, ty) + 3|

d(o, C(sk,tk))-d(sk, C(0,5))
d(o, s)

d(§, C(tkv s]f))'d<tk7 C(§, 9))
d(s, tx)

+ 74 |+ 75|

]

+T6[ ]’

which implies that

d(o, sk+1) < r1d(0; sk) + r2d(S, tr) + rad(0, sp11) + r6d(S, tet1)- (9)
Similarly, we obtain

d(tet1,5) < r1d(t, ©) + rad(sk, 0) + rad(s, te1) + red(0, Sk+1)- (10)

Adding (8) and ([M), we get

A0, ska1) + d(tn, <) < — T2

X m[d(g7 Sk) + d({, lk, )]

(ri+r2)

T (ritre) < 1. Then from above equation, we have

Suppose h =

d(0, $k+1) + d(tkt1,5) < hld(o, s) + d(tk,<)]
< h*d(o, 81—1) + d(s, tr—1)]

< h¥[d(o, 50) + d(s, t0)] = 0 as k — oo.

Thus, we obtain lim [d(g, sk+1) + d(s, tk=1)] = 0, which implies that

n—o0

lim d(g, sp+1) = lim d(tg11,6) = 0. (11)

n—
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Similarly, we can show that

nh_}n;() d(o,Sk+1) = n11_>n010 d(try1,6) =0. (12)
From (I0) and (I2), we get 0 = ¢ and ¢ = ¢ . The proof is complete. [ |

Theorem 2.4 Along with the assertion of Theorem P, if 79 and wy are comparable,
then 7 = w.

Proof. By Theorem P, (7,w) is a coupled fixed point of ¢ and {7} and {wy} in R
are two sequence such that 7. — 7 and w; — @y. Presume that 7y < wg, then we will
show that 7, < wy, where 7, = ((7%_1,@k_1) and wy = ((wg_1,7k—1) for all k. Let it
holds for some k > 0. Then, by the mixed monotone property of {, we have

Tet1 = C(7h, @k) < (@ Th) = Dt
From (M), we have

d(Thy1, @ry1) = d(C(Tr, @), (ks Tr))

< rd(1x, wg) + rod(wg, k)

(7, C(7hy @) ) d( @k, (ks Th)) (7, (@, i) )d( @k, C (7, k)

!

s d(1y, wg,) J 4l d(Tx, wg) )
d(wy, (@, 7)) d(Tk, ((Tk, k) d(wy., C(Tk, @k ))d(Tk, (@K, Tk))
sl d(w, Tk) Il d(wg, k)

Taking k — oo, we obtain d(w, ) < (r1+7r2+7r4+76)d(w, 7). Since 1 +ro+r4+716 < 1,
we have d(w, ) = 0. Hence, ((7,w) = 7 = w = ((w, 7). Similarly, one can also show
this by considering wg < 79p. [ |

Exzample 2.5 Suppose R = [0,1], d : R x R — R is metric with d(7,w) = |7 — w]| for
all 7,0 € R and < is usual order. Then, (R, d, <) is a partially ordered complete metric
space. Define the mapping ¢ : R x R — R by ((1,w) = {; + & for all 7, € [0,1].
Clearly, ¢ is continuous and has mixed monotone property. Also,

0= T0 < C(0,0) = C(To,@o) and woy — 0 2 C(0,0) = C(WO,TO)-

Then it is obvious that (0,0) is the coupled fixed point of (. Now we have following
possibility for value of (7,w) an (7, p) such that 7 > n and @ < p. Then, we have

A(C(r,@),Cm,p) = (55 + 1) = (56 + L)l

15 10 ' 15

T n w p

< - - B
|(10 10)+(15 + 15|

P L F
ST T r

1 1
< 1N ) 1 ) )
o) + {zd(w@, p)
where 1y = & and r; = & for all (1,@) < (1, p). Hence, the condition of Corollary

277 is satisfied and also other conditions of inequality () of Theorem P71 are satisfied.
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Therefore, ¢ has a coupled fixed point in R.

Corollary 2.6 Let a mapping ¢* : R x R — R having the mixed monotone property
n (R,d, <), where (R,d,<) is a partially ordered complete metric space, satisfy the
following condition for some positive integer k:

d(r, ¢*(r, @))d(n, ¢*(n, p))

d(¢F(r,@),¢" (0, p)) < rid(7,n) + rad(w, p) + 13 |

d(r,m)
T, ¢ (1, @ w,Ck(w, T k
Ly [d( ¢ (n,il)():%,c (1,@)) |47 [d( ,C¥( C,Z(T)ﬂ),dp()p,c (p,n))]
@, (" ke, T
4 (A6 (p,;()?)ﬂd(pp),é“ (@,7) )

for all 7,ww,n,p € R with 7 > n and w < p, where r; € [0,1] for i = 1,2, ...,6 such that
Z?Zl r; < 1 and there exist 19, o € R such that 79 < ((70, @) and wg > (wo, 7). If ¢¥
is continuous for some positive integer k, then ¢ has a coupled fixed point (7,w) € R x R.

Proof. By Theorem P, there exists (1,p) € R x R such that = ¢*(n,p) and p =
¢*(p,m). It is easy to show that

C(CFm, ), ¢F(p.m)) = ¢, p) = CF(C(n. p), Cpsm)).

Thus,

d(¢(n,p),m) = d(C(CF(m,p), " (p,m)), CF(m, p))
d(¢*(¢(n, p),¢(p,m)), CF(n, p))

< d(C(n. p). ) + rad(C (o). p)+TB[d(C(n,p),C'“(C(nm)&(p,n)))d(n,C’“(n,p))]

d(¢(n,p),n)
g 2 ). € 0, )0, L0 ). ),
! d(¢(n, p),n)
g W), (Lo m) 1. ), ),
° d(¢(p,m), p)
g o), € *(p,m))d(p, C*( (p.m), <, )
d(C(p. ). p) '

Since d(¢¥(n, p),n) = 0= d(¢*(p,n), p), we get

d(¢(n, p),n) < 11d(C(n, p),n) +r2d(C(p,n), p) + T4d(n, C(n, p)) + red(p, C(p, 7))
< (r1 +ra)d(n, (0, p)) + (r2 +76)d(p, C(ps 1)) (13)

Similarly, we have

d(¢(p,n), p) < T1d(C(p,m),s p)) + 12d(C(n, p), M) + 14d(p, C(p,M)) + 16d(N, ¢(M, p))
< (r1+ra)d(p, C(p,n)) + (r2 +76)d(n, C(n, p))- (14)
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Now, from ([(3) and (0@), we obtain

d(C(n, p),n) +d(C(psm), p) < (r1+ 712 +1ra+716)[d(C(n, ), n) + (C(p,1), p)]-

Since r1 +r2+r4+76 < 1, we have d((n, p),n) + (C(p;n), p) < 0. Thus, d(¢(n, p),n) = 0.
Similarly, we can get d(¢(p,n), p) = 0. [ ]

3. Applications

Applying our recent results to integral-type functions involving rational contraction is
the main objective of this section. To this effect, we indicate I' the set of all functions
A :[0,00) — [0, 00) which satisfy the following hypothesis:

(i) each A\ must be a Lebesgue-integrable mapping on every compact subset of [0, 00);

(74) we have / A(t) > 0 for any € > 0.
0

Theorem 3.1 Let a mapping ¢ : R x R — R having the mixed monotone property
on (R,d, <), where (R,d,<) is a partially ordered complete metric space, satisfy the
condition

d(¢(r,@),{(n,p)) d(t,m) d(w,p)
/ o< [ podtrr [ el
0 0 0
d(r.¢(r.@))d(n.¢(n.0)) d(r.¢(n.p))d(n.¢(r.))
d(r,n) d(r,m)
+m/ w@ﬁ+m/ p(t)dt
0 0
d(wyc(wyz))d()pyc(p,n)) d(w,C(p,n())d(/;YC(w,T))
+%/ ’ @@ﬁ+m/ ’ o(t)dt
0 0

for all 7,0,m,p € R with 7 > n and w < p, where r; € [0,1] for ¢ = 1,2,...,6 such
that Z?:1 r; < 1, and ¢ € I' and there exist 79,y € R such that 79 < (70, @) and
wo = ((wo, 10). If  is continuous, then ¢ has a coupled fixed point (7,) € R X R.

If r4 = r5 = r¢ = 0 in Theorem B, then we get the following result:

Theorem 3.2 Let a mapping ( : R x R — R having the mixed monotone property
on (R,d, <), where (R,d,<) is a partially ordered complete metric space, satisfy the
condition

(7, ¢(r,w@))d(n,¢(n,p))

d(¢(m,@),¢(n,0)) d(r,m) d(w,p) Free
/ e(t)dt < 7‘1/ (t)dt + 7‘2/ p(t)dt + 7“3/ (t)dt
0 0 0

0

for all 7,,m,p € R with 7 > n and w < p, where r; € [0,1] for ¢ = 1,2,3 such
that Z?:l ri < 1, ¢ € T and there exist 79,y € R such that 79 < {(70,w0) and
wo = ((wo, 10). If ¢ is continuous, then ¢ has a coupled fixed point (7,@w) € R X R.

If r3 = 0 in Theorem B, then we have the following result:

Theorem 3.3 Let a mapping ¢ : R x R — R having the mixed monotone property
on (R,d, <), where (R,d,<) is a partially ordered complete metric space, satisfy the
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condition

/d(C(‘r:w) 7C(TI:P))

d(T,m) d(w,p)
p(t)dt < rl/ o(t)dt + 7‘2/ p(t)dt
0 0 0

for all 7,0,m,p € R with 7 > n and w < p, where r1,79 € [0, 1] such that r| + re < 1,
¢ € I and there exist 19, wp € R such that 79 < ((79,w0) and wy > ((wo, 10). If ( is
continuous, then ¢ has a coupled fixed point (7,ww) € R X R.

If r1 = ro = A in Theorem BZ3, then we have the following result:

Theorem 3.4 Let a mapping ( : R x R — R having the mixed monotone property
on (R,d, <), where (R,d,<) is a partially ordered complete metric space, satisfy the
condition

/d(C(ﬂW) ¢(m,0))

d(tm) d(w,p)
ot <[ ot [ el
0 0 0

for all 7,ww,n,p € R with 7 > n and @w < p, where A € [0, 1] such that A < 1, ¢ € T and
there exist 9,y € R such that 79 < ((79,w0) and wy = ((wp, 79). If ¢ is continuous,
then ¢ has a coupled fixed point (7,w) € R x R.
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